KO. M. KonsiruH,
0. B. Cugopos, M. B. Tkauega,
H. E. ®egopoea, M. U. LUabyHuH

Anre6pa

N Ha4arlla
MaTeMaTnu4yecKkoro
1 dHalin3a
|

JlpogpurbHeLit
ypobeHs



10. M. Konsirun,
0. B. Cupopos, M. B. TkaueBa,
H. E. ®egoposa, M. U. LLIabyHu1H

Anre6pa

U Ha4vyana
MaTeMmatTn4yeckoro
aHalin3a

YYHEBHUK

ONS y4aLmxcs
06uweobpasoBaTenbHbIX
y4ypexaeHun

Jlpopu.seHeiii
ypobBens

PekomeHaoBaHO
MuHuctepcTBoM 06pa3oBaHNs v Haykun
Poccwiickoii denepaummn

8-e naganme, crepeoTunHoe

IS S "
A~ °
aﬁ

(
4”"6M03\/“’\P
Mockea 2010



VIK 373.167.1:[512+517]
BBK 22.14a721+22.161a721.6
K62
Komaruu 0. M.

K62 AnreGpa 1 Hauajla MaTeMaTH4YecKoro asaamusa. 11 kijacc :
yueb. ans ydaumxca obmeobpasosar. yupexxaeHuil (mpoduisb-
HuIl ypoBeHs) / JO. M. Koanarus, 0. B. Cuzopos, M. B. Tkaue-
Ba, H. E. ®egoposa, M. . Illabyuun. — 8-e uax., crep. — M. :
Muemosnna, 2010. — 264 c. : u.

ISBN 978-5-346-01343-3

VYuebuuk aaa 11-ro kjaacca — cocrTaBHad YacTh yueOHO-METOAMUECKOTO
KOMIUJIEKTa, BKJIKOYawmero y4e6Huk A 10-ro kiacca, a Takxke aujaKTuye-
CKMe MaTepuaibl ¥ METOANYECKHE peKoMeHAauuu and 10—11-ro kaaccos. Ha-
PAZY C TPaAULUVOHHBIMM pasgenamu («IIpomsBoaHas» n «HMHTerpaa») B yue6-
HHUKe co/iepKaTca riaaBbl: «KoMmekcHble yncaas, «[eauMocTs Lenblx Yucel.
IlenouucieHHble pelIeHUA ypaBHeHHMit», «MHoroujgeHsl U ajre6panyeckue
ypPaBHEHUSA», KPaTKO M3JIOKEHE! 3JIEMEHThl KOMOMHATOPUKY U TEOPDHUM BEPOAT-
HocTeil. B KHHre MHOro 3a1a4 PA3JINYHOrO YPOBHA CJIOKHOCTH — B TOM YMCJIE
13 BAapHAHTOB BCTYIIUTEJILHBIX 3K3aMEHOB B BY3bl.

YK 373.167.1:[612+517]
BBK 22.142721+22,1611721.6
YuebHOEe H3JaHHUE
Konarun Opuit Muxaitnosuy, Cugopos IOpuit Buktoposud,
TraueBa Mapus BiraguMupoBHa 4 Ap.

AJITEBPA 1 HAYAJIA MATEMATHYECKOIrO AHAJIN3A
11 xaace

YYEBHUK
JJI yuaumxcs ooeo6pa3oBaTeIbHBIX yUpeskIeHn i
(tpoduILHBIN YPOBEHB)

lenepanbHblit AMPEKTOP U3AaTenscTBa M. H. Bessuronnas
TnasHbiil penaxrop K. H. Kyposckuil. Pegaktop E. B. Cuonvruxosa
Odopmienue u xyaoskecTBeHHoe pegakruposanue: T. C. Bozdanosa
Texuuueckwuii pegaxtop C. I1. I1epedepuii. Koppexrops! I'. B. Kocmpukosa, O. 10. [Jenucosa
Komurlorepuas Bepctra: H. @. Bepdasyesa
CaHNTAPHO-2[THACMUOJIOTHYECKOE 3aKJIOUeHHe
Ne 77.99.02.953.71.006513.04.10 or 21.04.2010.
®opmart 60x90 /6. Bymara odcernas N 1.
Tapuutypa «IlIkonbHas». Ileyats odceTHas.

VYen. neq. g, 16,5. Jon. tupax 10 000 axa. 3akas Ne 30486.
Usnartenscreo «Muemosuna». 105043, Mocksa, ya. 6-s IlapkoBas, 29 6.
Tea.: 8 (499) 367 5418, 367 5627, 367 6781; daxc: 8 (499) 165 9218.
E-mail: ioc@mnemozina.ru www.mnemozina.ru
Marasud «MHeMo3uHa»

(PO3HMYHAA M MEJKOONTOBaA mpojaska Kuur, « KHUTA — OYTOM»,
HNHTEPHET-marasus).

105043, Mocksa, yix. 6-a [Tapkosas, 29 6.

Ten./daxc: 8 (495) 783 8284; Ten.: 8 (495) 783 8285.

E-mail: magazin@mnemozina.ru www.shop.mnemozina.ru
Toprosblit 1oM «MHeMo3uHa» (OIITOBas MPOJAaXKa KHHT).
Tex./daxc: 8 (495) 665 6031 (mHorokanasisherit). E-mail: td@mnemozina.ru

Orneyarano B OAO «CapaToBckuii noaurpapxomMounars».
410004, r. Caparos, ya. Yepssiiuesckoro, 59. www.sarpk.ru

© «Muemoauna», 2001

© «Muemoauna», 2010

© Ogopmuenune. «MHemozuHa», 2010
ISBN 978-5-346-01343-3 Bce npaBa 3anjyIneHb



meal | [ NPPOU3BOAHAS W EE NPUMEHEHMS

§ 1. Npeaen pyHkuun. HenpepbiBHblie GYHKLUN

1. Npeaen pyHKUUKU

3agaua 1. IToctpouts rpaduk GyHKIIMA:

Dy=x+1;
x2-1 2
- %1, x“-1
2) y={x1 ™7 3)y= .
x-1
3 npu x=1;

A 1) Tpadukom GyHKIUHK ¥ = X + 1 ABAAeTCA NpAMAasA, MIPOXOAA-
mas ueped Touku (0; 1) u (—1; 0) (puc. 1).

Puc. 1

2
x°~1
2)Ecanx#1,Toy= 1" x+1 — 21O Ta ’Ke camMas npaMas, Ipo-

xopamasn yepes Touku (0; 1); (—1; 0) ¢ «BBIKOJIOTOM» TOUKOIT (1; 2);
npu x = 1 sHaueHue GyHKRINU pasHo 3 (puc. 2).

£-1
3)Ecitmx#1,TOoYy = 7—T=x+1 , anpu x = 1 GyHKONA He onpene-
aena. padpuroMm 370l QYHKIHM ABIAETCA Ta JKe caMas IIpsaMas, IIpo-



xoasaimas yepes Touku (0; 1), (-1; 0), HO ¢ «BBIK0JIOTOM» Toukoit (1; 2)

(puc. 3). A

X
-

+l npux=1,
3opux=1.

(S)
=y

Puc. 3

3HayeHUs Bcex TpeX PpacCMOTPEHHBIX QYHKIIUH

npu x # 1 coBnaga-

10T cO 3HaUeHuAMU GYHKIHUYU I = X + 1. ODHAKO OHM OTJIMYAIOTCA CBO-
MM IIOBEJeHUEM B TOYKe X = 1: mepBble ABe QYHKIMU ONpEAESIeHbI B
TouKe X = 1, HO ana nepBoit pyHknuu y(1) = 2, a ana sropoit y(1) = 3;

TpeTbsA GYHKUMA IpK X = 1 He onpeseseHa.

A



Bce atu pyHKUIMK 061a8a0T OAHUM OOIUM CBOMCTBOM: IIPH 3HAYE-
HUAX X, OJM3KUX K 1, 3HAUEHMA KAXKAO0Hi U3 9TUX QYHKIUUA Majo OT-
JauyapTea ot 2. B aToM ciydyae roBopAT, 4TO Kaxaas U3 3THX PYHK-
nuil UMeeT B TOUKe X = 1 npeden, paBHbIN 2, U MUAILIYT:

lim y(x)=2.
x-1

HeitcTrBUTENBHO, PACCMOTPUM IOBEAEHME 3TUX GYHKIUH IIpM 3Ha-
YeHUAX X, OMusKux K x =1, r. e. mpu x = 1 + A, rie h — DOJOKUTEb-
HBIe WJIM OTPUIATEJIbHbIE YKUCJIa, MOAYJAHN KOTOPHIX OJUBKM K HYJIO
(puc. 4).

h<0

a) 0 I+ 1 3
>0

6) 0 I 14k %
Puc. 4

W3 pucynkoB 1—3 BHAHO, UTO AJMA KAXKAOH U3 JaHHBLIX QYHKIMET
Y(x + h) = 2 1 upu h—0 norpeiHOCTs IPUOINIKEHNA TAKIKE CTPEMUT-
ca K HyJao. B aToM ciyuae u roopar, uto pynkyua y(x) umeem npe-
Oen npu x—1, paBHBI 2.

OpHako npezes nepBoii GyHKIMU Opu Xx—1 coBnagaer co 3HaYEHU-

eM ()YHKIIUM B 3TOH TOUKe, T. e. }CI_I_)III yx)=y1)=2.
Jns Bropoit GyHKuUY npenea npu x—1 oTaMvaeTcsa OT ee 3Haye-
HHS B 3TOM TOUKe, T. €. }Ciirily(x);ﬁ y(1), Tax kax }ciirlly(x)= 2,ay(1)=3.
[na Tpernseil QYHKINY TaKiKe 561_1)111 y(x)=2, HO B camoii Touke x = 1

GyHKIUA He onpeJeseHa, T. e. i (1) He cymiecTBYyeT.

ITepByio QyHKIINIO HABHIBAIOT HenpepuleHol 6 moike x =1 (T. e. B
3Toi TouKe rpadmk GyHKINH He Pas3pHIBAETCA), & BTOPYIO M TPETHIO
GYHKIHUHA — pa3pbiéHbimu 6 moike x = 1 (T. e. B 9T0i TouKe rpadhuru
byHKIMI TEPOAT pas3puIB).

3amaua 2. IToctpouTs rpapur GyHKIHK
x? opu x<1,
y =
x+1 mpn x>1

M BBIICHUTB, HMeeT JIM 9Ta QYHKIUA Ipejes npu x—1.
A Tpadmk 970l GYHKIMH COCTOMT U3 YacTH mapabosnl y = x2 mpu
x <1 uyactu npamoii y = x + 1 upu x > 1 (puc. 5).



y=x

3

Puc. 5

W3 pucyHKa 5 BUAHO, UTO €CJH 3HaUeHUA X OJIM3KH K 1, HO MeHb-
mel,T.e.x=1+h,rae h <0, T0 Y(x+ h)=1.

Ecau ke snavenus x 6ausku K 1, Ho Goaswiue 1, T.e. x =1+ A, rae
h>0, 10 y(x+ h)=2.

B nenom ke nmpu npubauikenuu x K 1 cieBa u cripaBa IIOJIy4aOTCA
pasjMyHble Npelesbl, paBHbIe 1 M 2; TaK KaK 3TH NpeAeJbl He OAUHA-
KOBBI, TO QYHKIIUS He MMeeT npegesa npu x—1. A

B sToM ciyuae Takike roBOPAT, YTO QYHKIIUA UMeeT JeabLil (1e60-
cmopoxHrUil) ipeaen, paBHbBI 1, npu x—1 cieBa U UMeeT npasbiil
(npasocmoponnuil) ipegen, papHblil 2, npu x—1 cupasa. IIpu aTom
THITYT:

limy(x)=1, limy(x)=2.
x—1 x->1
x<1 x>1

WsyueHue Teopuu NpejesioB He BXOAUT B IPOrpaMMy cpeXHei LIKOJIBI.
TeM He MeHee IPUBEJIEM CTPOTOe OIIpefiesieHHe npejesia QYHKIUKY B TOUKE.

Onpenenennel. Ynucno A nHasmBaerca npedesom pynrxyuu f (x) npu x,
cmpemawemca k x (6 mouie x,), ecnu gy aoboro yucna € > 0 cyutectsy-
eT Takoe ymucio & > 0, yro AJNA BCeX X, YAOBJETBOPSOIINX YCJIOBHIO
0< |x—x0 | < O, BBHINIOJIHAETCA HEPaBeHCTBO | x)—-A [<e (puc. 6).

B atom cayuae numyT: lim f(x)= A.
X—Xo

1 I'pey. 6YKBEI £ — 3MCHJIOH, 8 — AeJIbTA.



y=f(x)

X+d X

PO ] RERREEEEEEEEP R

3amaua 3. IlokasaTs, uto pyuruusa f (x) = (x — 2)2 + 3 umeer npege,
paBHHI# 3, B TOYKe X = 2.

A Hcnonp3yeM faHHOE ompeesieHne mpefesa GyHKIUN. 3aJalliM KaKoe-
HUGYAL ynckxo € > 0, Hanmpumep € = 0,01, u Haiizem Taxkoe yuciao & > 0, YTOGHI
mpu |x - 2 |< 3 BEImONEANOCH HepaBeHCTBO

1f(x)-3]<0,01.
Pemum noctennee HepaBeHcTBo. Tak Kak f(x) = (x — 2)2+ 3, T0
| (x-2)3 <0,01,
OTKYJa
lx-2l<0,1,
T. e. MOKHO B3ATh O = 0,1. Torxa us HepaseHctBa | x — 2 | < 0,1 cmeayer
HepaBeHcTBo |f(x) ~ 3 ]<0,01.

AmnanoruuHo, ecau 3agaHo Jgo6oe duciao € > 0, To, BEIGpaB ANA AAHHOMK
Gyuknuu § = VE , MOMXHO OKa3aTs, uto npu |x — 2 < § BrimonHseTcs Hepa-
BeHcTBO |f(x) -3 <€, T.0 lin; f(x)=3. A

xX=

2. HenpepbiBHbIe PYHKLUN

Ecanu rpadbux GyHKIUM HA HEKO-
TOPOM NPOMEKYTKE IPEeACTABIAET
co00ii HeNpepHIBHYIO JHHHUIO, T.e.
JUHUIO, KOTOPYIO MOXXHO HPOBECTH
He OTpHIBAs KapaHjama OoT OyMaru,
TO 3Ty QYHKIIHUIO HA3BIBAIOT Henpe-
PbL8HOU Ha 9TOM OPOMEKYTKE.

Hanopumep, ¢yHKUIHUA, rpapuk 0
KOTOpO# m3o06pakeH Ha PUCYHKe 7,
HeIIpephIBHA Ha oTpe3Ke [a; b].

y

Puc. 7



DyHKIKUA, rpaduK KOTOPOil mpeAcTaBjed Ha pUCYHKe 1, Hempe-
PbIBHA Ha BCeH YMCJIOBOM IIPAMOIA.
dDyukiusa, rpadpuK KOTOPOi n300paskeH Ha PUCYHKe 5, HEIIpepHIB-
HaA Ha MpOMeXyTKax ¥ < 1 u x > 1, HO He ABJAETCA HEeIpPEePLIBHOM Ha
BCell YrCNOBOM IPAMOI (B TOUKe X = 1 OHa TEPIUT Pa3phIB).
Onpeaenenne. Pyukuna f (x) HasbIBAeTCsA HenpepvléHoll 8

mouke x, ecin lim f(x)={(x,).
x——nco

DYyHKINIO HA3LIBAIOT HENpPepuLéHoil HA uHmepsae, eciu OHa He-
IpepbIBHA B KAXKAO0M TOYKE 3TOro HHTEPBAJIA.
DyuKIMIO [ (X) HAa3bIBAIOT Henpepvl8Holl Ha ompeske [a; b], ecnau

OHa HellpepbIBHA Ha uHTepBaje (a; b) u lim f(x)=1(a), lim f (x)=f ().
e b

B kypce BhICIIell MaTeMaTUKU LOKa3bIBAETCS, YTO BCE OCHOBHBIE

aJIeMeHTapHble GyHKIIUM (CTEeNeHHad, TIOKa3aTeJbHad, JorapudmMu-

yecKasd, TPUTOHOMETPHYECKAasA) HelIPePHIBHEI B KAKAOH TOUKe u3 06-
JIaCTH UX OIpeJesIeHusd,

3agaua 4. BoisicHUTE, ABJISETCA JU HEIPEePHIBHON QyHKIIUA
x2-4

F)= Py opu x # -2,

5 r1npu x=-2
B TOUKe X = —2.
AEcmax#-2,10 f(x)=x — 2, nosromy lim f(x) = lim (x-2)=—4.
x— -2 x—-2

Ho mo ycaosumw [ (—2) = 5, cieaoBaTeabHO AaHHAA (MPYHKLIUS He
SIBJIAETCS HEIIPEPRIBHOM B TouKe X = —2. A

3agauya 5. BulACHUTH, ABJAETCA JU HEIPEPBHIBHOH (QyHKIHNA
1
f(x)=; B Touke x = 0.

1
A Tak xKak dyHxkuusa f(x)=— He ompepejieHa B Touke x =0, T. e.
X

f (0) He cymecTByeT, TO B faHHOH TOuKe 3Ta QYHKLUA He ABJIAETCA
HeNpPEPbIBHOI. A



YnpaxHeHus

1. ITpunaanesxur jgu rpapuky byHKuny y = f (x) Toura A, ecan:

x2-4

2 X, T 3n, ).
y=272, A(21) 3)y= tg(§+z), A(T,OJ,
x-2
2 3r. V3
2)y= 322, A(-V2; 1); 4)y= ctg(-gf-%), A(T”;?J.

2. dyurnu4a y = f (x) 3agasa rpadukom (puc. 8). Haiitu obsacte onpe-
JeNeHUA U MHOYKECTBO 3HaueHMI GyHKINHU.
3. Haititu 06J1aCcTh OnpeAeIeHiA 1 MHOXKECTBO 3HaYeHNH GyHKOuM:

y=x2-3x—4; 2)y=3-2x—-x%

1, 2+x
y=77’ 4 y= il

4, ITocTpouts rpaduk GyHEKIHAMU:

1)y={x—2 mpu x#3, 2)y={1—x2npn x#2,

4 opu x=3; 3 pu x=2;

1 2
- < 2--x° mpnm x<2,

3)y={x2 32x tpa X 3? hy=4 2

x= Ipa x> 95 x2-4 npm x>2.

5. Ilosp3ysich PUCYHKOM 8, BEISAICHUTD:
1) kakue U3 GYHKIMIA ABAAIOTCA HEIIPEPHIBHBIMU;
2) KaKue TOYKM SBJISIOTCS TOUKAMH Pa3phLiBa;
3) kakue 13 QYHKINI ABJIAIOTCS HEIPEPLIBHBIMY Ha MHTepBaJte (—2; 1 ).

6. ITocTpouTs rpaduk dyskiuu f (x) ¥ BRISICHUTE: a) ©MeeT Jiu 3Ta QyHK-
uA npejes npu x—2; 6) ApidercA JU 9Ta QYHKOUA HeNPEepPHIBHOM
Ha Bcell YMCJOBOM NPAMOIi; B) HA KAaKUX IIPOMEXYTKAX QYHKINSA

HeIlpepBIBHA:
2% npu x < 2
1Df(x)= ’ 3) f(x)=J|x—2| npux<2,
) (%) {4+x/x—2 opu x > 2; ) 1(x) { x-4| mpux>2;
1
log, x nopu x < 2, —— npu x>2,
2) f(x)={ 52 P 4 fx)={x-1"P
x“—4x+3 opux>2;

x-1 mpn x<2.

