VPABHEHWS NMPAMOM B MPOCTPAHCTBE

3.6.1. O6wue ypaBHEeHUs NPsMOiA

B npocrpancrre npsMas 0GBIMHO 3aA8€TCA KAK AMHUS Tepeceye s
ABYX HAOCKOCTEH. AAS 9TOTO YPaBHEHHA 3THX MAOCKOCTEH paccMarTpu-
BAlOTCS COBMECTHO B BHAE CHCTEMBI yPaBHEHME

{Alx +By+Cz+D,=0;

3.1
AX+Byy +Coz+Dy = @1

Tpu 9TOM BaXKHO, YTO6LI MAOCKOCTH, 3aAaBae€Mble 3THMH ypaBHe-
HUSAMH, TIEPECEKAANCE, & He OLIAM TapaAACALHEIMA MAM COBIAAAIOINIH-
MH. ABe HAOCKOCTH GYAYT HepeceKarbCs MO MPSMOI TOTAR U TOALKO
TOTAQ, KOTAQ UX BEKTOPEI HOPMAaAH Ny K Ny HE KOAMHHEaPHBL. Y4uTHIBas
YCAOBHE KOAAMHEAPDHOCTH ABYX BEKTOPOB, MOAYYHM, 9TO TAOCKOCTH
OyAYT mepeceKaThCs N0 NPAMOH AHHUH TOTA@ M TOABKO TOTAQ, KOTA@
KOOPAHHATHL BEKTOPOB N, = {A;, By, C\} u m, = {A,, B,, C,} He Gyayr
MPONIOPUHOHAABHEL (HamoMHHM, 9T0 IPONOPIMOHAALHOCTE O3HAYaeT

A B C
BEIMOAHEHHE PABEHCTB ;‘ = B—’ = C%.] WTag, ecAn KodhbunmeHTs!
2 2 2
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B YPaBHEHHAX ABYX HAOCKOCTEHl NPX MEePeMECHHEIX X, ¥ U Z He OYAYT
TIPONOPIHMOHAABHEL, TO 3TH YPABHEHHHA, PACCMOTPEHHEIE COBMECTHO,
OTIPEACATIOT NPAMYIO B IIPOCTPAHCTRE,

Onpegeaenue 3.22. Ypasuenus (3.1) IPH BLITOAHEHHH yKa3aHHBIX
YCAOBHH Ha3EIBAIOTCA OGWLMU YPUBHEHUSMU NPSMOT B TPOCTPAHCTRE.

3aMeTHM, YTO OAHOBPEMEHHO 0GOMM YPABHEHHAM YAOBAETROPSIOT
KOOPAMHATEI TeX ¥ TOABKO TeX TOUEK, KOTOPEIE OAHOBPEMEHHO IPHHAA-
AEKAT KaK OAHOM, TaK M APYTOH IIAOCKOCTH, T. €. AXKAT Ha UX AHHHH
nepeceyeHus, Ha IpAMOil. OueBMAHO, YTO IAOCKOCTEH, IPOXOAANIHX ue-
Ppe3s hHKCHpOoBaHHYIO NPAMY10, GeckoHewHO MHoro. [TosToMy 1 o6mHe
YPaBHEHUs OPSIMOH MOTYT GBITh CHOPMUPOBAHBI GECKOHETHBIM YHCAOM
CI0COBOB: AOCTATOYHO B3SATH YPABHEHUSA AIOGBIX ABYX DA3AMYHELX [IAO-
CKOCTeH, MPOXOAAIHX Yepes 3Ty IPSIMYIO.