7. BEIACHUTD, ABJIAETCA JIM HENPEPHIBHON GYHKIUA:

1+x

Dy= 13 B TOYKe X = —3;
2)y= 2 P > BTOuKe x=-2.
3 npu x=-2



3) 4)
Puc. 8

8*. Ilokasars, 4To PyHKUUSA f (X) UMeeT IpeJies B TOYKE X, PABHBIH A,

9%,

10

ecyau:

1) f(x)=x?% x,=4,A=16;

2)f(x)=(x-5)?, x,=3,A=4;

)f(x)=(x+1)2-2, x=1,A=2;
4)f(x)=x2-6x+10,x,=4,A=2.

Haiitu Taxoe umucio b, uroOnl GyHKuuA [ (x) ObLIa HeIpephHIBHA B
TOYKE X, €CIIU:

2x mnpu x<0,

1)f(x)={ xp =0;

x+b upu x>0,

x m x<l,
iw=] X ™ %=1
bx* mpm x>1,



2
3 _Jx"+4 mpu x<2, =2
) F(®) {x+b opu x>2, %o

sinx IpHU X< T,
4) f(x)= b+lx-n | IIpU X2T,

§ 2. NpoussonHan

PaccmoTpum aBM)KeHMe TOUKM BAOJL npamoii. ITycTs 3a BpeMsa ¢
OT HayaJja ABMIKE€HUA TOYKAa NpPOoLLIA IYTh AJUHOH s (). 3aBUCHMOCTH
s or t, 3agaBaeMyio GyHKIHel s (¢), Ha3LIBAIOT 3aKOHOM ABHIKEHUS
TOYKH.

3adbukcupyeM KaKoiH-HHUGyAb MOMEHT BPeMeHHU ¢ U PAaCCMOTPHUM
IIPOMEXKYTOK BpEMEHH OT ¢ Ko t + h, rae i — MaJuioe 4Mc0. 3a BpeMs
oT t Ko t + h TOUKA IpoILIa YT AJUHOMN

s(t+h)—s(t).

CpexHAA CKOPOCTh JABMIXKEHUA TOUKH 34 3TOT IIPOMEKYTOK

BpEMeHU PaBHA OTHOLIECHHIO:

_ s{t+h)—s(t)
cp h °
W3 kypca ¢pusMKH U3BECTHO, YTO IPU YMEHbIIEHUM A 3TO OTHOIIE-
HYe IpUGIMIKAETCA K HEKOTOPOMY YHUCJIY, KOTOPOE HA3bIBAeTCS MTHO-
BEHHOI CKOPOCTBIO U 060o3Hauaercs v (t). Yucso v () Ha3LIBAIOT IIpene-
JIOM AAHHOTI'O OTHOILLIEHMUSA NPU A, CTPEMALIEMCA K HYJIIO, ¥ 3alIUCHIBA-
IOT TaK:

v(t) = 1im =30
h-0 h
s(t+h)—s(t)
h
CMaTPUBaTh KaK NPUOIMIKeHHOe 3HAYEeHHE MTCHOBEHHOHM CKOPOCTH
v (t), mpuYeM C yMeHBIIEHHEM /i U CTPEMJIEHUEM €ro K HYJIIO IIOTpelll-
HOCTb NPUOJIVIKEHUA CTAHOBUTCHA CKOJb YIOLHO MaJioi, T.e. TaKMKe
CTPEMUTCA K HYJIIO.

9ro PaBEHCTBO O3HA4YaeT, YTO OTHOLIIEHHE MOXHO pac-

t2
Hanpuwmep, eciu Touka 3a BpeMsa ¢ IPOXOIUT NyTh S (t) = %‘, TO

RJIA BBIYHCJIEHUA MIHOBEHHOMH CKOPOCTH HYXHO COCTABHTBh Pa3HOCTH

t+h)? 12 h?
s(t+h)—-s()= ﬂ%)— - gT =gth+ 55—, 3aTeM B3ATh OTHOILEHUE

s(t+h)-s(t h h
s(t+h)=s(t) ’Z t) =gt+-g? ¥ ycTpeMuTs h K Hyao. Ecau h—0, To £ TaKKe

2
CTPEMUTCA K HYJIIO U &t + 52’1 — gt. Iloaromy v(t) = gt.

11



MrHOBEeHHYIO CKOPOCTD U(t) Ha3BIBAIOT Npou3sodHoil pyuryuu s (t)
¥ 0603HauaIoT §'(t) (UNTAETCA: «3C IITPHUX OT TI3»), T.e. v(t) = s'(t).

ITepeiizemM Teneps K obLIEMY onpejfesieHNI0 ITpousBogHoil. IlycTs
dyrxnua f (x) onpexesieHa Ha HEKOTOPOM MHTepBase. 3aduKcCHUpyeM
KaKy10-HUOYAb TOYKY X, U3 3TOTr0 MHTEpPBaia U BO3bMEM 4MCJIO A, He
PaBHOE HYJIIO, TaK, YTOOBI TOUKA X+ h TaKKe JiexKasa Ha 9TOM UHTEp-
Baze. PaccMOTPUM Pa3HOCTh 3HAYEHUH QYHKIMM B TOUKAX X+ h U X,
T.e. [ (x,+h) - f (x,).

CocTaBuM Apo0b T +h)-1 (%) (x0+h}:—f(x0)-

Yucaurtens 3Toil Apo6u — pasHOCTh 3HaueHUil byHKnuu f B
TOYKAX X+ h ¥ X, a 3HaMeHaTeJlb — Pa3HOCTb apTyMEeHTOB X,+ h K
X, 9Ty ApoOb OyneM HasbIBaTh PA3HOCMHbLM omHouenuem. Ecnu npu
h—0 cymecTByeT npejes PpPa3HOCTHOTO OTHONIEHUS, paBHBIA
HEKOTOPOMY YHKCJY, TO 9TO YMCJIO HA3LIBAIOT NPOU3BOOHOU PYHKYUU

f (x) 6 mouxe x;, u 0603HAUAIOT f'(xy) (unTaerca: «3 IMTPHX OT HKC

HYJb»).
Taxum o6pasom, npouseodnoii pynkyuu f (x) 8 moure x, Ha3vi6a-

f(xe+h)-1(x,)

emcs npeden pasHoCmHOz0 OMHOULEHUS 5

mpu h—0:

o) = 1lim [ o+ B = (%)
f(x")_ilfﬁ . .

ITIycts dyHKIUA f (x) MMeeT IpOU3BOAHYIO f'(X) B KaKIOH TOuKe
X JaHHOrO MHTepBaJa. Torma
f(x+h)-f(x)
h ’

f'(x)=lim

03

a f’(x) MOXXHO paccMaTPUBAaTh KaK QYHKIHIO OT X.

Omnepaliysi BEIYNCICHUA IPOU3BOAHOMN Ha3bIBaeTCa JugpepeHyupo-
sanuem. Ecnu dyakums f (x) nmeer npou3BOAHYIO B TOYKE X, TO 3Ta
dyHKIIUS Ha3bIBaeTCa JuddepeHyupyemoil B 9TOM TOUKe.

Ecan ¢pyukinmsa f (x) uMeeT NpOU3BOAHYIO B KaXK /10 TOUKe HEKOTO-
POTO MPOMEKYTKA, TO TOBOPAT, UTO 3Ta QYHKIUA UMEET IIPOU3BOAHYIO
Ha 3TOM IPOMEXKYTKE HJIH AU depeHIIupyeMa Ha 3TOM IPOMEKYTKeE.

3anmaua 1. Haittu npoussognyio pyaxuumo f (x) = x2.
A CocTaBUM pa3HOCTHOE OTHOMIEHUE:
2 2
f(x+hlz—f(x)=(x+h’)l -2 =2xth P

12



Ecau A—0, To 2x + h—>2x. Otcioga no ¢gopmyJe (1) moayyaem

lim fEEW=1® 5 (2x+ h)=2x. CnenoBarennbHo, (x?) =2x. A
h—0 h h—0
3anmaua 2. lpoauddepennuposars dysknmo f (x) = x5,
A Haiinem crauana pasHocTs f (x + ) — f (x) = (x+ k)3 — x3.
ITo dopmyie pasHOCTH KYGOB
(x+h)®—x3=[(x+h) — x][(x + h)? + (x + h)x + x2] = h (8x2 + 3xh + h2).
CocTaBHUM Telepb pa3HOCTHOE OTHOIIEHUE:

fx+h)-f(x) _ (x+h)3-x8

=3x2 +3xh+h2.
h h

Ecan h—0, To h2—0 n 3xh—0, nostomy 3x2 + 3xh + h2—3x2.

s fx+h)~f(x)_, 2
Orcioza }11_1)1(1) =

CiemoBarennHo, (x3) = 3x2. A

3anmaua 3. HaiiTu npousBogHy0 HOCTOAHHOM, T.e. QYHKIUH,
NIpUHUMAIOIe# IpU BCeX X OAHO U TO JKe 3HaueHwue f (x) = c.

flrth)=fx) _c=c _o

A h h
Crnenosarenbro, f (x)=0. A

Taxum 06pasoM, IPOU3BOAHAA IOCTOSIHHOM PaBHA HYJIIO:
(¢)y =0.

3anmaua 4. Haittu npoussoauyio guueitHolt pyuxuuu f (x) = kx +b.
A CocTaBUM Pa3HOCTHOE OTHOIIEHHUE:

fx+h)=f(x) _ k(x+h)+b—(kx+b) _kh
h - h " h

CiaegosarensHo, (kx + b)Y =k. A
Hraxk,

=k,

(kx + by =k.
Hanpumep, (2x-5)=2, (-8x+4)Y=-8, (Txy=17, (x)=1.

YnpaxHeHus

10. CocTaBUTEH Pa3HOCTHOE OTHOIIIEHUE, €CJIN:
1) f (x) = 4x; 2 f(x)=x-1;
3) f (x) = 4x? 4) f (x) = x%+2;

5) f (x)=x3- x% 6) f(x)=2x3+x.

13



11. Ucnonbaysa onpezesieHue IPOU3BOAHOMN, HaliTH [ (x):

1)f(x)=3x+2; 2)f(x)=5x+T;
3)f(x)=-3x2 +2; 4) f (x)=3x%2- 5x.
12, C nomor1usio popmyssl (Bx + b) = k HaliTH NPOUSBOAHYIO QYHKIIUH:
1) f(x)=2x; 2) f(x)=4x;
3)f(x)=-5x—-T; 4)f(x)=-Tx +5.

13. Tesno aBuxkeTca mo 3axony s (t) = 1 + 5¢. Haittu cpeaHio cKopocTh
JBHKEHUS 32 IPOMEKYTOK BPEMEHN:

Nort=2p0t=5; 2)ort=0,9m0t=1.
14. HaiiTy MrHOBEHHYIO CKOPOCTb ABMKEHUA TOYKHU, €CIIH:
1)s(t)=2t+1; 2)s(t)=3t+2.

15. 3akoH ABMKEeHMA 3aAaH GopmyJoii s (¢) = 0,3t — 1. Hadiru:
1) cpegHIO CKOPOCTD ABMIKEHUA OT ¢ = 2 10 t = 8;
2) CKOpPOCTb ABHKEHUS B MOMEeHT t=2u t = 8.

16. HafiTt MrHOBEHHYIO CKOPOCTh ABH)KEHUA TOUKH, €CJIU 3aKOH ee IBU-
sKeHus s (t) 3agaH GopmMyJI0ii:

1) s(t)=gt2; 2) s () = 5¢2.

17*. Mana dyuaxnus f (x) = x° — 2x2 + 3x.
1) Ucnonb3ys onpeneeHne IpoON3BOAHOM, HaiiTH [ (X).
2) Haititu suavenue f’ (x) B Touxe x=0,1.

§ 3. MNpasuna andpPpepeHunposaHuna

ITpu BBIYMC/IEHNN TPOM3BOAHBIX NPUMEHAIOTCA CJHEeAyIOINe JBa
npasuna ouggpepeHuuposanus.

1. IIpou3eodnas cymmvl pABHA CYMMe NPOUIBOOHbBLX:

0 (fx)+g @) =F (x)+¢ (x). (1)
ITO MPAaBUJIO 03HAYAET, uTO ecau GyHKuuu f (x) u g (x) auddepen-
IIMpyeMbl, TO MX CyMMa TakKe IuddepeHnupyeMa U CIIpaBeAINBa
dopmyana (1).
IIyerys F(x)=f(x)+g(x). Toraa: F(x+h)—-F(x)=f(x+h) -
- f(x)+g(x+h)— g (x). IloaToMy pa3HOCTHOE OTHOLIIEHNE PABHO

Flx+h)-F(x) _ f(x+h)-f(x) _glx+h)-g(x)
h h h ’

IIpu h—0 nmepBas apo6p B IpaBoil YacTH MMeEET Mpeaesi, PaBHBIH
f'(x), BTopas npo6n umeeT mpenes, pasHbi g'(x). [ToaTomy seBas
4acTh UMeeT Ipefes, pasuelilt F' (x) = f'(x) + g'(x), T.e. cupaBeAInBO
paBeHcTBO (1). @

14



Hanpuwmep, (x2 + x) = (x2) +(x) =2x + 1.
2. IIocmosAHHbLL MHONUMEAb MOMHO 6blHecmu 34 3HAK
npou3eoonoil:

(cf () = cf (x). (2)
O Ilycts F (x) =cf (x). Torna

F(x +h) - F(x) _ cf(x + h) - cf(x)
h h

unostromy F' (x)=cf (x). ®
Hanpumep, (4x3) =4 - (x3)Y =4 - 3x2=12x2.

3amaua 1. Haittu mpousBoanyio byaxmnu f (x) = 3x2 + 5x.

A Tak kak (x2) = 2x, (x)’ = 1, To mo dopmysam (1) u (2) moryuaem
(Bx2+5x) =(8x%) +(5x) =83 (x2Y +5(x))=3-2x+5-1=6x+5. 4

®opmyaa (1) copaBeinBa He TOJBKO AJIS CYMMBI JBYX GYHKOMIA,
HO M JIJIs1 CYMMEI TP€X, YeThIpeX U T. . GyHKIumii.

3agaua 2. Haittu mpoussosryio Gyukmum 2x3+ 5x2— 8x + 4.

A (2x3+ 5x2 - 8x + 4) = (2x3) + (5x2) + (-8x) + (4) =2 (x8) +
+5(x% -8(x)=2-8x2+5-2x-83-1=6x2+10x—3. 4

IIpusenem 6e3 JoKasaTeabCTBa QOPMYJIBI IPON3BOAHOM IMPOH3Be-
JeHUs, YaCTHOTO U IMPOM3BONHOM CIIOKHON QyHKIINH.

3. IIpoussodnas npoussedenusn:

(f(x)- @) =f(x) g (x)+](x) &) 3

3amgaga 3. IIpoBeputs crupaBeIuBoCThL GopMys (3), ecau
f(x)=38x%2-5, g(x)=2x+1.

A B neBoii yactu dopmyast (3) nonyuaem (f (x) - g (x)) = ((8x% - 5) x
X (2x + 7)) =(6x% + 21x2 - 10x — 35) = 18x2 + 42x — 10.

B npasoii yactu dhopmyus! (3) moayuaeM f' (x) - g (x) + f(x) - & (x) =
=Bx2-5)Y - 2x+T7)+(Bx2-5) - (2x+ 7Y =6x (2x+ 7) +(8x2 - 5)2 =
=18x2+42x - 10. A

danava 4. Haiitu 3Havyemmss X, NPU KOTOPHIX 3HAYEHUE
npoussogHol yrakumuu f (x) = (x — 1)8 (x + 2)° paBHO Hy.TIO.

A Tlo dpopmye (3) monyuaem f (x) =8 (x — 1)2 (x + 2)% + 2 (x — 1)3x
X(x+2)=(x-1)2(x+2)(Bx + 6+ 2x — 2) =(x —1)2 (x + 2) (5x + 4).

Pemas ypassenue (x —1)2 (x + 2) (5x + 4) = 0, maxozum f (x) =0
npu x, =1, x,=-2, x3=-0,8. A

15



4. ITpou3sodras wacmmoezo:

f(x) ’ f(x)g(x)-f(x)g'(x)
= , 0.
(g(x) J 2(x) g(* “)
3
3amaua 5. Haitrn npoussoguyio pyuxuun F(x) = %I .

A O6osHaunm x2 = f (x), x2 + 1 = g (x). ITo hopmy.ie (4) Haxogum

F,(x)_(xs)'(x2+1) (3)(x?+1) _3x?(x2+1) - x%-2x _ x%+3%x2
h (x2+1)2 (x2+1)2 T (x2+1)2

3anxmaua 6. Haiitu sHaueHus X, MPU KOTOPBIX 3HAauYeHUE IIPOU3-

. 1
BOJHOM pyHKuuM [ (x)=—2—3: 1) nosnoxuTeaAbHO; 2) OTPULIATEIBHO.
x“+

A TIo dopmyie (4) monyuaem f'(x)= (xzic’»)z

1) Peiiast HepaBeHCTBO @ 222)2 >0, HaxoauM f'(x)> 0 mpu x < 0.
-2x
(x2+3)%

BgezneM omnpefenesue croxHoi @ynrxyuu. Iycts 3agana GyHKIUA
f (y), rae y B cBOIO ouepens ABasercA GYHKUMEH OT x, T.e. y = g(x).
Toraa dyrkuuo f (g (x)) HasbIBAIOT CIOKHOM DyHKIUEH (Mau cynep-
nosuyueit) pysxnuii y = g(x) u f(y).

IIpuMepsI CJIOKHBIX (pymcu;nn

1) ecmu  (y) = ¢, y = g(x) = 2% 10 f (g (x)) = €* ;

2)ecau f (y)=1ny, y=g(x)=cos x, 1o f (g (x)) = 1n cos x.

2) Peirasi HepaBeHCTEO <0, HaxoauMm f(x) <Ompux>0. A

3amaua 7. IlpexcraBurs hopmyJaoii caoxayio yarnuo f (g (x)),

eciu f(y)——, g(x )——
A Bamensas y B popmye f(y)=% Ha %, rnoJjyuaem
1
-1 1
fle()=———=—. 4
—1—+1 x
x-1
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5. ITpouseodnas cnoxcroil pynryuu:
[f(e@)]' =F (e@) & (). (5)

3amaua 8. Haiitu npoussonuyio dynkuuu (5x + 3)3.
A3pechy =g (x)=5x+3, f(y)=y> Tax xak f'(y) = (4% = 8y, To

f (g (x)) = 8 (5x + 3)2. Ho g'(x) = (5x + 8) = 5. ITo dopmyne (5)
nojayyaeMm

18.

19.

20.

21.

22.

23.

24.

25.

(5x+3)3)Y=38(5x+3)>-5=15(5x+3)%. A

YnpaxHeHus

HaiiTu npousBogHYyIO0 GYHKIMN:

1) x2 + x; 2) x? — x; 3) 3x%; 4) —-17x2;
5) —4x3; 6) 0,5x3; 7) 13x2 + 26; 8)8x2-186.
IIpomuddeperuuporaTsh GyHKIUIO:
1) 8x2 - 5x+ 6; 5) x3 + 5x;

2)5x%+6x—T; 6) —2x% + 18x;

3) x + 2x3%; 7) 2x3 — 3x2 +6x + 1;

4) x —3x2; 8) -3x3 + 2x2 — x - 5.

Haittu f* (0) u f (2), ecan:

Df(x)=x2-2x+1; 3) f (x)=—x3+ x%

2) f(x) = x3 — 2x; ) f(x)=x2+x+1.

HaiiTu 3HaueHnsa X, NpM KOTOPLIX 3HAYEHHE IIPOM3BOAHON (DYHK-
uuu f (x) pasuo 0, ecin:

1) f(x)=23 - 2x; 5) f (%) = (x + 2x) (x —5);
2)f(x)=—x2+3x+1; 6)f(x)=(x—-3)(x+4);
3)f(x)=2x%+3x%-12x - 3; T f(x)=(x—-2)%(x+1);
4)f(x)=x3+2x2 - Tx +1; 8) f(x)=(x+1)3.
HatiTy npousBogHYI0 GYHKINN:
1) (x — 2)% x3; 3) (x + 2) x3;
2) (x2 — x) (23 + x); 4) (x - 1) 3x2.
Haittu f'(1), ecau:
1) f(x) =(2x —3)* (x — 1); 2)f(x)=(x+1)*(x+2).
HaiiTy npousBogHy0 QYHKIIMM:

P +xf+x 2x3-3x%+1
D x+1 ; 2) x-1

Haiiru f* (1), econ:

2x-1, 2x-3,
1) f(x) = 2¢+1° 3) f(x) = 5—4x’
2 2

x%-1 X
2) f(x)= =7 4) f(x)= 175

17



26.

27.

28.

3anucats hopMyJ0it pyHKIMIO f(g(X)), ecan:
DfW=y% y=g(x)=x+1;
2)f (W) =lgy; y=g(*)=Vx;

DW=, y=gx=;

y-2’
_ 3y+2 _ _x+2
DIW=""1 y=e@=1"5
Haiitu o0nacts onpegeneHus 1 MHOXKECTBO 3HAYECHUH QYHKIMIA:
1
]_ = : 3 = M
) y=cosx; )y fog, %’

2) y=,/logy x; 4)y=cos? x.

Ucnonssya dopmyay (5), HaiTH IPOU3BOAHYIO GYHKIIMH:
1) (2x -1)8; 2) (x + 3)%; 3) (8x2- 2x)%; 4) (x3 — x2)3,

29.

30.

31.

32.

33.

18

BhIAACHUTD, IPU KAKUX 3HAUEHUAX X IPOU3BOAHAS QYHKLUUK IIpH-
HUMaeT OTPUIlATeJbHbIE 3HAUEHHN:

1) f(x)=x%—-5x+6; 4) f(x)=—-8x3+2x2 + 4;
2) f(x)=—x2+4x; 5) f (x)= (1 - x)%
3) f (x) = 2x3 — x% 6)f(x)=(x+3)2(x—1).

BoiACHUTS, IPU KAKUX 3HAYEHUAX X NIPOUIBOAHAA PYHKIIMH IIPU-
HUMAaeT HOJOKUTeJIbHbIE 3HAUCHUA!

1) f(x)=(x +2)? 2% 2) f(x)=(x - 3) 3x%.

BrIACHUTD, NIPK KAKUX 3HAYEHHUAX X IPOU3BOAHAA PYHKIMU [pHU-
HUMAaeT OTPUIIATEbHbIC 3HAUCHUSA:

3x2-1 3x°
1-2x° 2 1 8
3anucats popmyaoit pyuxmio f (g (x)), ecan:

D fm)=yy?-1, y=g(x)=vx2+1;
2) f)=1-42, y=g(x)=cosx.

Haiitu npousBogHy0 QyHKIIUM:
1) f(x)=(8x% — 4x% + 2x — 1)%;
2) f (x) = (23 - 2x2 + 3x + 2)8.

D



34. Haittu Bce 3HaueHUs a, 1pu KOoTopsix f(x) > 0 and Bcex HeiicTBu-
TeJIbHBIX 3HAYEHMH X, ecau f (x) = x% + 3x2 + ax.

35. HaitTu BCe 3HAaYeHUA @, IpU KOTOPHIX f(x) < 0 ana Bcex HmeiicTBH-
TeAbHBIX 3HAYEHUH X, ecan f (x) = ax® — 6x2 — x.

§ 4. NpounssogHan cTeneHHON PyHKUUN

Paccmorpum crenesHyo ¢pyuaknuo y = xP. IIpup =1, 2, 3 ara
byaruua auddepeHnMpyeMa X ee IPOU3BOAHAS paBHA COOTBET-
CTBEHHO

(x)’ =1, (x2)’ =2x, (x3)’ =3x2.

IIpuBeseM 6e3 nokasaTeJbcTBA (GOPMYJY AJA HOPOM3BOLHOM
CcTeleHHOH GYHKIMH IIpH Jit060M AeiCTBUTEILHOM IIOKa3aTeie p;

(xP) =paPL. (1)

Jra hopMmyina crupaBenInBa BO BCeX BHYTPEHHHX TOYKax objacTu
omnpeneneHnda GyHKUuuM xP,

3amaua 1. Jokasats cupaBeaiusBocThb ¢opmyssl (1) npu p = -1,
T.e. JOKa3aThb, 4TO

’
(7)==
x 2

Allyers f(x) = % , X#0. Torna

feth)—fly=_L _1_x-Gth)__ R

x+h x  (xthx  (x+h)x’

CocTaBum Pa3HOCTHOE OTHOLIIEHME:

fx+h)-fx)__ 1
h (x+h)x’

ITpu h—0 3HaMeHaTesb Po6H CTPEMUTCA K X2, CJI€OBATEIBLHO,

F@)=-—;, r.e. () =-%
TTonyuernHOe paBEHCTBO MOXKHO 3aIINCATH TAK:
(xy=(-1)=x"2
310 u 03Havaer, uTo dopmy.ua (1) BepHa npu p =—1.

3anxava 2. lokasats popmyay (1) upu p = % .

ATlyers f (x) = Vx, x > 0. CocTaBUM Pa3HOCTHOE OTHOIIEHHE:

fx+h)—f(x) _ Jr+h-x
h h )
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VYMHOXXHUM YHUCJAHTENb W 3HAMEHATEJL Ha CyMMYy s/x+h+Vx .

TTonyuunm
f(x+h)—f(x):(\/x+h—x/;)(,/x+h+~/;)= (x+h)-x _
h h(Jx+h+Vx) h(Jx+h+Vx)

1

p— h —
h(x+h+vJx) Jx+h+vJx

Ecau h—0, To yx+h cTpeMuTCA K X, I03TOMY 3HAMEHAaTeJb

nocJiegHeH ApoOu CTPEeMUTCA K 2\/; CrnenoBaTenbHO,

fx+h)-f(x) _ 2

llm s
h—0 h wx

o 1
() Codx’

HOJIY‘IGHHOG PaBeHCTBO MOXKHO 3aIIMCATh TaK:

1 1 L
(x2) =—x2
2 b
T. e. popmyna (1) cipaBeanUBa IPU P = 3" A

3anmaua 3. Haitru f' (1), ecnu f (x) = \/—JE+%
x

1 1
A Tak rak f (x) = x%2+x 2, To mo ¢popmy.e (1) monyuaem

, 1 31 1\ 5+ _1+4 13 1 1
f(x)==x* +|-2x?2 =zx?-zx? = —— - ——.
) 2 2 2 2 ax  2xx
y 1 1
CnepoBartenbHo, /(1) = i 0.4
3anaua 4. [lokasarn, 4TO
(2)

((kx + b)P) = pk (kx + by PL,

A Dyaknuo (Bx+ b)Y MOKHO pacCMaTpUBAaTh KaK CJIOKHYIO GYHK-
nuwo f (g (x)), tae y = g (x) = kx + b, f(y) = yP. Tax kax f(y) = py*',
To (f(g(x))) = p (Bx + b)P"1. Ho g’(x) = (kx + b)’ = k. CrefoBaTeJIbHO,

((kx +bD)PY =p(kx + by L k=pk (kx+b)P"1. A
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36.

37.

38.

39.

40.

41.

3apmaua 5. HaiiTu npousBoguyio GyHKIIMNA:

1) (-3x +4)7; 2) (5x - 2)73; 3) ¥5-7x.
A Tlo dopmy.te (2) Haxogum:
1) ((-3x +4)7) = -21(-3x + 4)5;

2) ((5x - 2)73) = -15(5x ~2)4;
1 ’
3) A5-Txy =((6-7x)?) = -%(5— 7x)‘§ . A

YnpaxHeHusa

Haiitu npoussoanyio pyuriuu (36—37).

1) x8; 2) x19; 3) 3x* + 2x15; 4) Tx3 - 3x7;
1, 3. 2, 1. 3, 1
5) xz, 6) ;4", 7)x +F, 8)x +x2.
1) ¥x; 2) ¥x; 3)2dx-Vxr; 93+
1 1
5) —; 6) —=; 7y xV2; 8) x™.
) 3Jx ) xJx ) x )
Haitru f(3) u (1), ecan:
1.1, 3 2,
D fexy="+53 3) f@=—1-- 15
1 3 _3
2) ) =Vx+_+1; 4) f(x)=x2-x 2.
HaitiTu sHaueENsa X, IPM KOTOPHIX 3HaUEeHME IIPOM3BOAHOM DYHK-

uui f (x) paBHO 0:

1) f (x)=3x* - 4x® - 12x%; 5) f(x)= x%%;

2) f (x) = x* + 4x3 — 8x2 - 5; 6) f(x)=x+%;

3) f (x) = (x% + 1)(x% - 9); ) f(x)=(x-2)% x ¥x;

4) f (x) = (x* + 3)(2x% + 5); 8) f(x)=(x-1?xVx.
Haiiru f’(1), ecau:

1 f(x)=(x-1)82-x)7% 3) f(x)=v2—x - (3-2x)3;
2)f(x)=(2x - 1)°(1 + x)% 4) f(x)=(5x—4)5-432-2.

IIpu KaKuX 3HAYEHUAX X 3HAUEHHMe TPOU3BOJHOMN DYHKIHMM
y=(x—8)% (2 + 5x)® pasno 0?7

21



42,

Haittu npoussognyio Gyuxuuu (42-—46):

xO+xd+x J_+x2+1
x+1 Cx-1
1 3 2 .3 .3 4
43.1) Pt 2) [owE 3) - 4) 4x 2; 5) x 4+6x3;
6) 24/x? - 3Yx2; 7 685 -2, 8) 2x¥x? + 2
& el
L4 B+2
44.1) x+2%¥x;  2) x-DVx;  3) A
1 ¥ 1 1
5)[%‘*%} 5 6) [é/;-’-;ﬁ](é/;_%}
) Wx -¥x) e +¥x); 8) (Wx -¥x)2.
45.1) (2x - 3)° (8x%2+ 2x + 1); 3) ¥3x+2 (Bx-1)4;
2)(x - 1) (x+ 1) 4) ¥2x+1-(2x-3)3.
2x2-3x+1 2¢ 1,
46.1) = 3) gt
3x2+2x-1 2-x  Jx
2) EETRER 4) 7 + —
47. HaiiTu 3HaueHus X, NpU KOTOPHIX 3HAUEHHe [TPOU3BOAHON (DYHK-
uuu f (x) paBuo 1:
D f(x)=x*+8x3+x - 3; 4)f(x)=&#;
2) f (x) = 25+ 5a? + x + 4; 5) f(x)=%x2+3;
x*+x%+81 x¥x +3x+18
3) f(x )—x—, 6) f(x)= 5
48. PemuTe HepaBeHeTBO [ '(x) > 0, econ:
1) f ()= x4 - da? + 1 4) f(x)—xs+16
2) f (x) = 3x*— 4x% -12x2 + 3; 5) f(x)=(x+2)2 Vx;
2
3) f(x)=[x+§] ; 6) f(x)=(x-3) V.
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49. YroJ IoBOpPOTA TeJIa BOKPYT OCH U3MEHAETCA B 3aBUCHMOCTH OT Bpe-
MeHH ¢ 110 3aKoHy ¢(t)=0,1¢2 - 0,5t + 0,2. HaiiTi yrioByIO CKOPOCTb
(paa/c) BpaleHus Tejia B MOMEHT BpemeHHU ¢ = 20 c.

50%, Temo, Macca KOTOPOTo m = 5 KI', ABHIKETCA IPAMOJIMHENHO 110 3a-
KOHy s=1-¢t+ t2 (rme s BEIpakaeTca B néle'rpax, t — B CeKyHJHax).
HaiiTy KHHEeTHYEeCKYIO S9HEPI'UIO Tejla mTv yepes 10 ¢ mocJsie Havasia
JOBYKEHH.

51%*, B TOHKOM HEOZHOPOJHOM CTePIKHE JJINHOI 25 ¢cM ero macca (B rpaM-
Max) pacipepesieHa o 3aKoHY m = 212 + 31, rme | — [IMHA CTEDXKHS,
OTCUHMTLIBAEMasi OT ero Hauasia. HaiiTu TUHEHHYIO IJIOTHOCTD B TOY-
Ke: 1) orcToaniei oT Hauaja CTEePKHA Ha 3 ¢M; 2) B KOHIIE CTEPXKHA.

52%, Haiitu npoussoanyio yaknuy f (x) = Vx2-5x46 npux <2mu
npu x > 3.

§ 5. NpoussoaHbie
HEKOTOpPbIX 3/IeMEHTapHbIX PYyHKUUA

B kypce Bricmieil MaTeMaTHKM AOKa3bIBAETCH, YTO [IOKa3aTeJIbHaA,
JorapudMuyecKas M TpPHUTOHOMeTpuuecKkme GyHKRUUU Aubdeper-
LIUPYEMEL B KaXKAOM TOUKe, rje OHM onpeaeaeHbl. [IpuBegem Tabauiy
9THX IMPOU3BOAHBIX:

(e*) =¢%, 1)
ro1
(lnx)—x, x>0, (2)
(sin x)’ = cos x, 3)
(cos x) =—sin x. 4)

®opmyasl (1), (3) 1 (4) cripaBeAIHUBEI IPH BCEX X.

3amgaua 1. Haiitu npoussoguyio GyHKImu [ (x)=x + 2 sin x + 3e*.

Af(x)=(x)+2(sinx) +3(e*) =1+2cosx+3e*. A

OTtmeTuM, 4TO U3 GopMyJHl AudhepeELPOBAHUS CIOXKHON PYHK-
nuu ciaeayetr gopmysia

[f (kx + b)Y = kf (kx + b). (5)

B s1oit popmyse sanucs f'(kx + b) o3HauaeT, YTO B MPOU3BOLHOMR
Ansa dyHKOuHM [ (x) apryMeHT X 3aMeHsieTCcA BbIpaykeHuem kx + b, T.e.
ecnu f(x) =g (x), To f'(kx +b)=g (kx +b).

Hanpnwmep, Tak Kak (cos x)’ = - sin x, To [cos (x + 1)’ =—sin (x + 1),

(cos 2x) = -2 sin 2x; Tak Kax (\/;)'=i, to (Vx-8)= 1 )
2Jx 2Jx-3

, 1 NE 1 1
Bxy=8——="2 (J-2x+1)=(-2) - )
(3x) 2/3x 2Jx (V=2x+1)=( 2J/-2x+1  J=2x+1
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3anmaua 2. Haiitn npoussoanyio pyuxnuu sin (3x + 2).

A OboznaunM f (x) = sin x. Tpebyercs HalTH NPOU3BOSHYIO PYHK-
nuu f (3x + 2). Tak xak [’ (x) = cos x, To o popmye (5) moayuaem
[sin (3x+2)]=3cos (3x+2). A

3agaua 3. Haiitu nponssogHyo GyHKINHN €221,
A Oboznauum f (x) = e*. Tak kak [ (x) = €%, To mo popmy.re (5) mo-
ayuaeM (e?*71y = 2¢2x71, A

3anmaua 4. Haittu npoussoanyo Gyaxnuu In (éx— 3}
A Tlosmosxkum f (x) = In x. Tak Kak f’(x):l, T0 Mo dopmyne (5)
x

moJy4yaem [ln 1,3 } =1 l_zﬁl_. A
2 2 2y _3 -6

[

3anpaua 5. HaiiTu npousBoauyo pyurumuu (5x + 7)17.
A O6osnauum f (x) = x'7. Torma f’ (x) = 17x16. Tloaromy mo dop-
myJe (5) monyuaem [(5x+ 7)1 =5-17 (5x + 7)16=85 (5x+ 7)16. A

3amgaua 6. Halitu npousBogHyo GQyHKIMHA @x— 1.

X 7,

o

A Tax xak npoussogHas GyHKmuE f(x)=3Yx pasma f(x)=

W | =

To npousBoaHaa pyuxuuu f (x — 1) mo ¢popmyse (5) paBHa
, 1
(\/3 x-1y=—-——. ,
3 Y(x-1)°
C nomompio ¢opmyasl (5) MOMKHO HANTU IIPOU3BOAHYIO
TIOKa3aTeJIbHON QyHKIUY a*.

3amgaua 7. HaiiTu npousBoauyio GyHxkiuu a*, rae a > 0, a 1.

A BoaBejeM OCHOBHOe JOTapUMMUUYECKOe TOMXKIECTBO e"?=q B
creneHp x. ITonyuum e* Ina - gx TloaTomy, auddepeHINpyA IO
dopmyane (5), umeem

(@*)Y =(e*"2%Y =1lna-e*'"?=Ina-a*. A

Hanpuwmep, (2%) =2*1n 2; (10*) =10%1In 10.

3anmaua 8. Haiitu npoussoanyio pynxuuu log, x, a > 0, a #1.

o 1 o 1 11
) TO (logax)-m(lnx) “lna x xlna’

A Tak kak logalenx
Ina

3agaua 9. [lIokasaTs dhopMyay
(nlxly = =, x#0. (©6)
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53.

54.

55.

56.

57.

A ®opmyana (6) Bepra nipu x > 0. ITycers x < 0, Toraa |x|=—xuIn|x|=
= In (-x), oTKyZza, npuMensas dopmyay (2) u npasuno xudbdepesn-
IIHPOBAHUSA CJIOMKHON QYHKIUM, IOTYYAEM

(In|x|) =(n (-x)) = —(— Yy =

Taxum o6pasom, popmya (6) BepHa Iua moﬁoro x20.4

x°

3apmaua 10. Haiitu npousBognyo byaKmuu sin? x.
A IlpumeHnsas npaBuio AnddepeHUPOBAHNAA CA0KHOM DYHKIUH,
noJiyyaeMm

(sin? x)’ =2 sin x - (sin x)’ =

YnpaxHeHus

Haittu npousBoguyio Gyaxiunu (53—66):

1) e* +cos x;
4)e"—sinx;
7 = +lnx,
1)3smx;
4)-41n x;
7) -2 cos x;
1) 3x% - 81n x;
4) l3c8+3 sin x;
4
7) é+4e";
x
1) 6¥x +51lnx;

4) i—lsinx;
4

Yx

7) —4sin x;

1
*¥x
1) 3x2—43x +e*;

2) 2x3 +3v/x —cos x;

3 Vr-1 7
4) «/;c-+7=+lnx

—sinx;

2)1n x + sin x;
5) sin x—3x;
1 X
8) +e.
2) 2 cos x;
5) %ln x;
8) -3 sin x.
2) 6x4— 9e%;
5) 6+/x —5sin x;

8) %+lln x.
3x° 2
2) 8Yx +16¢%;

5) 4x\/;+ %e";

8) —+5cosx.

xx

2 sin x - cos x =sin 2x.

3)cos x — In x;

6) Vx —cos x;

3) —5ex;

6) e

3) 2x7 + 4 cos x;

6) 33/x —4cos x;

1
———cosx,
5

J_
6) 3x§/;—3ln x;

1
5) x%+8x% +5Inx;

3
6) 2x8 —4x1 —%sinx;

3 1
7T) 8x *+7x" -3cosx;
_5 -4y
8) 3x 6-5x 5-—¢*,
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58.

59.

60.

61.

62.

63.

64.

65.

66.