PaccMOTPUM TaKOe NMOHATHE, KaK NYNOK NAOCKOCIEL. DTO MHOMXKECTBO
BCEX MAOCKOCTEH, HPOXOAAIIMX Yepes OAHY (hHKCHPOBAHHYIO MPAMYIO.
OKasmpIBaeTCs, 4To AKGast MAOCKOCTE 3 3TOr0 MHOJKECTBA MOJKET GEITH
noiydeHa u3s obmedt opMyas

@(Ax+ By + Cz+ D)+ PAx+By+ Cuz +Dy) =0  (32)

34 CYET BLIOOPA COOTBETCTBYIOLINX 3HAYEHIH NapaMeTpos o K f. [Moato-
My ypasHeH#e (3.2) HashlBAeTCA YPABHEHUEM Nyuka naockocmeli, [1pu
AIOOBIX 3HAYEHHUAX o U P, OAHOBPDEMEHHO He PABHEIX HYAIO, YPaBHEHHE
(3.2) paer ypaBHeHME TIAOCKOCTH, IIPOXOAAIIEH yepes (QUKCHPOBaHHYIO
HPAMYIO, HO A5l K&KAD#H TAKOH MAOCKOCTH COOTBETCTBYIONTHE 3HAUSHMS
HapaMeTpoB ¢ i B OIPEACASIOTCA HEOAHO3HAYHO. ECAH MPeAIOAOKITS,

o
uTo 3 # 0, TO BBOAS HOBEIH [IapaMeTp A = —, YpaBHEHHIO (3.2) MOKHO
TPUAATE CACAYIOLIUH BUA; B

MAZ+By+ Ciz+ D)+ (Ax+ By + Cz+ D) =0.  (3.3)

B aT0i1 (hopMe ypaBHeHME MyYKa 3aBUCHT OT OAHOTO napamMe-
TPa A, 4TO OKaseIBaeTCst GoAee YAOGHEIM TIPH pPelleHMH 3apad, HO
W3 BCEro IIyYKa BBRIDAAACT OAHA NAOCKOCTE, HMelollass ypaBHEeHHe
Ax+ By ++ Cyz+ Dy =0 (370 coorsercreyer cayuaro f = 0), Ecan mpo
3TO OOCTOATEARCTBO HE Saﬁbl'EﬂTb, TO MOYKHO IIOAB30BATbLCA YPaBHEHHEM
Ty9Ka MAOCKoCTeH B hopme (3.3).

IMpumep 3.14. Yepes npsamyio, 3apAaHHYIO OOLIMME YPaBHEHHSME

X -3y +52-3=0;
2x+ y-3z-5=0,

HAAQ MPOBECTH IIAOCKOCTD, IIPOXOAAIIYIO Yepes Touky M(2, 1, 1).

as



Pewenue. MckoMasi TAOCKOCTE IPHHAANEHKHT ITYIKY IIADCKOETeﬁ,
MPOXOASIIMX UePe3 AGHHYIO IPAMYIO. JalMiieM YPaBHeHHe IIyuKa
B chopme (3.3):

AMx—3y+52—-3)+(2x+y—-32z-35)=0.

[TpoBepHM, YTO AOCKOCTE, 3aAaHHas ypaBHeHneM x — 3y + 52 - 3 =0,
He AGeT penieHus 3apaund. AeHCTBHTEABHO, IIOACTAHOBKA KOOPDAMHAT
Toukm M(2, 1, 1) B 370 ypaBHeHHe [OKa3bIBACT, YTO OHO HE VAOBAET-
BOpsETCS, H, CACAOBATEALHO, AAHHAsA IAOCKOCTL He MPOXOAUT Yepes
TOUKY M, T.€, He ABASeTCS pelleHueM IocTaBAeHHOH 3apaun. Iopcrasus
KOOPAHMHATEI TOMKM M B ypaBHeHHE ITy9Ka, TOAYIHM

M2-3+5-3) +(4+1-3-5) =0.

Pemmas ypasHeHNe OTHOCHTEALHO HEH3BECTHOIO 3HaueHHs napa-
MeTpa A, HaxopuM A = 3. CAeAOBaTeABHO, HCKOMYIO TIAOCKOCTB MOMKHO
OMPEAEANTD M3 YpaBHEHHMA MyUKa, €CAH MapaMeTpy A NPUAATL 3HaTeHHEe
A =3. B urore ypaBHeHHe NCKOMOHM TTAOCKOCTH UMEET BHA

S5x—-8y+12z—-14=0.

3.6.2. KaHoHun4eckue ypaBHeHns Npsmon
B NMpoOCTpaHCTBe

Onpegeaenue 3.23. HenynreBoi BekTOp @ = {p, g, I'}, KOA\AHEapHBIA
mpsMofi L, Ha3BIBAETCS HANPABARIOWUM BEKMOPOM 3TOU TIPAMOH.

Kak crepyeT U3 OMpeAeAeHus, Y IPIMOi CYIeCcTBYeT HeCKOHeIHO
MHOT'O HalpapAAIOIKX BeKTOPOB, HanpuMep, €CAHM UMeeTCHd OAMH Ha-

HpaBAﬂl’OLlIPII:l BEKTOpP, TO YMHOXXHE €TI0 Ha YHMCAO, OTAMYHOE OT HYAHA,

MOAYYHM CHOBa HAIPaBASAOIIHI BEKTOP 3TOH NpAMOMH. [ToCKOABKY
PA3SAHYHBIX UHCeA BecKoOHeTHO MHOT'O, TO ¥ HAalPaBAAIOIIHUX BeKTOPOB
Toxe Oyper GeckoHeuHo MHOTO, C APYToit CTOPOHBI, BCE HAIIPaBASIONIHE
BEKTOPBI KOAMHHeaPHEL IIPAMOH L, @ CAGAOBATEABHO, KOAMHHEAPHBLL APYT
APYTY. OTKyA@ CABAYET, YTO AAS AIOOBIX ABYX HalPaBAAIOUIUX BEKTOPOB
au @ HaMASTCA WHCAO | (1 = 0) Takoe, 4To a = pa.

Tlycte a = {p, q, I} — HaNpPaBASIOUINN BeKTOp NpaMo# L, a My(x,,
Yor Zp) — TOUKA Ha 3TOH NpAMOH. PacCMOTPHM MPOH3BOABHYIO TOUKY
M(x, y, z). Touka M(x, y, z) GyAeT A€KaTh HA NPAMOI L TOIAQ M TOABKO
TOTA8, KOrpa Bekrop MyM 6ypeT KOAAMHeapeH 9TOW NpSIMOM UAH, YTO
TO K€, KOAAMHeapeH HallpaBASIONIeMy BeKTopy a = {p, q, I}. Bekrop
MM = {x — x4, ¥ — ¥o, Z — Zp}, H YCAOBHE €TI0 KOAAMHEapHOCTH BeKTOpPY
a = {p, g, r} MOJKHO 3aITHCATh B BHAE

XXy _Y—Vo_Z-2o

> 5 - (3.4)

Takum obpasom, Touka M(X, y, Z) GYAeT AeKaTh Ha NpAMOH L Toraa
M TOABKO TOTA@, KOTAA €¢ KOOPAHHATHEl FAOBAETBOPAIOT yPaBHEHHAM
(3.4). TTosromy ecTecTBEHHO Ha3BaTh 3TU YPaBHEHHWSA YpaBHeHUAMHA
mpsimoi L.

Onpegeaenue 3.24. YpasHeHns (3.4) Ha3bIBAKOTCA KAHOHUYECKUMU
YPaBHEHUSAMH NPAMOH L.

EcAM M3BECTHEI KAHOHHYECKHE YPaBHEHMs IPAMOIL, TO M3 HUX Cpa-
3y MOKHO IOAYYHTEH HAIPaBASIOIIMA BeKTOD MPAMONA M KOOPAMHATHL
TOYKH M, npHHAAAEKALIeH 3ToH mpavMol, Ora uHgopManka yacTo
OKa3BIBAETCH [OAE3HOW IIPH pellleHHH 3apay. B oTAWYHe OT KaHOHHTe-
CKMX ypaBHEHHI MpAMOI OBIIHe yPABHEHUs HEe COAEPIKAT ABHO 3TOM
ungopmayuy. [To3TOMY IpH peleHnH pIAa 3apay TPHXOAUTCH AOTIOA-
HHTEABLHO 3aTPAYMBATE YCHAHS Ha €e IOAYYeHre M3 O0UIUX YpaBHeHUH,
DTO MOMKHO CAEAATh, HAIIPUMED, 0 CAeAYIONeH cxeme. [ToCKOABKY
B OONIUX YPABHEHHSIX MPAMOI, KaK OBIAO TIOKa3aHo, Ko3(huIMeHTsl
[PH IePeMeHHEIX X, ¥, Z He TPONOPIAOHAABHE, T. . He BCe OTHOIIeHHS