26

1) = x2 +21ln x - cos x;
2) x2—e"+2s1nx,
8) 5¥x +e* —6sin x;

4) 6%/x —Inx+ %cos x;

1) (x +8)% 2)(x—-4)%
1 . 1,
Ve e
1) (3x + 1)% 2) (5x — 4)%;
2 4
5) (5x-3)3’ %) (Bx-1)2’
1) ¥3-5x; 2) ¥2-8x;
1 1
5) Tk 6) sl
1) sin 5x; 2) cos Tx;
5) e2%; 6) e7*;
1) e%c; 2) ¢’z
5) sin (x — 3); 6) cos (x +1);

5) x%(x —1) + 8 sin x + 4 cos x;
6) x(x+2)2+21lnx - 3cos x;
Nx-1)(x+2)+e*—1nx;

8)(x+3)(2x —1)+e* —sin x.

3) ¥Yx-2; 4) Jx+5;
1 3
N s e
3) (2 - 4x)%; 4)(1 - 3x)5
1, _1
Nem Duaso
3) Ydx+1; 4) /3x+2;
7) 7 H 8) 5 .
43-8x 32-9x
3)cos(x+4); 4)sin(x-2);
7 1n 3x; 8) In (—2x).
3)In (x-1); 4) In (x + 2);
7) cosf; 8) sin~2£.
2 3

1) sin (2x +5); 2)cos (3x —4); 3) 005[1——2‘} 4) sin(2— %}

5) smxT3 6) cos 1—_33—6—;

9) sin® x; 10) cos* x.

1) e3—8x; 2) e5x—7;
3x-4 5-2x

5)e 2 ; 6)e 3 ;

1) 5% 2) 4%;

5) log, x; 6) log, x;

45x

7) cos 8) sin 2";3

3)In (4x -3); 4)In (3 - 4x);

7) In—— 8) In—

3- 4 2x 7
3) 9x+2; 4) 7x—3;
Nlg(x—-1); 8)lg(x+3).



67.

HaiiTu sHaueHUA X, IPH KOTOPBIX 3HAYEHME IIPOU3BOAHOI HyHK-
uu f (x) pasuo 0:

1) f(x)=x —cos x; 5)f(x)=2*+2"7%;

2) f(x)=%x—sinx; 6) f (x)=32* - 2xIn 3;
3)f(x)=In(x+1)—2x; D f(x)=x+I1n2x;
Hf(x)=2In(x+3)—x; 8)f(x)=x+In(2x+1).

68.

69.

70.

71.

72.

73.

HaiiTu npousBoguyio pyaKIMH (68—71).

2% - 2x+3 . 2x+3 1
3/ 1 . _ f_
1) 3 + n 5 5) 5sin 1 4 7

2) 6) 8 |—1— -3cos*=2,
3 2-x 3
1-x 3-5x
3) 2e_3—+3cosl_—x; 7 63 1 2+4e 2,
2 @-2)
2-x 1 1 x-4
4) 3¢ 8 —2sin—%; 8) 24 —5e 5 .
4’ (x+2)°
1) 0,5% - cos 2x; 3)In (1 - 3x) sin x;
2) 5Vx e %; 4) e372%. cos (8 — 2x).
l+cosx, VBx e0sx 52=
1) sinx ’ 2) 341’ 3) cos 2x-5’ 4) sin 8x+7"
e*—e™* 2 - log, X, sinx—cosx 1-sin2x
D — 2) %z ° 3 x ’ sin x—cosx’

HaiiT 3HaYeHHUdA X, IPU KOTOPHIX 3HAYEHHE IPOU3BOLHOM DYHK-
oud f (x) paBHo 0:

Df(x)=x2+2x-121In x; 2)f(x)=x2-6x-8lnx;

3) f(x)=Vx+4-2In(x+7); 4) f(x)=2Jx-3In(x+2);

5) f(x)=2vVx+2 ~In (x—4); 6) f(x)=vx+1-ln(x-2);
DNf(x)=3Inx+1In(x+3); 8)f(x)=In(x-1)+2In(x+2).
Pemrutes HepaBeHeTBO [ (x) > 0, ecan:

1)f(x)=e"- x; 2) f (x) = 6x + cos 3x;
3f(x)=Inx-x; ) f(x)=x-2Inx;

5) f(x)=6x—xvx; ' 6) f(x)=(x+1)Vx+1-3x.
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74. BeiacHUTH, 1PN KAKUX 3HAYEHUAX X 3HAUYEHUEe IPOM3BOIHOM QYHK-
nuu f (x) paBuo 0:

1) f(x)="5(sin x — cos x)++2 cos 5x;
2)f(x)=1-5cos 2x + 2 (sin x — cos x) — 2x.

75%. HaiiTu 3HaueHUA IPOM3BOJHON MyHKIUY f (X) B TOUKAX, B KOTO-
PBIX 3HaUeHUe 3TOM MYHKI[MU PABHO HYJIIO:

1) f (x) = €2 In (2x - 1); 2) f(a)= 20208,
sin x

76%. Boruucauts f'(xy) + f (x)) + 2, ecan f (x) = x sin 2x, x,=T.

77*%, HaiiTu 3HaYeHUd X, IPU KOTOPHIX 3HAUECHUE IIPOU3BOLHON (GYHK-
uuH f (xX) paBHO HYJII0; TTIOJOXKUTEJIBHO; OTPULIATEIBLHO:
Df(x)=x-1Inx; 2)f(x)=x1nx;
3)f(x)=x%1n x; 4)f(x)=x3-31nx.

78%*. Haitti nponsBoauyio pyurmuu In (x2 — 5x +6) mpu x < 2 u npu x > 3.

§ 6. leomeTpuyeckuini cMmbiCn
NPoOn3BOAHON

1. Yrnoeoii ko3¢ puumreHT npaMon

HanmomHuM, 4To rpadukoM JMHeHHOM GyHKIUM § = kx + b aABnseT-
ca npamas (puc. 9). Yucuo k = tg o Ha3bIBAIOT Y2.108blM KOIPPUYUEH-
MmoM npamoii, a yroy o. — yznom mexcdy amoil npamoii u oceio Ox.

¥y

Puc. 9

Ecau £ > 0, To 0<a<g (puc. 9, a), B 3TOM cJyyduae QYHKIUA
y = kx + b Bo3pacraer.
Ecau £ < 0, T0 -%<0t<0 (puc. 9, 6), B aTOM caydae GyHKLUA

y =kx + b ybrIBaer.
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BriBeseM ypaBHeHUEe IPAMOI ¢ 3aaHHBIM YIJIOBBIM K03 dHIIHEeH-
TOM, IIPOXOAAIIell uepes 3afaHHyI0 TOUKY M, (x4; y,)- IlycTs npsamas
He napajesbHa ocu Oy 1 M (x; y) — DpousBOJIbHAA TOYKA 3TOH mpsA-
moii (puc. 10).

ES)

e

3( -
}{ e ——————
=y

Puc. 10

N3 AAMM o Haxonum Y% _ tg a.. O6osHauasn tg o = k, moaydaem

0
Y —Yo=Fk(x —x;), OTKYyAA

y=y0+k(x_xo)- 1)
VpaBuenune (1) Ha3BIBAIOT YpABHEHUEM NPAMOL C Y2J08biM
Koappuyuenmom k, npoxodauieir uepes mouky (xy; yY,)-

3axgaua 1. Hanucars ypapHeHHe IIPAMOI, IIpoxojdAileil yuepes

roury (—2; 3) u oOpasymwieii ¢ oceio Ox yroia —% .
A Haxozum yrioBoii KoadunueHT npamMoil k=tg (—%): -1. Tak
Kak X, = — 2, y, = 3, To 1o popmy.re (1) nonyuaem
y=3+(-1)x-(-2)), Te.y=-x+1. A

2. leomeTpuueckuii CMbICN NPON3BOAHON

BrlsicHMM reoMeTpUUYECKHI CMBICJ MPON3BOAHOM AupdepeHTUpye-
Moit pyHKOun y = f (x).

IIycts dysknus y = f (x) onpeseneHa B HEKOTOPOil OKPECTHOCTH
TOYKH X, ¥ CyIIECTBYeT ['(x,).

Ecan A u M — rouxu rpadmka aroii dyaxmun ¢ abecuuccamu X, 1
Xy + h (puc. 11), To yraosoii koadbdunnent k = k (h) npamoii, npoxoaa-
meit yepe3 TOUKU A M M (9Ty IpAMYIO Ha3bIBAIOT Cekyuieil), BRIPAXKA-
ercda dopmyoit

k(h)=tg AMA(,‘:M"_;ﬂ' @
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rae C — TO4Ka ¢ KOODAUHATAMH X, + h u f (X,), a ypaBHeHHe ceKyIeii
AM MO’KHO 3aIHCaTh B BUJE:

Y=Yyo=k(h)(x—xp). 3
IIycts h—0, Torga Touka M, aBurasce 1no rpaduky, npubamxaer-
cA K TOuKe A, a ceKyIas noBopaunBaeTcia BOKpYr Touku A. Eciau cy-

1IeCTBYeT Ilzin&k(h)=k0, T.e. CyIeCTBYeT npejelbHOe MMOJOMKEHHE ce-
—
Kyuiei (puc. 12), To npamasa
y_yozko (x_xo)y 4

ypaBHEHUe KOTODPOil mosyuaercs u3 ypaBHeHus (3) 3ameHoit k (h) Ha
k,, HasblBaeTCHA Kacamenvroi K rpaduky GyHKnuM y = f (x) B TOUKe

(243 T (x4))-

S(xogth)-f(x)
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Takum o6pasoM, KacaTejabpHasa K rpapury GyHKnum y = f(x) B
Touke (¥y; f(x,)) — mpenensHOe mosokeHue cexyieit MA mpu h — 0.
Ecnu cymecrsyer f(x,), T0

s i Fth) — () _ ¢
ko = lim k(h) = lim ==2—= =20 = f(xo).

Tak Kax ky, — yrjoBoi K0a(h(HUIMEHT KacaTeJbHOMH, TO
ko=f(xx)=tg a,
rae 0. — yroJj, o6pasyeMblil KacaTeJIbHOM C IIOJIOKHUTENBHBIM HAIIPAB-

nenuem ocu Ox (puc. 11).
Taxum ob6pasom,

f(xy) =tg o. (5)

Hrak, reoMmeTpuuecKHuil CMBICJ IPOM3BOSHON COCTOUT B TOM, UTO
3HaueHKE NPOU3BOAHOM dyHKIUU f (X) B TOUKE X, PABHO YIJIOBOMY
Koa(pUIeHTy KacaTenbHol K rpaduky pyHkmum y = f(x) B Touke
(x93 1 (xp)).

P
3apmaua 2. Haiith yroa Mexay 7 3 )
KacaTeJbHON K rpaduky QyHKIUM y=sinx
y =sin x B Touke (0; 0) 1 ocki0 Ox. o

A Haitgem yrioBoi KoshduIeHT 0
KacaTeJbHOM K KDHUBOH y = sinx B
rouke (0; 0), T. e. 3HAaUeHHe IIPOU3-
BOAHOI 9T0# DyHKIMHK npu x = 0.

ITpousBonnasa bynkuum f (x) =sin x Puc. 13

paBHa f'(x) = cos x. IIo dpopmye (5)

HaxoauMm tg o = f'(0) = cos 0 = 1,

OTKyZAAa O, = arctg 1=§ (puc. 13). A
OrMeruM, YTO 3TO CBOMCTBO
IIOJIE3HO IJIA ITIOCTPOEHHs rpadpukxa
y=sin x: B Touke (0; 0) cumycounna
KacaeTcsi npAMOH y = x (puc. 13).

3amaua 3. HaiiTu yroyg Mmexay
KacaTeJbHOW K mnapaboie y = x2 B .
Touke (1; 1) m ocsi0 Ox. -2 -l
A TlpousBoxHasa dyHKuuu f(x) =
= x? paBHa f(x) = 2x. ITo dopmye (5)
HaxoguMm tgo = f/(1) = 2.1 = 2,
oTkyja o =arctg 2 (puc. 14). A Puc. 14
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3. YpaBHeHune xacarenbHo# Kk rpaduky GyHKuum

3amenss B dopmyne (4) k, Ha f(x,), monyuaeM ypaBHEeHHe
KacaTeJabHOH K rpaduky Gpynknuu y = f (x) B Touke (xy; f (x,)):

y =1 (xg) +1(xp) (x = xp). (6)

3agauva 4. Hanumcars ypaBHeHMEe KacaTeJlbHOM K rpauky
dbyurnum y = x® B Touke c abcruccoit x,=2.

A TIpousBoanasa ¢yuknuu f (x) = x3 pasna f ’(x) = 3x2. Ilpu x = 2
noayuaem f (2) = 28 = 8, f(2) = 3- 22 = 12. IloaTroMy ypaBHeHUe
KacaTeJbHOl uMeeT BUA Yy =f(2) +f'(2)(x —2)=8+ 12 (x - 2).

OrBeT.y=12x-16. A

3amgaua 5. HaiiTu ypaBHeHHe KacaTelbHOHN K rpaduky QpyHK-
LUK Y = COS X B TOUKe ¢ abcuuccoit x; = %

A 3HaueHus GQYHKUHUHU f(xX) =COS X U ee IPOU3BOLHOH B TOUKe

= E . — n .__3 , . T 1
X, = DaBHEL f(xy)=cos 6= f(xo)——smg_—i. HUcnonsays
dopmyny (6), HalizeM HCKOMOe ypaBHeHHe KacaTeJIbHOI:
V31 =« 1 V3 =
== - == x+ | —+— |
Y= 2[”‘ 6)””"” et

n \x:— arctg-%—

1 1 L 1 L i 1 ] 1 1 o~
0 E .Lt \Q X
y=cos x 6 2

Puc. 15

n V3
Kacarensnasa K rpadpuxky GYHKIHUU Y = COS X B TOUKeE e
u3obparkeHa Ha pUcyHKe 15.

3amaua 6% IlokasaTs, uTO KacaTebHAaA K napa6ose y = x2 B
. X
TouKe ¢ abenuccoil x, nepecexaer ock Ox B TOUKe ?O .
2 —
ATlyers f (x) = x2, Torma f '(x) = 2x, f (xy) = X5 1 f (%) = 2x,.
IIo ¢opmyie (6) HaxoguM YpaBHEHHE KacaTeJIbHOM:

-2 - 2
Yy=x§+2x,(x—xy)=2x5% - x5.
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Haiinem ToOuky mepece4eHus 3TOM KacaTeJbHOH C OChIO abCcuucc.
X,
W3 paBeHCTBa 2x0x—x§ =0 maxoaum x = 70, A

Orcioga cienyer mpocToil reoMeTpUYECKHUE cnoco6 nocmpoerus
KacamenvHoil Kk napabone y = x2 B Touke A ¢ abecrnuccoit X, IpsAMasd,

X,
NpPOXOAAIIAaA 4epes TOUKY A M TOYKy -2 ocu abcuucc, KacaeTcs

2
napa6oJsl B Touke A (puc. 16).

ITocTpous KacaTenpHyI0 K tapaGoJie, MOXHO IOCTPOUTH ee ¢gokyc F.
HanoMuauM, 4TO (GOKYCOM SBJIAETCA TOYKA, B KOTOPYIO HYKHO IIOMeC-
TMTh HCTOYHUK CBETA, YTOOBI BCE JIy4H, OTPAKEHHEIe OT mapaboiyec-
KOro 3epKaJja, OblIM mapaJuiejbHBl OCH CUMMETPHH napabounl. Jas
nocmpoenus oxkyca F Hafgo MOCTPOUTL OpsaAMylo AB, mapaJjjieib-
Hy10 ocu Oy, u nipamyio AF, o6pa3yiolyio ¢ KacaTeJbHOH TaKOi Ke
yroJ, Kkak u npamasa AB (puc. 17).

y y!
_2 _2
Y= S F=x B}
/“r
i~
o
/
%
.A A
§ F
L - -
0 X, %o X 0 % X X
2 J 2
Puc. 16 Puc. 17

YnpaxHeHus

79. Hantucats ypaBHeHUe IIPAMOI ¢ YIJIOBLIM Ko3dduiuentoM k, mpo-
XOAALIEH YEpPE3 TOUKY (x4 Yo)» eCTHI:

DE=2,x,=1,y,="1; 5)k=-3,x,=0,y,=1;
2)k=3,x4=-2,y,=1; 6) k= %,xo=l,yo=0;
3) k= —%,x0=—2,yo=—3; k= g,x(,:-;—,yo:%;
A k=-2,x,=3, yy=—4; 8) k=~ , %y =0,y =0.
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80. Hanucars ypaBHeHMe OIPAMOIl, IPOXOAAIIEH yepes TOUKY (Xq; Yo) U

81.

82.

o6paayroleii ¢ ocbio Ox yroJ o, ecjau:

T n

o= Z;x0=2,y0=—3; Sya= g;xo=—2,y0=—3;
T s

2)a= Z;x0=—3,yo=2; 6)o= E;x0=6,y0=—5;

- 3“. . n-

3)o= T,xo=1,y0=1, Ha= F,x0=—6,y0=4;
3n 2

4) o= T;x0=—1,y0=—1; 8)a= gn;x0=4,y0=~3.

Haiitu yriooit koagduumeHT kacarenbHOH K rpaduky GyHKINU
y =1 (x) B Touke ¢ abcuucco x,:

1) f(x)=x53, x,=1; 4)f(x)=e", x,=1n3;

2) f (x) =sin x,xo=%; 5) f (x)=38x?—4x, x,=2;

3)f(x)=Inx, x,=1; 6)f(x)=\/;—i, x,=1.
Jx

Haiitu yron mexay ocwio Ox u KacaTenbHOH K rpaduKy GYHKINU
y =1 (x) B Touke ¢ abcuuccoi x,:

1) f(x)=—;x2, Xy =1 5) f(X)=§x\/_, X =3;
2) f(x)=%x3, x,=1; 6) f()=2x, x%=3;
1 3x+1
3) f(¥)=53, %=1 7 f(x)=e ? , x,=0;
4) f(x)=%, %y =1; 8) f (x)=1In (2x +1), xo=2.

83. Ha pucynke 18 npeacraBiieH
y 2 rpaduk GyHKIMYU y = f (x) u Ka-
/,\ caTeJlbHbIe K IPaQUKy B TOYKAX

>1§ 3 A, B, C, D. Onpenenuts 3HaK IIpO-
o/ R D U3BOAHOM 9TO QYHKIHUKA B TOU-
Kax A, B, C, D.
74 0
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84.

Hamnucats ypaBHeHue KacaTeabHOM K rpaduKy GyHKIun Yy =f (x) B
TOUYKe ¢ abcuuccoit x,:

5) f(x)=sinzx, xy=7;

6) f (x)=€* x,=0;
Nf(x)=Inx, xy=1;
8) f(@)=Vx, x=1.

Df(x)=x+x+1,x,=1;
2) f(x)=x—3x2, x,=2;
8) f ()=, %, =3

4) f(x)=%, Xy =-2;

85.

86.

Hamucats ypasHeHue KacaTeNbHOM K rpaduky GyHkumu y = f (x) B
TouKe ¢ abcuuccoii x = 0:

Df(x)=x5-x3+38x-1;
2)f(x)=x*+3x% — 4x +2;
3) f(X)=x+4; 7) f (x) = €2+ sin x;

4) f(x)=Yx+1; 8) f (x)=sin 2x — In (x + 1).

Haittu yroa mexay ockio Oy 1 KacaTeabHOi K rpaduky GyHKOUH
y =f (x) B Touke ¢ abcuuccoit x = 0:

5) f(x)=x-2Jx+1;

1
6) f(x)—x+-;;—1,

2 .
2x+1°

6) f(x)=1n(2x+1)+i;
x+1

=Jx13-_3 .

D (x)=vx+ T
8) f(x)=§(x+3)\/x+3_

f(x)=x+e™; 5) f(x)=x(x+3)+
2) f (x)=cos x;
3) f (x) = x2 + sin x;

4) f(x)=vx+1+e?;

87%, Ilox KaKUM YIJIOM NepecekalTcA rpaduky GyHKOuii (YyIaoM Mex-

AY KPHUBLIMHU B TOYKe HX IIepeceUeHUs HasbIBAIOT YTOJ MEXKAY Ka-
caTeJbHBIMHY K 3TUM KPHUBEIM B 3TOU TOYKeE):

1) y=8-x u y=4 Jx+4; y=In(1+x) u y=In(1 - x);

2)y=%(x+1)2 u y=%(x—1)2; YYy=€e*n y=e~.

88%*. [IokasaTh, UTO rpa@UKHu ABYX JaHHBIX GYHKIUI UMEIOT OAHY 06-

HIYI0O TOYKY U B 3TOH TOUKE — OGIIYIO KACaTeJIbHYIO; HATIHCATE YPaB-
HEeHHE 3TOH KacaTeJbHOM:

y=xtuy=x%+2x%
2y=x*ny=x%-8x2

y=(x+2P2uy=2-x%

Dy=x2+x)ny=x(2-x);

5) y=vx+1 u y=x2+%x+1;

6) y=vx+1 u y=2-vJl-x.
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89*, Haiitu Touku rpaduka QyHkimu x = f (x), B KOTOPLIX KacaTeabHasd
K 3TOMY TpaduKy napajjiejbHa npsamoii y = kx:

1) f(x)=x2—3x+4, k=1; 5) f(x)=e* +e%, k=-§;
2)f(x)=x(x+1),k=3; 6) f(x)=v3x+1, k__i.
3) f(x)=%x3—x2 +5, k=-2 7) f (x) = sin 2x, k = 2;
4) f(x)=§x3+x2—2x, k=1; 8)f(x)=x+sinx, k=0.

+2
90*, B KaKuX TOUKAX KacaTeJbHad K rpaQuKy QyHKIun y = % obpa-

., X
3yeT ¢ ocbio Ox yroJ, paBHbII vy ?

91%*, HaiiTu TOYKH, B KOTOPBIX KacaTeJbHble K KPUBBIM f (x)=x3—x—1
u g (x)=3x% - 4x + 1 napamnensusl. Hanucats ypaBHEHUSA 3THX
KacaTeJbHBIX.

92*. Hanucars ypaBHeHUe KacaTebHO K rpadury GyHKmuu y = f (x)
B TOUKe C abcuuccoi x,:

1) f(x)= esin* xwsinz = 2) f(x)=~sm %=1

§ 7. Bo3pacTtaHue n yobiBaHne GyHKLUU

C noMoIIbI0 TPOU3BOAHOM MOMKHO HAXOAUTH NPOMEKYTKH MOHO-
TOHHOCTH (QYHKIIUH.

YcnoBuMca ynorpe6isiTh Ha3BaHUE «[IPOMEXKYTOK» [isi 0603Haye-
HUA 160 UHTEepBata (a; b), 1u6o orpeska [a; b], Tu60 OAHOrO U3 MOJY-
uHTEpBaNosB [a; b), (a; b]. Kpome Toro, npomMexyTKH BO3PACTAHUS WU
yObIBaHuA QYHKIIMK OyeM Ha3bIBATh NPOMEHCYMKAMU MOHOMOKHOCTU.

3aMeTUM, YTO B Kypce MaTeMaTHYeCKOro aHaiusa GoJabIIyo POJb
UTPaeT CIefyouUlas TeopeMa, KoTopasa 6yeT UCTIOJIb30BaHa IPK AOKa-
3aTeJIbCTBE AOCTATOUHBIX YCJIOBUH MOHOTOHHOCTH (DYHKIIMH.

Teopema 1 Jlarpaunxal. ITycms ppynryusa f (x) nenpepoiena
na ompeske [a; b] u Ougppepernyupyema na unmepsane (a; b). Tozda na

amom uKmepea.ne cywecmsyem makaa moika Xg» MO 8blNONHAEMCA PA-
B8€HCMEB0.

fb)-f(@a)=r(xy))(b—a). (1)
)onasaTem:c'rBo STOﬁ TeopeMbl IIPUBOAUTCA B KypcCe BLICIlIeﬁ Ma-
TeMaTUKH. IJosiCHUM ee reoMeTPUUECKHUI CMBICJI.

! JTazpanx . (1736—1813) — ¢dpaHIy3CKUit MATEMATHK, MEXaHUK ¥ ACTDOHOM.
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IIpoBenem uepes Touru A (a; f (a)) u B (b; f (b)) npamyio L. YrioBoii koad-
duIeHT 9TOM IpaAMoit Haitiem n3 AABC (puc. 19):

BC _f®) - f(@)
k: =———=
teo AC b-a

HanmomuuM, 4To 3HaueHMe IPOU3BOAHOM [ (X,) PABHO yrJOBOMY
K03 bUIUeHTy KacaTeJbHOH K rpaduky pyHKmun y = f (x) B Touke
M(xy; f(x,)) (cm. puc. 19).

®Dopmyia (1) nokassiBaeT, 4To Ha rpaduke pyuxuun y = f (x) ecTs
raxkaa Touka M(x,; f (x,)), 94TO KacarenbHad K rpaduKy QyHKIUU B
3T0If TOUKe MapaJjijieibHa npamMoit AB (cm. puc. 19).

Teopema 2. Ilycmv ¢ynryua f(x) HenpepbiéHa Ha
npomexcymre u Ougdepenyupyema 8 ezo 6HYMPEHHUX MOLKAX.
Tozda, ecau ' (x) > 0 80 8cex srnympeHHux moukax, mo GyHKYus
f (x) eo3pacmaem na amom npomexcymre; ecau f' (x) < 0 6o acex
8HYymMpenHuUXx moukax, mo gynkyus f (x) ybvieaem na amom npome-
Jymre.

O 1) Iyers ' (x) > 0 Bo BHYTPEHHMX TOYKAX NPOMEKYTKA, X;, X, —
IPOU3BOJIbHBIE TOUKH 3TOTO IIPOMEXKYTKA, IpH4YeM X; < X, . Toraa mo reopeme
Jlarpanyxa nMeeM

f(xz) - f(xl) = fl (x()) (xz— xl)v (2)

rae x, € (xq, X,)-

Tak kax f (x,) > 0u x,— x,> 0, 70 u3 popmys! (2) momyuaem f (x,) — f (x,) >0,
T.e. f(x;) < f(x,). 310 1 03HAuAeT, uTO PYHKIMA f (X) BO3pacTaeT Ha 3ajaH-
HOM npomexyTke (puc. 20).

2) Ecau f* (x) < 0 Ha 3agaHHOM UHTepBaJje, TO U3 dopMyisl (2) nojsyuyaem
fxy) — f(x) <0, rak xax [ (x,) <0, x, -~ x, > 0. Orciona caexyer, 4To
f(xy) > f(x,), T.e. f (x) — yOriBaromas ¢ynxuus (puc. 21), @
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yefg Ve N

Puc. 21

2
14 3axmaua 1. Hajlithu npomMekyTKH

BO3pacTaHuA u YyOBIBaHUA (QYHKINK
0 ) l f(x)=x3— 38x2.
A TlpousBogHasi dyukuum f (x) pas-
Ha f'(x) = 83x% — 6x. CirezmoBaTenbHO,
f(x) > 0, ecmu 3x2 — 6x > 0. D10 Hepa-
BEHCTBO BhINoJIHAeTCA npu X < 0 1 npu
x > 2. CnepoBaTesbHO, QYHKIUA BO3-
pacTaeT Ha IpoMexXyTKax x <0 um x > 2,
Ha unTtepBaie (0; 2) BLINONHAETCA HE-
paBeHcTBO ' (x) < 0, 1 moaToOMy QYHK-
-4 KA yObiBaeT HA 9TOM MHTepBaje. A
I'padux dyaxmum y = x3 — 3x2 u306-
Puc. 22
pajkeH Ha DUCYHKe 22.
BameTuM, uto byHKIMS f (x) = x5 —
— 8x% BospacTaeT Tak)ke Ha NPOMeXyTKax x < 0 u x > 2, y6sIBaeT Ha
orpeske [0; 2] (puc. 22).

3amaua 2*. JlokasaTh, 4T0 QyHKIMA [(x)=v2x-x> BO3pacTaer
Ha orpeske [0; 1] u y6riBaer Ha oTpeske [1; 2].

A Ofnacte omnpegenenus stoii pyukuuu 0 < x < 2. Haiigem
IIPON3BOAHYIO NAHHON QYHKIIMU:

@x-x%  2-2¢ _ 1l-x

f(x)= = = :
7% J2x -2 2 \2x-x J2x-22

1) Ipun 0 < x < 1 umeem f (x)>0.

Ilo Teopeme 2 dbyukuus f (x) Bospacraer Ha unrepnaJe (0; 1),
a Tak Kak oyHruua f (x) HenpephslBHA Ha orpeske [0; 1], To oBa Bo3pa-
CTaeT Ha 3TOM OTpe3Ke.
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2)IIpu 1 < x < 2 umeem f'(x) < 0. 310 03HAaUaeT, uTO DyHKUHUA [ (X)
yOBIBaeT Ha 3TOM MHTEepBaJie, & TAK KaK OHA HeIIpephIBHA HA OTpe3Ke

[1; 2], To oHa y6BIBaET HA 9TOM OTpE3KE. A
YnpaxHeHus
HaitTu nATEpBAJE Bo3pacTaHus ¥ yopiBaHua GpyHrnuu (93—96).
93.1)y=x2-x; 4)y=x2-10x+11;
2)y=5x2-8x-1; 5)y = x2+12x —100;
3)y=x?+ 2x; 6) y=2x3- 3x2— 36x + 40.
94. 1) y=x2-8x+4; 3)y=x%-3x;
2)y=2x - x% 4)y=x*- 2x2.
1
95.1 =——; 4 = _ 1;
)y ) ) y=3vx-5+
2) y=3+l; 5) y=x ~sin 2x;
X
3) y=—vx—-3; 6) y =x + cos 3x.
96.1) y=—5—; 3) y = (x -1)e%%;
DYV Ee y= i
p— 2 -
2)y=_xi]gx—w; 4)y=x.e—3x.
X

97*%, Ha pucyake 23 usobpa-
KeH TrpaduKk QyHKIUU
y = f(x), asasiowmeiica npo-
U3BOAHOM DyHKIMH Y = f(x).
OnpeaeanTs NPOMEXKYTKH
BO3pAcCTaHUA U yObIBAHUA
dyskun f (x).

98*. [Ipu KaKHUX 3HAYEHUAX a
GyHKU A BO3pacTaeT Ha -3
BCEH YHCJIOBOH IIPAMOM:

1)y=x%-ax;
2)y=ax —sin x?

99*, IlokasaTpk, 4To byuxuua y=v6+ x-22 BO3pacTaeT Ha OTpe3Ke
.1 1,
-2 5 | m yObiBaer Ha orpeske | 5 3.
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§ 8. AkcTpemymsbl GyHKLUMN

1. HeoGxoaumele yCcnoBusi 3KCTpemMyma

Ha pucynxe 22 nszobpasxen rpaduk dyukuun y = x5 — 3x2. Pac-
CMOTPHM OKPECTHOCTb TOUKH X = 0, T.e. HEKOTODBIH MHTEPBAJ, COJED-
MKaluil oTy Touky. Kax BHAHO M3 PUCYHKA, CYIIIECTBYeT TaKasd OKPecT-
HOCTBL TOYKHM X = 0, 4yTo HauboJbIIee 3HaYeHMe GYHKIHUA x° — 3x2 B
3TOM OKPECTHOCTH IPHMHMMAaeT B Touke x = 0. Hampumep, Ha UHTepBAaJe
(-1; 1) nanGonsluee 3HaueHue, paBHoe 0, QYHKINA IPUHUMAET B TOUKE
x=0. Touky x = 0 HA3LIBAIOT MOYLKOI MAKCUMYMA ITOH PYHIYUL.

AHAJOTHYHO TOYKY X = 2 HABBIBAIOT MOYKOIL MUHUMYMA DYHKYLL
x3 — 8x2, Tak Kak 3HaueHHe (DYHKIIMM B ITOH TOUKE MeHbIIE ee
3HAYEHHS B OCTAJIBHBIX TOYKAX HEKOTOPOil OKPECTHOCTH TOUKHU X = 2.

Touka x, Hasvieaemca moukol maxcumyma pyunxyuu f(x),
ecau O0as eécex x # X, U3 HEKOMOPOil OKPECMHOCMU MOUKU X,
6bLTIOJLHACMCA HEPABEHCMBO

1 (x) <f(xp).

Hanpuwmep, Touka x,= 0 ABiseTcA TOYKOH MaKCUMyMa QyHKIUM
f(x) =1 - x2. B aroii TouKe DyHKIUA IPUHUMAET HAUbOIbIIIee 3HAUE-
HUe, paBHOe 1.

Toura x, Hasvieaemca moukou murnumyma gyrnryuu f(x),
ecau 0as 6cex X # X, U3 HeKOMOpPOil 0OKPECMHOCMU MOUKU X, 6bLN01-
HAEMCS HepaseHCcmao

f(x) > £ (x4).

Hanpumep, Touxa Xy = 2 ABAAETCA TOUYKOM MUHMMyMa GYHKIIUH
f(x) =3 + (x — 2)2. B ar0if Touke PYHKINSA NIPUHUMAET HaNMeEHbIIEe
3HaUYeHHe, paBHOE 3.

Toukym MUHMMYMa M TOYKH MAaKCHUMyMa Ha3BIBAIOTCH MOYKAMU
IKempemyma.

Teopema 1 (Pepma)!. [Tycmo pynryua f (x) onpedenena 8 neko-
mopoit okpecmHuocmu x, u dugpepenyupyema 6 amoii moure. Ecau
Xy — moukxa 3xcmpemyma pyuryuu f (x), mo f’ (x,) =0.

Crporoe aokas3aTejbCTBO 3TOW TeopeMbl BBIXOAHUT 3a PAMKH
IIKOJBHOI'0 Kypca MaTeMaTHKH. TeopeMa MMeeT HarJIAZHBLIN reoMeT-
PUUYECKUil CMBICJI: B TOUKEe 3KCTPeMyMa KacaTeJbHasA mapaJjjiejbHa

1 @epmd I1. (1601—1665) — dpaHuyscKUil IOPUCT ¥ MATEMATHK.
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ocu aGCIECC U II03TOMY ee yriao- 4 =0
BO# Koad¢duuuent f’ (x,) paen (%)

HyJio (puc. 24). !
Hanpuwmep, ¢pyarnus f (x) = :

=1 - x? (puc. 25) uMeeT B TouKe
x,= 0 makcumyMm, ee IPOU3BOA-
nas f'(x)= —2x, £(0)= 0. 0 X Xo X

®yuxmua f (x) = (x —-2)2 - 3 Puc. 24
UMeeT MUHUMYM B TOUKe X, = 2
(puc. 26), f'(x)= 2(x—2), '(2)=0.

Yeanosue f'(x) =0 sarnaaeTcsa Heo6x00uMbLM Ycaro8UeM IKCMPEMYMA
nuddepernupyemoit pynxiun f (x). ITo 03HAYAET, UTO €CIH X = X; —
TOYKAa 9KCTpeMyMa autdepeHnupyemoi pyuxnuu, to f(xy) = 0.

TloaToMy TOUKH aKcTpemyMa auddepeniupyemoii dyurnun f (x)
cJefyeT MCKaTh cpeiu KopHei ypaBHeHus f'(x) = 0. OgHako ypaBHe-
aue ' (x) = 0 MOXKeT UMeTh KOPHU, KOTOpPbIe He ABAAIOTCA TOYKAMH
akcTpemyMma bysrmum f(x).

Hampuwmep, ecau f(x) = x3, To £'(0) = 0, HO Touka x =  He aBAAETCA
TOUYKOI 3KCTPEeMyMa 3TOH QYHKIMM, TaK KaK GyHKnua x° Bospacraer
Ha Bcel 4McyoBoii ocH (puc. 27).

To4KkH, B KOTOPHIX Ipou3BOoAHAA GYHKIUHU ofpalljaeTca B HYJb,
Ha3LIBAIOT CMAYUOHAPHLIMU.

3apmauga 1. Haittu crauuoHapHble TOYKH QYHKIIUK
f(x)=4x3—-15x2+12x+1.
A TpousBoaHasa saHHOM pyHKnMHM paBHa f(x) = 12x2 — 30x + 12.
INosTomy cTanuoOHAPHBIE TOYKH ABJAAIOTCA KODHAMM KBaZPaTHOI'O

ypaBuenus 12x%2 - 30x+12=0.

1
Pewas aTo ypaBHeHHe, IIONYYaEM X, = 2, X, = 3" A |
y

Puc. 26 Puc. 27
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3aMeTuM, U4TO PYHKIUA
MOXKET MMeTh DKCTPEMYM U B
TOYKEe, B KOTODOHl OHa He
rMeeT NPOU3BOAHOM, HAIIPU-
Mep, byHkuusa f (x) = lx|-2
He WMeeT TPOU3BOZHOH B
TouKe x = 0, 0ofHAKO 3Ta TOY-
Ka ABJAETCA JJIs Hee TOUKOH
MuHUMyMa (puc. 28).
BHyTpeHHAsT TOYKa obJia-
Puc. 28 CTH omnpeneeHNs QYHKIUHU,
B KOTOpoO# 9ara ¢GyHKHHUA
MMeeT MPOU3BOAHYIO, PABHYIO HYJIIO, HJIM He MMeeT IIPOM3BOAHOMH, Ha-
3bIBAETCH KpUMuUieckoil TOUKOM 3ToH byHKIUU.
Taxum 06pa3om, AJs TOTO YTOGBI TOUKA X, ObLJIa TOUKOM IKCTPEMY-
ma pyHrnuM f (x), Heo6x00umo, 4TOOLI 3TA TOUKA ObLIA KPUTHYECKOH
AN BaHHON QYHKIMH.

2. [locTaTo4Hble YCNOBUSA IKCTPpEeMymMa

Teopema 2. Ilycts dyurnud f (x) auddeperuipyeMa B HEKOTO-
PO# OKPECTHOCTH TOYKH X, KPOME, OBITH MOXKET, CAMOM TOYKH X, U
HelpepbIBHA B TOUKe X,,. Torzxa:

1) ecan f'(x) MeHseT 3HAK C «—» Ha «+» IIPH llepexoje depes
TOYKY X,, T.e. B HEKOTOPOM HHTepBaje (a; X,) NPOU3BOAHAA
[IOJIO}KUTEJbHA U B HEKOTOPOM MHTepBaJe (x,; b) — oTpuuaresibHa,
TO X, — TOYKa MHUHUMYMa byHKIUH [ (X) (puc. 29);

2) ecaim f'(X) MEHSIET 3HAK C «+» HA «—» IIPU NIepexofie Yepe3 TOUKY
X, TO X, — TOUKa MaKcumyma dyskmuu f (x) (puc. 30).

O Ilycrs f'(x) MeHsieT 3HAK ¢ MHHYCA Ha ILJIIOC IIPH [Iepexoje uepes
TouKy X,. Torzma f'(x) <O mpu a < x < x, u f'(x) > 0 mpu x, < x <b. Ilo
reopeme 2 §7 ynxuusa f (x) yoriBaeT Ha mpomexxyTKe (a; x,] u Boapa-
craeT Ha npomexyTtke [x); b). Toraa f (x)) — HauMeHbillee 3HAUEHNE
¢yHKIUK Ha HHTepBaJe (a; b) U N03TOMY X, — TOUKA MUHMMyMa QYH-
Kuuu f (x).