1 Bl Cl

A M M
K02 PHIHEHTOB A B ¢, PaBHBL MEKAY coBofi, To HalipeTcs napa
2 2 2

AL B
HEPAaBHBIX OTHOINEHHH. [1yCTE, HanpUMeEp, v # B Toraa cucremy
2 2

ypaBHeHHH (3.1) MOJKHO NepernmcaTk B CAGAYIOIEM BUAE:

Ax+By=-Ciz-Dy;
A;x+By =-Cyz-D,.

AapumM z Kakoe-Aubo 3HaUYeHHe z = Z,. Torpa npaeas 49acTh CHCTEMBL
OGyAeT MMETE KOHKPETHBIe 3HAUeHMS, U OTHOCHTEABHO IePeMeHHbIX
X W ¥ NOAYYHTCH CHCTEMa ABYX YpaBHeHHH C ABYMS HEM3BECTHEIMU
C OTIPEAGAHTEAEM, HEe PABHBIM HYAIO (A, B, — AjB, # 0, Tak Kax %;— # g—;).
INo npasuay Kpamepa 0AHO3HAYHO HAXOAATCS KOOPAMHATLI X, U ¥, CO-
OTBETCTRYIOLIME 3HAYEHHIO Z = Z;. TeM CAMEIM OKa3aA0Ch HaHACHHbBIM
oAHO M3 pemenust cuctemsl (3.1), T.e. KoOpAMHATE TOUKH M (X}, ¥y,
2,), AeKame# Ha npsimoii L. EcAn Tenephb AaTh HePeMEHHOMY Z Apyroe
3HAYEHHE Z = Zy, Zy # Z;, TO OYACT HafACHA TEM Ke CrnocoboM BTOpas
TOUKa Ha OpAMOil My(Xy, Yo Z5). 3Had ABe TOYKH Ha NPAMOM, HAXOAHM
HaMpPaBASIONUIA BEKTOP MPAMOM:

a=MM,={x, - X, y2 - Y1, 2o~ £}

Takum 06pa3oM, 3apaua HAXOKACHUSI KOOPAMHAT TOUKH Ha IMPAMOM
H ee HalPaBAAIOINero BeKTopa peieHa.



Ipumep 3.15. lNpamas L 3apana o61KUME ypaBHEHHAMU

X—- y+z-10=0;
2x -8y -z-23=0,

" IyCTh 'rpeﬁye'rca HanmucaTb KAHOHHUYECKHe YpPaBHeHUs 3TOM psi-
MOJA.
Pewenue. TToCKOABKY OIIDEAGAUTEAD

| 1 -1
2 -8 '
npeobpasyeM cHUCTeMY K BUAY

x-y=-z+10;
2x -8y =z+23.

3apaeM 3HaueHUe 7 = | ¥ peliaeM NOAYIAIOIIYIOCs CUCTeMY IO Ipa-
BuAy Kpamepa. Umeem

9 -1
24 -8

1 9
2 24

A, =

x

}:—48; Ay =

‘=6:A=—6.

Takum oOpasom, X, =8, y; =-1, z; = 1 u M,(8, -1, 1).
Teneps 3apaem Apyroe 3HaueHue: z = 5, 1 CHOBa pellaeM HOAyYa-
FOUIYIOCS CUCTEMY, KOTOPasi UMeeT BUA

x-y=5
2x -8y =28.
Hmeem

5 -1
28 -8

x

15
=-12 A, = 2 28 =18, A=-6.

B urore moayuaercs sropast Touka M,(2, -3, 5). 3Has KOOPAMHATEI
ABYX TOYEK Ha IPSIMOM, HAXOAMM HANPaBASIIOLMI BEKTOP:

MM,={2-8,-3+1,5- 1} ={-6,-2, 4}.
Teneps, 3Hast KOOPAMHATE HANPABASIIOIETO BEKTOPa M OAHOM U3
TOYEK, IIUIIeM KaHOHUYeCKue YPaBHEHUA HpﬂMOﬁ
-8 y+i 2=
-6 -2 4

KanoHuYecKue ypaBHeHUs NPAMOM, IIPOXOAAIeH yepes ABe 3a-
AQHHEIE TOYKM, M;(X;, ¥, Z;) ¥ My(Xy, Yo, Z,), UCXOAA M3 Pa30OPaHHOTO
TpUMepa, MOTYT OBITh HAIlMCAHBI AAS AFOOBIX ABYX TOYeK. OUeBUAHO,
YTO OHH MMEIOT CACAYIOIIUH BHA;

S5 LN i 5 UL e 1

=— (3.9)
X2—X1 Ya2=Y1 Z27%

Ecam B 3HaMeHaTeAe KaKOH-AMO0 APOOH OKa3aAOCh YMCAO, PaBHOE
HYAXO, TO B COOTBETCTBHH C CcoraalieHueM O NponoOpIHUOHANBHOCTH KO-
OPAMHAT BEKTOPOB CYMTAEM, YTO COOTBETCTBYIOIIHMIA YUCAUTEAR TOXKEe
paBeH HyAlI0. Hanpumep, ecAn X, = X;, TO KaHOHHYECKHE YPaBHEHHS
TIpAMOM GyAyT UMEThb BHA
) S 1

Y2=Y1 2272

xX=x

EcAmM 5Ke BHITOAHSIIOTCSI ABa PABEHCTBA: X, = X; ¥ Y, = ¥, TO KAHOHH-
YecKHe ypaBHeHUs NPAMOM OYAYT UMeTh BHA
X=X Y=

(Z npuHUMaeT ArOOBIE 3Ha4YeHus, a 9TO O3HAYaeT, YTO NpsiMas mapans-
AeapHa ocu OZ).

3.6.3. MapameTpryeckue ypaBHEHUs NPSMOA
B NPOCTPaHCTBe

Ecam, MMest KAHOHMYCCKUE YPABHEHUS PSIMOM, BBECTH B PACCMO-
TpeHue napameTp { CAeAyromuM 06pasom:

E=Xp Y=V, &5

P q r

=t,

TO TeKyIlyie KOOPAHHATH TOYKH Ha HPSIMOM CTAHOBSATCS QYHKIUAMU
9TOro apamerpa:

x=Xg+phy=yo+ qtiz=2zy+ rt; =0 <t < 4o, (3.6)

Ecau MMeIoTCsi KOOPAMHATHI KaKOM-ANO0 TOUYKHM Ha MPSAMOM, TO U3
ypaBHeHHU (3.6) OAHO3HAYHO HAXOAUTCS COOTBETCTBYIOIIEe STOM TOUKe
3HaveHue napamerpa t. M HaoGopoT, 3Has 3HaueHHe napaMerpa [, o
ypaBHeHuUsM (3.6) OAHO3HAUHO HAXOAATCH KOOPAMHATHI TOYKHU. Takum



00pasoM, KaKAOHM TOUKE Ha IIPSIMOI COOTBETCTBYET eAMHCTBEHHOE 3Ha-
4JeHye napaMeTpa {, ¥ Ka)KAOMY 3HaUeHHIO TapaMeTpa { COOTBETCTByeT
€AMHCTBEHHAsI TOUKa Ha MPSIMOM.

Onpegeaenue 3.25. YpapHeHus (3.6) Ha3BIBAIOTCS NApamMempuiecKu-
MU ypaBHEHUAMU TIPSMOM.