Anajornuso paccMarpuaBaercs ciaydaii Makcumyma (puc. 30). @

i
Y Q)
\{/
f'(x)<o\ /(>0
ol x x
Puc. 29 Puc. 30
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3agaua 2. Haiitu rouku sxcrpemyma pyaxmuu f (x) = x3 — x.

A TIpoussoguas f (x)=3x%-1=3 [x + —\/% )( x- —\/1—3; ) IpupasuuBas

1
IIPOM3BOAHYIO K HYJIIO, HAXOAUM ABE CTALMOHADHEIE TOUKH: X; =—— U

V3

1 1
x, =— . IIpu nepexozae uepes TOUKY X, =——— IIPOMIBOJHAA MEHAET

V3 V3

1
3HAK C «+» Ha «—», [Toatomy x; =——= — Touka Makcumyma. IIpu

V3

1
mepexofe uepes TOUKY X, =—— NPOU3BOAHAA MEHAET 3HAK C «—» Ha

V3

1
«+», IOATOMY X, =-~= — TOUYKA MUHHMyMa. A

NE

3amaua 3. Haiitu sxcTpeMmyMsl GYHKIEUN

3
X

f)=1—-

A OGsactn onpeaeneHusa gaHHO#N dyHkuuu x # 1. Hailizem npous-
BOJHYIO:

3V(1—1) — +3(1—+V 201 _ 0y _ 43 (_
f'(x)=(x)(1 x)-x3(1-x) _ 3x*(1-x) - x3(-1) _

- xy 1-=x)?
_3x%-3x% +x% _3x%-2x° _ x2(3-2x)
a-x? — @-x?  (Q-x?2
. x2(3-2x)
Haiinem cranimonapsble Toukn yHKuu. VI3 paBeHcTBa a-27 =0
3
nosryuum x, =0, x, =§ .

IIpu mepexoxe gepes Touky x = 0 HU OZHO M3 BhIpaxenuit x2, 3 — 2x,
(1 —x)? He MeHAET 3HAK, II09TOMY TOUKA X = (0 He ABAAETCA TOUKOH 9K-
crpeMyma.

3
Ilpu mepexoje uepe3 TOUKY X=7 BLIPAMEHUSA x2u (1 -x)% He

MEHAIOT 3HAK, a BhIpaxKeHue 3 — 2x MEHSEeT 3HAK C «+» HA «—»; 3TO

3
Oo3HavaeT, YTO X = E — TOYKa MaKCHMyMa.
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3anmaua 4*. Haiitu skcTpeMyMbl QYHKIUYT
fx)=5x3—x|x+1]|.
A Eenn x < 1Tof(x)—fl(x)-5x3+x2+x,aecnnx -1, To
f(x)=1,(x)=5x3~x? - x. Torza fi(x)=15x%+2x+ 1> 0 npu Bcex X, a
1
Rt

fa(x)< 0 npu x; < x < X,

ypaBrenue f2(X)= 15x2 — 2x — 1 = 0 UMeeT KOpHM X, = ) Xy =

% 1 1
npuuem f2(X)> 0 mpu x <_§ x> 3’
®yuknusa f (x) He UMeeT MPOU3BOAHOII B Touke x = —1 u f'(x) = 0 mpu
X =x, u x = x,. CnegoBarensro, x,=—1, x; ¥ X, — KPUTUYECKUE TOUKU
dysxmun f (x).
1

Tak kak f(x)> 0 mpu x < -1 mw npu -1 < x < ~5 s TO X, He

ABNAETCA TOUKOM aKcTpeMyma. IIpoussognass MeHAET 8HAK C «+» Ha

«—» IPU TIepexo/ie uepes TOUKY X; U C «—» Ha «+» IPH [lepexofe Yepe3

1 1
TOUKY X,. CJIe}IOBaTeJIbHO, X = —'5‘ — TO4YKa MaKCHMMyMa, a X, = g -

TOYKA MHUHUMYMa QYHKLIUYA . A

YnpaxHeHuns
100. HaiiTu cTanuoHapHbie TOYKY QYHKIIUU:
1)y=x2-6x+5; 5)y =2x — 15x% + 36x;
2)y=x2-14x+15; 6) y = e2* — 2e%;
3) y—er§ 7)y =sin x — cos x;
4)y-§+2 8) y =cos 2x + 2 cos x.

101. HaliTn KpuTuUeCKHe TOUKH QYHKIINH:

2
1)y=1f7; 3) y=vx2+1;

2)y=|4x%-38|; 4)y=|3x - x2|.
Haiitu Toukn sxcrpemyma gpyuaruun (102—103).

102. 1) y=2x2-20x + 1; 5)y =x% - 8x%
2)y=3x2+386x —1; 6)y=x*—8x%+3;
3)y—£+é T)y=x+sin x;

4 .
4) y= ;+E 8) y=6sin x — cos 2x.
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103. 1) y=x++3-x; 4) y =cos 3x — 3x;

2) y=(x—1)g; 5)y=(x-1)%
3)y=x—sin 2x; 6)y=1-(x+1)5,
104*, Ha pucyske 31 aas rpadvk GYHKLUH, SBJIAIOMENCA IIPOU3BOX-
Holt pyHKIUM ¥ = [ (x). OupenesnTs IPOMEKYTKH BO3PACTaAHUA U
y6biBaHNA QYHKLIWY, ee TOUKHM 3KCTPEMyMaA.

y

i
i

H

H

|

H

i

4/\ ‘

;

1 - i L L A L

76 4 0 3 X

Puc. 31

105%, HaiiTi sKCTpeMyMbI QYHKIIUH:

X3 _x°
1) y_2+x’ 2) y_5—x'

§ 9. NpumeHeHue NPoON3BOAHON
K NOCTPOeHuio rpadunkoB GyHKUUA

3anaua l. ITocrpours rpadur pysrmun f (x) = x3 — 2x2+ x.

A Ora pyHKIINA onpeAesneHa NpH Bcex X € R. C momoIrkio mpomns-
BOJLHOM Ha¥eM NPOMEXYTKM MOHOTOHHOCTH 3TOH QYHKOUMN H ee
TOUKHM 3KcTpeMyMa. Ilpoussoanas pasHa f (x) = 8x2 — 4x + 1, Haiinem

cTarHoHapHBIe ToUKHU: 3x2 — 4x+ 1=0, oTKyzAa X = _:13_, x,=1.

[ns1 onpefeseHUA 3HAKA NPOM3BOAHOM Pa3OKUM KBaApaTHHIMH

rpexuner 3x? - 4x+ 1 ma muoxurenu: [ (x)= 3(x—§)(x—l).

1
IIpousBozHaA MOJIOMKUTENHLHA HA MPOMEXKYTKAX x<§ nx>1;

CJIeJOBATEJIbHO, HA 3TUX IIPOMEXKYTKaX GyHKIOUA BO3pacTaer.

1
Ipu §<x<1 Npou3BOAHAA OTPHIlATEJbHA; CIeJ0BaTEJbHO, Ha

3TOM MHTepBaJe QyHKI M yObIBAET.
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1
CramuoHapHble TOYKU X; = 3 uxy= 1 ABJSAIOTCSA TOUKAMM 9KCTDE-

1 .
MyMa. Touka X, = ’3‘ ABJAETCA TOUKOW MaKCHMyMa, TaK KakK cJjieBa OT

3TO# TouKH GYHKIUMA BO3pacTaer, a cupaBa — yObIBaetr. 3Ha4YeHUE

3 3) 3 27
Xy=1 ABAAETCA TOUKOH MHHMMYMA, TAK KaK CJeBa OT 9TOH TOYKHU
¢yHKIUA yObIBaeT, a CIipaBa — BO3PAcTaeT, €e 3HAUYeHUE B TOUKEe MU-
HuMyMa paBHo f(1) = 0. PesyabTaTsl UCCIeLOBAHUA IIPEJCTABUM B
BUJIe cJeAYIOelH TabanIlbl:

" 1)_(1Y 19 14
¢yHKOUY B 3TOH TOYKe paBHO [ 3 =f=] -2 + —. Touka

1
x x<3 5 1.,a 1 x>1
(%) + 0 - 0 +
f () 2 % N 0 2

3Hak 7 o3HauaerT, uTo GYHKLUA BO3PACTAET, a 3HAK N 03HAYAET,
4yTO hyHKIUA YOBIBaET.

IIpu mocrpoennu rpadbuka OOGBIYHO HAXOAAT TOYKH NEPECEUEHUSA
rpatduka c ocamu xoopauHat. Tak kak f (0) = 0, To rpaduK HPOXOIUT
yepe3 Hauao KoopauHart. Pemasa ypasuenue f (x) = 0, HaxoguM TOYKH
nepeceuenns rpaduka c ocbio abemuce: x3 —~ 2x2 + x =0, x (22— 2x +
+1)=0, x(x-1)2=0, orkyzax=0, x=1.

s 6osee TOYHOro mocTpoeHnA rpadbuKa HaiieM sHaueHUA QYHK-

LMY elle B JBYX TOYKAaX: f[—%)=—§, f(2)=2.

HUcnonesya pesyJabTaThl UC-
cJIefOBAHUSA, CTPOUM rpadux
byskmuu y= x3 - 2x2 + x
(puc. 32). A

Jaa nocrpoenus rpaduka
byHKIUKM  OOBIYHO  CcHadaJja
HCCJIEAYIOT CBOMCTBA 3TOM DyHK-
IIUM C IIOMOIIBIO ee IIPON3BOJHOM
IIPHMEPHO II0 TaKOil JKe cxeMme,
1A Kak M IIpM pelreHuu 3agayu 1.

Puc. 32

y 4

41 .
27

Gl |-
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IIpu uccrenoBaHMN CBOMCTB (DYHKIMY IIOJIe3HO HAUTH:

1) o6sacTs ee onpeAeeHHN;

2) npon3BOAHYIO;

3) KpUTHUECKHe TOUKH;

4) TPOMeXKYTKY BO3paCTaHNA M YOBIBaHNSA;

5) TOYKH 3KCTpEeMyMa 1 3HaUeHHA PYHKIMH B 9TUX TOUKAX.

PesyabTaThl UCCIEA0BAHUA YAOGHO IIPEACTABUTH B BUAE TaOJIHUIIbI.
3ateM, McnONb3yd TAGAKURY, cTpoAT rpabhuk dyHkouu. Jas 6onee
TOYHOI'O0 MOOCTPOEHHA rpaduxKa OOGBIYHO HAXOAAT TOYKH €ro
repeceyeHusi C OCAMH KOOPAUHAT,

3amauaa 2. IToctpours rpapux GyHKOUU

f(x)=1—%x2—x5.

A 1) O6sacTh onpexeeHNsas — MHOXKeCTBO R Bcex neCTBUTENBHBIX
yuceJ.

2) f(x)=—5x — 5x*=—-5x (1 +x3).

3) Pemas ypasHenme -—x(1+x3) = 0, HAXOAHM CTAIlMOHADHBIE
Toukm: x; =-1ux,=0.

4) IlpousBoAHAaA MOJOKHUTEILHA Ha MHTEepBaJe —1 < x < 0, caego-
BaTeJIbHO, HA 3TOM HHTepBaJie GYHKIMA BodpacTaer. Ha mpomesxyT-
Kax x < —1 u x > 0 npousBogHasA OTPHUIATENLHA, CJAELOBATEJIBHO, HA
3THX NPOMEXYTKaX QYHKUUA YOLIBaeT.

5) Craunonapnas To4uka x,; = —1 ABJAETCA TOYKOH MUHUMYMa, TaK
KaK IIpM Iepexofe uyepes 9Ty TOUKY IIPOM3BOAHASA MEHSET 3HAK C «—»
Ha «+»; f (—1) = -0,5. Torna x, = 0 — TouKa MaKCHMyMa, TaK KaK IpH
nepexoje 4epe3 Hee NMPOM3BOAHAA MEHAET 3HAK C «+» Ha «—»;
f(0)=1.

CoctaBuM TabauIly:

x x<-1 -1 -1<x<0 0 x>0
f(x) - 0 + 0 -
f(x) Ay -0,5 2 1 A

Hcnonssya pesynbraThl NCCIEAOBAHUA, CTPOMM rpaduk GyHKIUN

y=1—gx2—x5 (puc. 33). A

5
Tak xkak rpaduk QyHKIUU y=1—§x2 —x% MOCTPOeH ¢ MOMOIILIO

HCCJHIeA0BaHUSA CBOMCTB aTOH (QYHKIMUH, TO IO rpadmKy MOXKHO
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vh BEIABUTb M ApYyrye CBOMCTBa JaH-
’ Holl pyHKnmnu. Hanpumep, us pu-

1 cyHKa 33 BHUAHO, YTO ypaBHeHUe
-1 /\ 1—%x2 —x%=0 uMeer TPHU pa3HBIX
\/ 0 1 X ,
JeACTBUTEIbHBIX KOPHS.
Jas mocTpoeHus: rpaduka der-

5 HO# (HeueTHOI) PYHKUUU JOCTATOY-
¥ =1—§-\— X HO MCCJIELOBATh CBOMCTBA M IIOCTPO-

-21 UThH ee rpaduk npu x > 0, a 3areMm

OTPa3UTh €r0 CUMMETPUYHO OTHOCH-

-3 TEJBHO OCH OpAUMHAT (Hayajsla Koop-
Puc. 33 AMHAT).

4
3amaua 3. Iocrpours rpaduk dyuknun f(x)=x+ =
A 1) Obnacte onpegesnenus x # 0.

4
2) Hannasa (QYHKUUA HeYeTHAsA, TAK Kak f(—x)=—x+—x~=

4
= -—(x +;)= ~f (x). IToaTomy cHauasa uccaegyeM aTy (HyHKIIMIO U 1IO-
CTPOHM ee rpaduk npu x > 0.
(x+2) (x-2)

3) f'(x)=1-— (
X X

4) Ha npome:xxyTke x > 0 QyHKIIMA UMeeT OAHY CTAllMOHAPHYIO
TOYKY X = 2.

5) IIpousBoAHAsA IOJOXKUTEJbLHA Ha IPOMEXKYTKe X > 2, cjenoBa-
TEeNIbHO, HA 9TOM MPOMEXYTKe PyHKIUa Bo3pacraeT. Ha uHTEepBaje
0 < x < 2 nponsBosHaA OTPHUIIATEIbHA, CIEA0BATEIbHO, HA 9TOM HH-
TepBasie PyHKIUA yOLIBAeT.

6) Touxka x = 2 ABAgeTCS TOYKOH MHMHHMYyMa, TaK KakK IIPH
nepexoje uepe3 3Ty TOUKY IPOU3BOAHAA MEHAET 3HAK C «—» HA «+»;
F(2)=4.

CocraBuM TAGAHILY:

x O0<x<2 2 2
f(x) - 0 +
f(x) N 4 2

Haiizem szauyeHus QyHKLUY ele B ABYyX Toukax: f(1)=5, f(4)=5.
Ucnonbayst pe3yabTaThl UCCJIeA0BAHUSA, CTPOUM rpaduK QyHKIUU
4
y=x+ S T x > 0. Tpaduk atoit pyHkuu npu x < 0 crpoum ¢ nomo-
(IO CUMMETPUU OTHOCHTEJIbHO Hauaaa KoopAauHar (puc. 34). A

48



J1a KPAaTKOCTH 3alKCH pelieHus 3a4a4d Ha MOCTPOeHHe rpaduKoB
byHKIMI 60ABLIYIO YaCTh paccys:KAeHU, npeAuIecTBYOMNX Tabaune,
MOJYKHO IIPOBOAMUTH YCTHO.

B HexoTopuIx 3ajavax (IpuMepsl TAKHX 3a7ad OyayT paccMoTpe-
HBI) TpeGyeTcA ucclenoBaTh GyHKIMIO He HA Bceil o6iacTu onpexee-
HMA, 4 TOJBKO Ha HEKOTOPOM IIPOMEXXYTKe.

3anmaua 4. ITocrpours rpadur bysxnuu f (x) = 1 + 2x2 — x* Ha
orpeske [—1; 2].

A HaiizeM mpousBozuyio: f(x) = 4x —4x% = 4x (1 + x)(1 — x).
CoctraBuM TabIULY:

x -1 |-1<x<0}| O O0<x<l1 1 1<x<2 )| 2
f'(x) 0 - 0 + 0 - -24
f(x) 2 N 1 | 2 N -7

Hcnonbays ary Tabaumy, crpouM rpaduk dyakmun y = 1 + 2x2 — x4
Ha orpeske [—1; 2] (puc. 35). A

N

o f-----
=

Puc. 34

YnpaxHeHus

106. 1206pasuTs ackus rpadura pyermun y = f (x), yA0BIETBOPAIO-
uieil CJeYIOUINM YCAOBUAM:

1) Obnactes onpegenenns (pyaxuuu [—4; 8]; MHOMXKeCTBO
sHauennii [-3; 3); f(x) >0mpu-4<x<3, f(x)<O0npu3d<x<8,
TOYKA 3KCTpeMyMa X = 3.

2) O6aacte omnpegesnenuss GyHruuu [—-6; 3]; MHOMKecTBO
sHavyeHuw [-5; 2]; F(x)>0npu -3 <x <0, f(x)<Ompu-6<x<-3,
0 <x <3, Touku aKcTpemMyMma X, =—3, X, =0.
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ITocTponts rpaduk dyuxkuun (107—-113).

107. 1) y=x3-3x2+4;
2)y=2+3x — x5

108.1) y=—x*+8x2 - 16;
y=xt-2x%+2;

3) y=%x3 (x+4);

3)y=-x%+4x2—4x;
4)y=x%+6x%+9x.

4) y =glx3 (8-38x);

109. 1) y=2+5x3 - 3x5;
2) y = 3x5 — 5x5;
3)y=3x5-10x3+ 15x;
1
110.1) y=-2x— —:
) y=-2x o

1
2 = i)
dy 3x+3x,
3) y=x-2;
X

111. 1) y=—x3+4x2 - 3;

x2

112.1) y=

x—2 ;
-x2+3x-1
Yy=—"——""7;

x

113*, 1) y=x3-x2-x+1;

1 1
5) y=Lyd__L 6.
)y FRAREYEA
6) y=6x* - 4x5,
4) y =4x° - 5x%;

=—x°——x3+2x;
Sy 1Ox 6x 2x;

6)y=x5-x.
4
4) y=2_x
)y P
2
5 y=x+—;
)y N
1
6) y=x——.
)y N
2)y=x3-3x2—x+3.
_ xt+x-1
3)¥= x2-2x+1’
_ 4+x-2x?
4) y= (x—2)2

2)f(x)=x3—-x2+x-1.

114%*. CKoJBbKO JeACTBUTEIbHBIX KOPHEH UMeeT ypaBHEHNe

1-2x+2x3-x5=0?

§ 10. HanGonbLiee u HauMmeHbLIEE
3Ha4YeHna PpyHkuun

Pacemorpum rpaduk dyukmuu f (x) = 1 + 2x2 — x* 5a otpeske [-1; 2].

W3 pucyuka 35 BuAHO, uT0 HaubGoabIllee 3HAYEHHE HA DTOM OTpE3-
Ke, paBHOe 2, QYHKIUSA IPUHUMAET B ABYX TOUKax: x = -1 mx=1;
HaVMeHblIlee 3HaUYeHNne, paBHoe —7, QyHKIUA IPMHIMAET IIpH X = 2.

Touka x = 0 aBAAeTcA TOUKOM MUHUMYMA GPYHKnuHU f (x) =1 +
+ 2x2 - x*. 910 03HAUAET, UTO €CTh TaKad OKPECTHOCTH TOYKH x = 0,

1

1
HalpuMep OTPE30K _E; E , YTO HAMMEHbIIIee 3HAUYeHHE B BTOM OKpe-

50



cTHOCTU DyHKIMA npuHnMaeT npu X = 0. OgHaKo Ha GoJibLIEeM OTpe3Ke
[-1; 2] HauMeHbInEE 3HAYEHHE QYHKIMA MPUHEKUMAET HE B TOUKE MUHH-
MyMa, a Ha KOHIe oTpe3ka. TakuM o0pa3oM, AJIs HaXOXKAeHUs Hau-
MEHBIIIero 3HadyeHnda (bym{uma Ha OTpe3Ke HaJo CPaBHUTH €e 3Ha4ye-
HUSA B TOYUKaX MHUHUMYMa 4 Ha KOHI[aX OTPe3Ka.

Boob6ze, ecau dyHknusa f (x) HenmpepsiBHa Ha orpeske [a; b], To
Oana HaAXoHOeHuA HAUGOAbLULEZO U HAUMEeHbUWeZ0 3HAYEeHUIL PYyHKYUU
Ha ompe3xke [a; b] HyxcHO:

1) HaiiT 3HAYeHKHs PYHKIMM Ha KOHIIAX OTpe3Ka, T.e. uucJa f (a)
u f (b);

2) HaliT! ee 3HAYEHUA B KPUTHUECKHUX TOYKAX;

3) u3 HaiiJleHHbIX 3HAUYeHUH BLIOpATh HanboJIbIllee 1 HAMeHbIIIee.

3amaua 1. HaiiTu zHambGoJblllee M HaWMeHbIllee 3HAYEHUS
3 1
dyarmun f(x)=x3+ . Ha OTPe3Ke [5; 2.

1

a1 1{, Fo5 =95

=3x“-3

2) F@=82" -5 =% 3x0-3-0,2, -1, ,=- 1.

1
Otpesky [E; 2} OPUHAAJIEXKUT OJHA CTAllMOHADHAA TOYKa X, = 1,
f(1)=4.
1 1 1
W3 uyncen 6§ s 95 ¥ 4 Hauboaplilee — 4YHCJIIO 95 , HaMeHbIIIee —
guciyo 4.

1
O rBeT. HauGonrniee 3naueHrne QYHKIHN PABHO 95 , HaUMEHb-

1uiee paBHO 4. A

3amaua 2. Haiith maubonpinee snaueHne GYHKUHUU g (X) =

=x46-x2 naunteppase 0<x< J6.

A IlyeTs x, — TOuka, B KOTOpO# GyHKIMsA g (X) IpUHMMAET
HauOoJbillee 3HaYeHUe HA JaHHOM HMHTEpBaJe, T.e.
g(x)< g(xp) (1)

npu 0<x<s/6. 3ameTum, uTo o6e yacTH HepaBeHcTBa (1) mosoxku-
TesnbHbI. ITosTOMy HepaBeHCTBO (1) BepHO TOTAa U TOJABKO TOrAa, KOrAa

[g ()< [g(x).
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CJIe,HOBaTeJIbHO, TOYKAa xO ABJAETCA TOYKOM H3H6OHBIHEFO 3Hauye-
HUA GyHKIUM g (X) TOr[a 4 TOJBKO TOTJa, KOT/Ja 9Ta TOUKA SABJIAETCS
TOUKO#l HanGobIIero 3HaYeHns dyHKuuy f (x) = [g (x)] = x* (6 — x?) =
=6x4 — x5,

Haiinem npoussoguyio f(x) = 24x% — 6x% = 6x3 (2 + x) (2 — x). Ha
unTepsaie 0 < x < 2 dyskuusa f (x) Bo3pacTaeT, TAK KaK HA OTOM HH-

TepBaJe f(x) > 0. Ha unrepsaie 2<x< \/6 dbyuxmusa f (x) yéoiBaer,
Tak KakK Ha aToM uHrtepsae f'(x) < 0. CaegoBaTelnHO, TOUKA X = 2 AB-
JSEeTCA TOYKOM MakcuMyMma QyHKUUHU [ (x) 1 B 3TOM TOuKe QPyHKIUA
f (x) npuHumaer HaubGoJsblllee H3 ee 3HAUYEHMHA Ha HHTEpBaJe

0<x<\/6.

PDyHxuuA g (x) TaKKe IPUHUMAET HanboJblllee 3HaUeHUe Ha WH-

repsane 0< x<\/6 B TOUKEe X = 2, U 3TO 3HauUeHMHE paBHO g (2) =

=246-2=242.
OTrBerT. 2%,/5. A

AHajoru4yHo, KaxK ¥ MPH PElIeHuH 3afauu 2, MOXKHO JOKa3aTh
caenylolUiye JBa YTBEPKAEHUA, KOTOPhIe YACTO UCHOJb3YIOTCA MPH
pelleHny PasJINYHbIX 3a1a4.

1. IIycts byuxuus f (x) HenpepoiBHA Ha IPOMEXYTKe A u audde-
peHnupyeMa Ha A, rie A, — MHOXECTBO BCeX BHYTPEHHHUX TOYEK IIPO-
MeXKYTKa A, 1 IycTs ypaBHenue f'(x) = 0 uMeeT eAUHCTBEHHBIN KOPEHb
x = x, Ha A,. Toraa, ecau f(x) <0 npu x < x, (x € A)) u f(x) > 0 mpu
x> x4 (x € Ay), 10 f (x,) — HauMeHbIlee 3HauUeHNe QyHKIMM [ (X) Ha
A,aecan f(x)>0npu x <xy(xe€ A uf(x) <0mpu x> x,(x€ A)), T0
f (xy) — HauGonbee sHauenue Gynxnuu f (x) Ha A.

2. Ecau g (x) > 0 Ha HEKOTOPOM NPOMEXKYTKe, a QyHKIMA [ (x) =
=[g(x)]", rne n — HaTypaJbHOE UMNCJO, IPUHNMAET B TOUKE X, U3 3TO-
ro NpoMexyTka HaubGosbllee (HauMeHbllee) 3HAUEHHE, TO & (X,) —
HauboJibillee (HaMeHblIee) 3HaYeHME g (X) Ha 3TOM IPOMEKYTKe.

3amauva 3. HaiiTu »aubosiblilee ¥ HauMeHblllee 3HAYEHUA
[11072: 038107971

f(x)={—x npu x <0,

x?  mpu x>0

Ha oTrpeske [-2; 1].
A 1) Hangewm f (—2) u f (1); monydaem

f(-2)=-(-2)=2, f()=1%=1.
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2) HaitgeM xputnueckue Toukn Qyuxkuuu. Ha narepsane (—2; 0)
npousBoaHas paeHa [ (x) = —1 # 0; na uarepsaJye (0; 1) nponsBoxHasn
pasHa [’ (x) = 2x # 0; B Touke x = 0 npousBosHaA He cyirecTByeT. Ta-
KuM 00pas3oM, CTAIMOHAPHBIX TOYEK HET, a KPUTHYeCcKad Touka X =0,
npuuem f (0)=0.

3) Uz uncen 2; 1; 0 nanbosabinee pasHo 2, HauMeHnsbiee — 0.

OrBer. Ha orpeske [—2; 1] HaunGoabuiee 3HauYeHNMe DYHKIUU
paBHO 2, HauMeHbIee — 0. A

3amaua 4. Yucao 36 sanucaTh B BHJe IPOU3BEeAEHUA ABYX
TIOJIOXKHUTEJILHBIX YHCEJ, CYMMa KOTOPBIX HAMMEHLIIIAsA.
A ITycTph mepBblit MHOKHMTENDb X, TOTAA BTOPOIl MHOKUTENbL DaBeH

36 36
— . Cymma atux unucen x+— . IIo ycioBUI0, X — MOJOMKHUTEIBLHOE
x

X
yuco. Takum oOpa3om, 3a7jaya CEeJIACh K HAXO0MKAEHUIO TAKOTO 3HaYe-

36
HHUA X, IPU KOTOPOM DYHKIUA f(x)=Xx+— IPpUHUMAaeT HauMEHbIIIee
X

3HAUYeHHe Ha IPOMEeXyTKe x > 0.
Haiinem npon3BogHYIO:

36 (x+6)(x—6

Fy=1-2= L#
X X

Ha npoMexxyTke x > 0 ecTh TOJBKO OJHA CTallMOHapHaA TOYKA

x =6 — Touxka muHuMyMa. CiiegoBaTesibHO, HAUMeHbINee 3HaYeHne Ha

npoMeskyTKe x > 0 pyHruusa f (x) npuHIMaeT B Touke x = 6.
OrBer.36=6-6. A

3amaua 5. Fs Bcex npAMOYroJibHNKOB, BIIMCAHHBIX B OKPY?KHOCTh
paguyca R, HaiTH MPAMOYTOJILHUK HaUOOJIbIeH NIoagy.

A HaiiTu npsaMOYroJbHUK — 3TO 3HAYUT HAHTU €ro pasMepHl, T.e.
InauHbl ero cropoH. Ilycts npamoyroasHuk ABCD BnucaH B OKPYXX-
HocTb paguyca R (puc. 36). O6o3nauum AB = x. U3 A ABC no Teopeme

Iudaropa HaxoguMm BC =+4R2-x2. Ilromaas ImpAMOYroJbHUKA

paBHa
VAR -2 C

B
S(x)=xVv4R% - x2, (1)

rae 0 < x < 2R. 3ajaya cBeJach K HaX0MX-
JEHHMIO TAKOro 3HAUEHUSA X, IIPU KOTOPOM x '\g‘
dbyaknua S (x) npuHUMaeT HauboJabliee
3HaueHde Ha naTepBate 0 < x < 2R.

Tak xarg S (x) > 0 Ha nETepBaje 0 < x <
< 2R, To dyrrmuu S (x) u f(x) =[S (x)]2 A4 D
NPpUHHUMAKT Haubojbllee 3HAYeHHEe HA
3TOM MHTEpBaJe B OHOM U TOM Ke TOUKe. Puc. 36
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Taxum ob6pasom, 3aaya CBeJIACh K HAXO0XKJEHUIO TAKOTO 3HAYCHUA
x, Ipu KoTopoM dyrkua f (x) = x2 (4R2 — x2) = 4R%x? — x* npurUMaeT
Haubosblee 3HaueHne Ha naTepsBajie 0 < x < 2R.

Haiigem npousBogHyo:

f'(x)=8R2x — 4x3 = 4x(R/2 + x)(RV2 - x).

Ha nnTepBane 0 < x < 2R eCTh TOJBLKO OJHA CTAIlMOHAPHAS TOUKA
x=Rx/§ — roukKa MakcumyMma. CiegoBaTesbHOo, HauboIblllee 3HAUE-
Hue dysknusa f (x) (a aHauut, ¥ pyEKnua S (x)) IpUHEMaeT NpuU
x= Rw/E .

Hrak, ogHa cCTOPOHA HCKOMOrO IPAMOYTOJbHUKAE R+2 , Apyras
paBHa \/ 4R? —(R\/E )2 = R\/E , T.e. ICKOMBI# IPAMOYTOJBLHUK — KBaJ-
pat co cToporoit Rv2 , ero mromazs 2R2. A

3apava 6*. Haiitu nauboJbliiee 1 HaMeHblIIee 3HAYEHUA QYHK-
uuu f (x) = 5x3 — x| x + 1| na orpeske [-2; 0].

A lanHas pyHKIUA HenpepbIBHA Ha oTpeske [-2; 0] u guddepesn-
nupyema BO BCeX TOYKax uHTepBaia (—2; 0), kpome Touku x, = —1.
B § 8 (sagaua 4) 651710 YCTAHOBJIEHO, YTO PyHKIHUA f (X) ©MeeT HA HH-

repBaie (—2; 0) ABe KpUTHUYECKHUE TOUKM: TOUKA X, = —1 He sABJIAETCA

. 1 .
TOUKO OKCTPEMyMa, & TOUKa X; = — — TOYKA MAKCHMyMa ITOH dbyH-

kuuu. Haxonum 3HaueHUA (GYHKIIMY B TOUKe X, ¥ B KOHIIaX OTPe3Ka

[—2; 0]: f (—2) = 38, f(—%)=235 , £ (0) = 0. HaunGosblee U3 3TUX 4u-

3
ceJ — YHCJIO0 257 a HauMeHbllee — Yucjo —38.

OTser. f —% =§35 — Haunboubllee, f (—2) = —38 — HanMeHbIIIEE
3HaueHus pyaxunu f (x) Ha orpeske [-2; 0]. A

YnpaxHeHus
Hatitn HanGoabiee 1 HanMeHbIllee 3HaYeHUuA GpyHKuuu (115—117).
115. 1) f (x) = x® + x® + x Ha oTpeske [0; 2];
2) f(x) =1+ x? + x* na orpeske [1; 3];
3) f (x) = 2x% + 3x% — 36x Ha oTpeske [-2; 1];
4) f (x) = x® +9x2 + 15x na orpeske [-3; —2].
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116.1) f(x)=vx+5 ma orpeske [-1; 4];
2) f(x)=x2—l Ha orpeske [1; 2];
X
3) f(x)=x+% Ha oTpeske [-2; ...];

4) f(x)=x— \/; Ha otpeske [0; 4].
117. 1) f (x) =2 sin x + cos 2x Ha oTpeske [0; 27];
2) f (x) =2 cos x — cos 2x na orpeske [0; w].

118. Haittu HanboJibmee 3HaUYeHue GyHKINN:
22
2) 1 — x* - x% ma unTepBane (-3; 3);

1) x® — x*+ 8 na unrtepBane (—1' 1);

3) 2 _x%wua mpomexyTre x < 0;
X

4) §+ 4 Ha npomexxyTkre x < 0.
X

119. HaiiTu HanMeHbIlIee 3HaUueHne GYHKITHM:

1) x2 +§ Ha IIpoMexyTKe X > 0;
X

2) x+i Ha IpoMexXyTKe x > 0.
x

120. Uncno 50 sanucaTs B BUujie CYMMH ABYX YHCeJ, CyMMa Ky0oB
KOTOpBIX HaMMeHbINAas.

121. 3anucaTh unciao 625 B BUjie Ipon3BeAEHUA ABYX IIOJIOXKUTENb-
HBIX YHCEJ TaK, YTOOBI CyMMa X KBaApaTOB ObLla HaMeHbIe.

122, 113 Bcex NPSMOYTOJbHUKOB C IIEPHMETPOM P HAWTH IPAMOYTOJIb-
HUK HanboJbnIe# momamn.

123. M3 Bcex mpAMOYTOJILHHUKOB, IJIOIaAb KOTOPEIX paBHa 9 cM?2,
HAMTH NPAMOYIOJbHUK C HAUMEHBIINM II€PUMETDOM.

Haiiti HauboJIblllee M Ha¥MeHbIIee 3HaYenus ¢Gyuruun (124—126).

x-1

124.1) f(x)=1+x+e ? maorpeske[1; 3;

2) f(x)= «/;+ln (2x-1) na orpeske [1; 4].
125. 1) f (x) = In x - x Ha oTpeake E 3} ;

2) f(x) = x+ e *naorpeske [-1; 2].

126. 1) f (x) = sin x + cos x Ha OTpe3Ke [n; %’E} H

2) f (x) =sin x + cos x Ha OTpe3Ke [0; g] .
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127. HatiTu HauGosibliee 3HaYeHWe QyHKIUN:

1) 3\/;—x X Ha nmpoMmexxXyTke x > 0;

2) 3x—2x\/; Ha IpoMeXxyTKe X > 0;

3) In x — x Ha npomexkyTKe X > 0;
4) 2x — 2% na unrepsane (—1; 1).

128. HaiiTu HanMeHbIIee 3HAYCHHE PYHKIIUHN:

1) \/;+i Ha IIPOMEXYyTKe X > 0;

Jx
2) xvx —6/x Ha IpoMesKyTKe X > 0;
3) e3* — 3x na unrepsaine (—1; 1).

4) ch +1In x Ha unrepsaie (0; 2).

129. HafiTu HanbosbIliee 3HaueHne QYHKIIUHU:

1) m Ha uHTepBae (0; 1);

2) m Ha uHtepsaJe (0; 2);

3) m Ha uHTepBaJe (—2; 3);
4) \/ZA—T——JC?‘ Ha uHrepsaie (0; 4);

5) xi/-S—_x Ha uaTepBaJe (0; 5);

6) xm Ha u"Tepsaie (0; 4).

130. Haiitu HaubGosbitee M HauMeHbIIEe 3HAYEHUA QYHKIINN:

1-x npu x<1,
1 xX)= Ha otpe3ke [1; 2];
) 1(x) {m npu x>1 P [ ]

—2x%-12x-17 npu x<-2,

Ha oTrpe3ske [—5; 1].
(x+1)3 npu x>-—2 : }

2)f(x)={

131. U3 Bcex NpsSIMOYrOJLHUKOB, Y KOTOPHLIX JBE BEPUIMHEI JIEKAT Ha

ocu Ox, a nBe Apyrue — Ha napabone y = 3 — x2, BEIGpaH NPAMO-
YrOJIbHUK ¢ HanboJiblireil miomansio. Haiitu aTy miomans.

132*, PaBHOGeApeHHbBIE TPEYTOJbHUKY OMUCAHBI OKO0JIO KBAAPATA CO CTO-

DOHOI1 @ TaK, YTO OJHA CTOPOHA KBaJApara JeKUT Ha OCHOBAaHUH
TpeyroabHuka (puc. 37). O6oznauas BK = x, HAiiTH TaKkoe 3HAa-
YyeHHE X, IPH KOTOPOM ILIOILIAAb TPEYroJbHUKA HAUMEHbIIIaA.

133*. 113 KBaApaTHOrO JIMCTa KAPTOHA CO CTOPOHOII a (puc. 38) Haxo cxe-
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A D C
Puc. 37 Puc. 38

134*. V13 Bcex NpsiMOYTOJILHUKOB C IEPUMETPOM p HAfTH IPAMOYTOJb-
HUK C HAMMeHbIIeH IMaroHaJbIo.

135%*, VI3 Bcex IpAMOYTOJbHBIX HapaJljiejieIuNea0B, BIUCAHHEIX B che-
PY paguyca R ¥ HMeOIUX B OCHOBAHHH KBaJpaT, HaliTH nmapaJie-
Jenunes HauboJblIero oonema.

136*. HaiiTu yrioBoii Koadh(puiieHT IpAMoii, Npoxojsaineil yepes To4-
Ky A(1; 2) u oTcekamwmnieil OT MEpPBOro KOOPAUHATHOIO yTJa Tpey-
roJIbHUK HaWMeHbIIIei IIoInanu.

137*. CeyeHue TOHHEJA UMeeT (hOPMY IPAMOYTOJbHUKA, 3aBEPIIEHHO-
ro noaxykpyrom. Onpegenurs paguyc NoJyKpyra, Ipu KOTOpOM
moanb cedeHns 6yaeT HanboJbIel, eciiu IepUMeTp Ce4eHuA
PaBeH p.

§ 11*. NpousBoaHasa BTOPOro nopsaka,
BbINYKJIOCTb ¥ TOYKM neperuba

1. NMpoun3zeogHan BTOPOro nopaaka

IIycts dynknuda f (x) onpeseseHa Ha HEKOTOPOM uHTepBase (a; b)
¥ MMeeT Ha 3TOM MHTepBaJje npoussoguyo f (x). Torga sTa mpousBoa-
HadA TaKkXKe aBiafderca QyHKIuei, onpexeseHHOM Ha nHTepBaJe (a; b).