OueBMAHO, UTO TePeXop OT MapaMeTPUIECKUX YPAaBHEHUH IIPAMOI
K KQHOHMYECKUM U HA0OOPOT He MPEeACTaBASIeT HUKAKUX TPYAHOCTEH.
o cpaBHEHMIO C KAHOHMYECKUMY IIapaMETPHYECKUe YPABHEHUs TPU
PelIeHuN PSIAQ 3aAa4Y UMEIOT IPEUMYIIeCTBa, IIPOAEMOHCTPUPYEM 3TO
Ha Ipumepe.

IIpumep 3.16. B npocTpaHCTBe ABe IPSIMBIE, €CAM OHHU He TTapaa-
AeABHBI, He 00sa3aHBl epecekaTbcsd. OHU MOTYT, KaK TOBOPUTCH,
CKpewuBamhCs, T.€. AeKaThb B ABYX ITaPAAAEABHBIX MAOCKOCTSX U He
OBITE ADYT APYTY TTaPaAAeABHBIMU. B 9TOM caydae cyuiecTByeT npsiMasi,
KOTOpasi MEPIEHAUKYASIPHA 3TUM ABYM IAOCKOCTSIM U IlepeceKaeTr obe
npsiMble. DTa IPsiMasi Ha3bIBACTCS 00W UM NePNeHGUKYASIPOM K ABYM
CKPEeLUBAIOIUMCS NPAMBIM, [TyCcTh nepBast npsimast L, uMeeT KaHOHU-
YeCKUe ypaBHeHUST
y-=5

T

x—-1 z-1
2 -1’

a BTOpas npsMas L, —
x-8 y-2 z-5
3 4 1
HeoGxopnMo nammcaTs KaHOHHYECKHE YPaBHEHUst OOIIETo HepIieH-
AUKYASID@ K 9TUM ABYM IIPSIMBIM.
Pewenue. TlepefipeM K IapaMeTPUYECKUM YPAaBHEHUSAM TUX TIPSi-
MBIX. AAST IPSMOM Ly TOAyYHUM

x=1+24y=5+2tz=1-t.

[NapameTp anst mpsaMoit L, 0603HaymnM GykBol s. Torpa mapamMeTpu-
YeCKHe ypaBHEHUs NpAMOU L, OyAyT UMETh BUA

x=8+35,y=2+4s5;,2=5+s.
ITycTs TOuKa M HAXOAMTCS Ha MPSIMOIL Lj, U il COOTBETCTBYeT 3Ha-
yeHue mapamMerpa f, a Touka N HaXOAHUTCS Ha NPSIMO# L,, u el cooT-
BETCTBYeT 3HaueHHe IIapaMeTpa S. PaccMoTpuM BeKTOp

MN = ({7 + 35— 2t, -3+ 4s — 2t, 4 + 5+ t}.
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OTOT BEKTOP GyAET KOAAMHeapeH OOLIeMy ePHeHAUKYASIPY K 06e-
MM IOPSIMBIM TOTAQ ¥ TOABKO TOTAQ, KOTAQ OH GYAeT MepPIeHAUKYASIPEH
Ka>kKAOM U3 TIPAMBIX Ly 1 Ly, BAH, YTO TO J)Xe caMOe, HalmpaBASIONHM
BEKTOPaM 3TUX IPAMBIX. VICIOAB3YS yCAOBHS HEPIEHAUKYASIPHOCTH
BEKTOPOB, TIOAYYMM ABa YpaBHEHUS

(7+3s-20) (2) + (-3+4s-2)2) + (4 +s+1)(-1)=0;
(7+35s-2) (3)+ (3 +4s-2t)(4) + (4 +s+1) (1) =0.
ITpeobpasys ux, MOAYIMM CHCTEMY ABYX YpaBHEHME

135-9t =—4;
26s-13t =-13,

€AMHCTBEHHOE pelleHre KOTOPOM UMeeT BUA S = —1; t =—1. 3Has 3Ha-
JeHHd IlapaMeTPoB, HAXOAUM KOOPAMHATHI Touek M(—1, 3, 2) u N(5,
=2, 4). o dopmyram (3.5) moAyyaeM ypaBHEHHUsI OOLIETO HepreHARKY-
Asipa:

x+l y-3 z-2
TS