Eciu, B cBOMIO ouepenb, GyHKIHA f (x) TaKIKe UMeeT IPOUIBOLHYIO
(f’ (x))’ Ha nuTepBaxe (a; b), To 3Ty NPOM3BOAHYIO HABLIBAIOT 8MOPOIL
npou3seodnoii pyuryuu f (x) u ob6ozuavaror f” (x), T.e.

" (x)=(f (x)) .
Hampumep: 1) ecau f (x) = x* — 3x2, T0
f(x)=4x3-6x, f’(x)=12x%2-6;
2) ecam f (x) =sin 2x, To
f(x)=2cos 2x, f”(x)=-4sin2x.

IIpousBoanyio f'(x) Gyuxknuu f (x) HA3BLIBAIOT TAKIMKE NEPBOIl Npo-
u3600H0U UAU NPOU3BOOHOI nepsozo nopadka GyHruuu f (x); BTOpyO
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Ipou3BOAHYIO ' (X) HA3BIBAIOT NPOU3800HOIL 8MOP020 nopadka GyHK-
uuu f (x).

PaHee OBIJIO MOKAa3aHO, KAK C IIOMOILBIO IIEPBOH NPOM3BOAHOI
MOKHO HaXOZUTh IMIPOMEXKYTKM BO3PACTAHUA MM yOBIBAHUSA QYHK-
LU, a TAKKe TOUKH IKCTPeMyMa.

PaccMOTpHM CBOMCTBA PYHKIMH, KOTOPHIE YCTAHABIUBAIOTCS C
TIOMOMHIBIO BTOPOH IIPOM3BOLHOI .

2. BoinyknocTtb GpyHKUMMN

Paccmotpum dyHKI MK, rpadMKHA KOTOPBIX M300pakeHbl HA pH-
cyHKax 39—41.

y‘

x 0] 4 X b % 0]
Puc. 40

Ha pucynkax 39-40 npeacrasyensl rpaduKy MOHOTOHHBIX QYHK-
nui Ha uHTepBaJse (a; b); mepBas Bo3pacTaeT, BTopas yOLIBaeT; Ha pu-
cyHke 41 usobparkena QyHKIUA, KOTOpAA He ABJAETCA MOHOTOHHOM
Ha oToM uHTepBase. OmHaKo Bce KpuBbie — rpapuKu QyHKIUI
(puc. 39— 41) obnagaior 061muM cBoiictBoM. Ka)kgasi U3 3THX KPUBBIX
JIKUT HUJCe KacaTeJIbHOM K 3TOM KPHUBOH B Jit000ii Touke ¢ abcIiuccoit
X, aToro uHrepsana. Takue QyHKnuu (U ux rpaduKu) Ha3LIBAKOT Bbl-
nyKJibiMU 88epXx.

Teneps paccMoTpuM GDYHKIUH, Pa@UKKN KOTOPBIX MPEACTABIEHBI
Ha PUCYHKax 42—44,

0] a x b x 0
Puc. 42 Puc. 43 Puc. 44
Ha pucyHnkax 42—44 nepsble ABe GYHKIKKM MOHOTOHHBI Ha HHTEP-

Baje (a; b), a TpeTbss — He MOHOTOHHA. Ho Bce OHU Takke obJafaroT
oburum cBoiicTBoM. Kaskaas U3 9TUX KPUBBIX JIEXKUT 8bille KacaTesb-
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HOii K 9TOM KPHUBOi B J1060H TOuKe C abCIUCCOit X, ITOrO UHTEpBAJIA.
Taxue pyHKIuN (1 X rpadUKN) HASHIBAIOT 8bLNYKAbLMU GHUS3.
OrMeTuM, UTO Ha pUCYHKax 39—44 usobpaskeHsl rpaduKu QyHKIUIA,
KOTODBIe Ha HHTepBaJe (a; b) uMeloT mepBbie ¥ BTOPhIe IPON3BOAHLIE.
YcTaHOBUM CBA3H MEKAY BHINMYKJOCTHIO GYHKIUKA M BTOPOH IIpO-
U3BOAHOM aToM GyHKIMM. 1A 3TOr0 cCHAYa a PACCMOTPUM HOBeAEHHUE
45).

nepBOii IPOM3BOAHON BHINYKJIOH byHKIuM (puC.

Tak Kak reoMeTpUYECKH
nepBad NPOM3BOAHAA SIBJIA- y
eTCA TAHI'eHCOM YIJIa MEXKAY
ockio Ox U KacaTeJbHOM K
rpadpuky GyHKLHH, TO H3
pucyHKa 45 BHAHO, 4YTO AJA
BRITYKJIOH BBepX DYHKIMH
ee nepBas IpOU3BOAHAA YOBI-

BaeT Ha uHTepBayue (a; b), a
3TO O3HAYaeT, YTO ee BTOpas a,

[IPOU3BOLHAA OTPUIATENbHA. ~ 0 a
AHaJIOTMYHO MOMKHO IIO-
Ka3aTh, 4YTO JAJA BBIIYKJIOM /

BHM3 (DyHKIINH ee BTOpas IIpo-
M3BOJHASA IOJIOXKUTEHHA.

Xy

Puc. 45

CupaBeasiuBo M 006paTHOe yTBepsKIeHHE: ecjau GyHKuua f (x)
uMeeT Ha uHTepBaie (a; b) BTopyro npoussoguyio f'(x) u f’(x)< 0, To
dyukmua f (x) BBIDYKJIa BBEpX, a ecaH [(x) > 0, To BLIMYKJIa BHU3.

HuTepBabl, Ha KOTOPBHIX (QYHKIMA BHIIYK-
Jla BBEPX MJM BHU3, HASLIBAIOT UHMEPEAIAMU
8bLNYKAOCMU ITOH QYHKIIUH.

3amgaga 1. HaiiTi unTepBasbl BHITYKJIOCTH
GOYHKIUN:

1) f(x)=x3; 2)f(x)=sin x Ha UHTepBaJE
(-m; w).

A 1) Haiizem npomssozusie: f (x) = 3x2;
f” (x)=6x.

Tak kak 6x < 0 npu x < 0, TO Ha IPOMEKYT-
Ke x < 0 ganHasA QYHKIMA BEINYKJA BBEPX.

Tak kak 6x > 0 npu x > 0, To Ha IPOMEKYT-
ke x > 0 paHHas QYHKIUMA BBLINYKJIa BHUSI
(puc. 46).

2)f (x)=cos x; f’(x)=—sin x.

Tak kak sin x>0 opu 0 < x <x, To—sin x <0
4 no3ToMy Ha uHTepBaje (0; n) xanHaa QyHK-
1A BHITyKJa BBepx. Ha muTepBase (-7 ; 0)

A

y
2
1 _ 3
i y=x
14
1 _ll i 1
01 2 x
Puc. 46
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JaHHaf MYHKIUA BHIYKJA BHH3, TaK Kak —sin x > 0 Ha 9TOM MHTED-
Baje (puc. 47). A

OtmeruM, uTO eciu GyHKIMA [ (xX) BHIIYKJA BBePX Ha MHTEPBaJe
(a; ) u a < x; < x, <b, To HA UHTepBaJE (X;; X,) rPadUK PYHKIUU
y =1 (x) nexur BbILIIE IPAMOIA, NpOBeJeHHON yepes Touku M, u M, ¢
abcumccamu x, u X, (puc. 48).

y )
! \,/’f%“'\ oY
y=sinx . P
K 0 T T Lo Lo
2 P P
0 a x x, b X
Puc. 47 Puc. 48

. 2
3anmaua 2. Jloka3aTb, 4TO €CJU 0<x<g, TO sinx>—x.
T

A JIns mokasaTesbCTBA JAHHOTO HEPABEHCTBA AOCTATOYHO IIOKa-
n .
3aTh, 4TO Ha MHTepBajde 0<x< 3 rpa@uK GYHKIHUH Y = sin X JeXKHUT
- 2
BhIIIe rpahuKa NpAMOKI y=;x (cM. puc. 47). 'padurm 3Tux GYyHK-

n
nuii nmepecexkarTcsa B Toukax (0; 0) u (5;1} TaK Kak sin0=g-0 u
n

T
Ha unrepBae (0; E) DYHKINA ¥ = sin X BBIITYKJa BBEPX U IIOJITO-
" 2
My ee rpaMK JIeXKHUT Bblllle NPAMOH y=-x Ha 3TOM HHTepBaJe
s

(cm. puc. 47). A

3. Touku neperuda

Ha pucynkax 46 u 47 npencrasiens! rpabuxku GyHKnui y = x3 u
Yy= sin X, AJd KOTOPBIX TOYKA X = 0 ABJIAETCA TOYKOM nepexoga oT BBHI-
OVKJIOCTH BBEPX K BBINYKJIOCTH BHM3 (Aas y = x3) u Haobopor (ais
y =sin x).

Takas Touka HA3BIBAETCA MOuKOil nepezuba GyHruuu (1 ee rpa-
tduka). B 3Toit Touke HyHKLIUA MeHAET HAlIpaBJIeHNEe BBITYKJIOCTH.
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OTMeTHM, YTO B OKPECTHOCTH
TOUKH meperuba x, rpadpur GpyHk-
uuu y = [ (x) pacnosoKeH 1no pas-
Hbie CTOPOHBI OT KacaTeJbHON K
rpaguky B Touke M (x,; f(x,))
(puc. 49).

3apgaua 3. Haiitu rouku me-

peruba GyHKIHU
f(x)=xe*.

A HaxopuM npousBogHsuie: f(x)=e*—xe *=(1 - x)e™%,
f/=-e*-(1-x)e*=(x-2)e".

Tak kak (x — 2)e* < 0mpux <2u(x—-2)e*>0mnpu x > 2, T0
TIPU Mepexofe Yepes TOUKY x = 2 gaHHas GyHKIUA MeHAeT HalpasJe-
HHUe BBEIIIYKJIOCTH, T.€. X =2 — ee TOUKa meperuba. A

=y

0 %
Puc. 49

3amaua 4. Haiiti Toukn nepernda GyHKIHN

_ 2
fx)= 1+x2°
, 4x
A Haxozum npoussogusie: f'(x)= —m,
@xy @+ 222 - 4x (@+ 2] 4322 -1)

f(x)=-

1+x?)*

(1+x%)3

3
nx>%,a3x2—1<0 npu

1 1 1
—-—<X<—=, TO TOUKH X=——= H
NE] V3 V3

1
x= ToukM neperuda (puc. 50). A
B p

Tak xkax 3x2 — 1> 0 mpu x<—%

3amaua 5. ITocTpours rpadux
byBKIHN

Puc. 50 1 1
=t —.
¥Y=21"x3

A 1) O6nacre onpeaenenuns: x # 1, x # 3.
2) HaiizeM nOpoMeXyTKHM 3HAKOMOCTOAHCTBA (GYHKIHH f(x)=

11 2a-9)
P L (x—1)(x—3) METONOM HHTEPBAJIOB (puc. 51).
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0 [+ [+
=N N_—=_J3 ~*

Puc. 51

3) Haiizem nepByIo NpON3BOAHYIO:

fg=— L 1 _ [ 1 1
(x-1¥ (-3 |[(x-1° (x-3¢)

W3 aroii dpopmysasr BugHo, uto f(x) < O mpu x # 1 u x # 3.
CrnemoBaresabHO, QYHKIMA yObIBAET Ha IPOMEXKYTKax Xx < 1,1 <x < 3,
x> 3.

4) Haiinem BTOpPYIO IPON3BOJAHYIO:

2 2
(x-1)* * (x-3)*"

f(x)=

Pemnm Hepasencrso f (x) > 0, T.e.

11
(x-183 " (x-3)*°

WsBrexkas KOpeHb KyGHYECKHI, OJIyUYaeM

1 1

x-1" x-3°
OTKYZA

2(x-2)
w3

9T0 HepaBeHCTBO BepHO npu 1 < x < 2, x > 3 (cM. puc. 51).
Pemasa ananoruuno HepaseHcTBo f/(x) < 0, T.e.

L 1
(x-33 = (x-3p’

noaydaeM x < 1, 2 < x < 3 (cm. puc. 51).

CregoBarenbHO, [aHHAA QYHKIHUSA BHINYKJA BBEPX HA MPOMEXKYT-
Kax x <1, 2 < x < 3 u BRINYKJa BHUS3 HA IPOMEXXKyTKax 1 < x < 2, x > 3.

Tak xak B Toukax x = 1 u x = 3 QyHKIUA He oIpeaesieHa, TO
X =2 — eAMHCTBEHHAs TOUKa Ileperuba. A

HNcnons3ysa pe3yabTaThl HCCIA€AOBAHUSA, CTPOMM rpaduK HaHHOH
dyarIMY (pHC. 52).
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Puc. 52
YnpaxHeHus
138. Hatitu f”(x), ecan:

1) f (x) = x% cos x; 3) f(x)=x5+2x3 — x2+2;
2) f (x) = x3 sin x; 4) f(x)=x*—3x3+5x+86.

139. HaiiTi nHETEPBAJILI BRINYKJIOCTH BBEPX U HHTEPBAJIBI BRIIYKJIOCTH
BHM3 pyuxunu f (x), ecau:
1) f(x)=(x+1)% 8) f (x) = (x% -8x + 2)e*;
2) f(x)=x*—-6x2+4; 4) f(x)=x%—6x1n x.
140. HatiTu Touku neperuba dyuxkmuu f (x), ecou:
1)f(x)=cosx, -T<x<m;
2) f (x) = x5 — 80x2;
3) f(x)=12x3 — 24x% + 12x;

4) f(x)= sinx—%sin 2%, —M<X<T.
141. ITocTpouTs rpaduk byEKIIN:

1) y=x%-2x3+x; 4)y=x2+%;
2) y=(x+3)x; 5) y= 227,
X
2
3)y=x2Inx; 6) y=—2__.
Jy=x"lnx )y (x+2)?
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142.

143.

144.

145.

146.

147.

148.
149.

YnpaxHeHus k rnase |

IlocTpouts rpaduk dyHKuMM y = f (X) U BHIACHUTL, ABJIAETCA JIN
9Ta (PYHKIUSA HEIIPEPHIBHON HA BCEH YUCJIOBOY NMPAMOIL:

3x—4npux+3, _ \/;npux>0,
D f(x)= { opu x = 3; 3)f(x)*{x npux<1;

5-2x mpux#1, |x-1| npu x<-1,
2 7@)= { npu x=1; 1= { x®  npum x>-1.

Haiitu npoussoguyio ¢pyaxiuu (143—148).

1) 2x* — x% + 3x + 4; 2) —x% + 2x3 — 3x2 -
3)6¥x+ ;4 Z-8¥x;  5)(20+3)%  6)(4- 3%
X X
1
7) ¥3x-2; 8) == 9)sin0,5x;  10) cos (—3x).
1) ¢* —sin x; 2)cos x —In x; 3) sin x—%;
4) 6x* - 9e*; 5) 2 4 dex; 6) = +=Inx.
x 3x 2
1) sin 5x + cos (2x — 3); 3)sin(x - 3)-In(1 - 2x);
2) 2% — In 3x; 4) 6sin 2—3" —el-3x,
1) x% cos x; 2) x31n x; 3) 5xe*;
4) x sin 2x; 5) e * sin x; 6) e* cos x.
x3+1, x* sinx Inx
Dient  Pead a0 Yixe
1) In? x; 2) J/In x; 3) sin vx; 4) cos? x
HajiTu 3HaueHNA X, IpU KOTOPLIX 3HAYEHUE IIPON3BOAHOMH DYHK-

uuu f (x) paBHO HYJIIO; MOJIOMKUTEIbHO; OTPULUATENbHO:

1) f(x) = 2x® - x% 4) f (x) = (x +3)3 (x — 4)%
2) f(x)=—-8x%+2x% +4; 5) fa)=> 3"*1
3) f (x) = £ — 523 — 20x; 6) f(x) = x2 +3.
X
150. Haittu snauenue npoussogHo# dynxuum f (x) B Touxe x,, ecau:
. 2cos x T,
1) f(x)=cos x sin x, X =5’ 3) f(x )———n-— Xo =74’
2) f(x)=e"Inx, x,=1; 4) f(x)=~i:(?—x, x,=0.

64



151. HanucaTb ypaBHEHNe KacaTeJbHOH K rpaduKy GQyHKIMH B TOYKE C
abcuuccoi X,

1) y:xz—zxv x0=3; 3) y=sin X, xo=-:—;

2)y=x3+3x, x,=3; 4) y=cos x, x0=§.

152. 3aKO0H ABUIKEHHA Tesla 3afaH dopmyoit s (1) = 0,5t2+ 3t +2 (s —
B MeTpax, ¢ — B cekyHaax). Kaxoit myTs npoiizeHn resom 3a 4 c?
KakoBa CKOPOCTh ABMKEHUA B 3TOT MOMEHT BpeMeHu?

153. HaiiTu uHTEpBaJIBI BO3pacTaHUsA U YObLIBAHUA QYHKIMA:

1)y=2x3+3x2-2; 3) y=§—1;
X
2 2
2) y=-x3-x2-4x+5; 4) y=-—"2_.
)y=3 )y 3
154. HajiTu ctranuoHapHBIE TOYKY QYHKITUN:
y=x*-4x3-8x2+1; 3) y=—§+%;
2)y=4x*-2x%+38; 4) y=cos 2x + 2 cos x.
155. HaiiTu TOuKY 3KCTpeMyMa (PYHKIIAN:
1) y=x%-4x% 2) y =3x* - 4x3.
156. HaiiTi TOYKHM 9KCTPEMyMa 1 3HAYEeHU s QYHKIUH B 9TUX TOUKax:
1) y=x%-2,5x%+3; 2) y=0,2x5 — 4x2 - 3.
157. IlocTpouTtsh rpaduKu GYHKIIN:
3 4
1) y=2 +38x2; 2) y=-% 42,
)y 3 +3x2; )y 1 +x

158. ITocTpouTs rpaduk GyHKIIUK:
1) y =8x2 — 6x+ 5 Ha orpeske [0; 3];

2) y:%x4 —§x3 —%x2 +2 Ha oTpeske [-2; 4].

159. HaiiTu HanGoJbillee 1 HauMeHblIIee 3HaUeHUA QYHKIUU:
1) f (x) = x3 — 6x2 + 9 Ha oTpeske [-2; 2];
2) f (x) = x3 + 6x2 + 9x Ha orpeske [—4; 0];
3) f (x) = x*— 2x?+ 3 Ha orpeske [—4; 3);
4) f (x) = x* — 8x2 + 5 na orpeske [-3; 2].

160. JokasaTts, 4TO U3 BCEX MPAMOYTOJbHIKOB JaHHOTO TEpIMeTPa Hau-
MEHBIIYIO JUArOHAJIb UMEEeT KBaApar.

161. V13 Bcex paBHOGEJPEHHBIX TPEYTOJbHUKOB C HIEPUMETPOM P HAUTH
TPEYroJILHUK ¢ HauGONbIIeH NI0AAbIO.

162. 113 Bcex IPAMOYTOJIBHBIX aPAJJICIEIUIIEAO0B, Y KOTOPBIX B OCHO-

BaHUU JIEJKUT KBAJAPAT M IJIOIIAAD MOJHOH IIOBEPXHOCTU DaBHA
600 cm?, gaiiTy mapannenenunen HauGoIbIIEro o6BeMa.
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NPOBEPb CEBA!

1. HaiiTu 3HaueHne IpousBogHoil pyHkuun f(x)=3x3+4x—-18
TOuYKe X = 3.

2. HaiiTu npousBogHYI0 QyHKIIAN:

x3
x2+5°

3. Haiitu yron Mexay KacareabHoil K rpaduky GyHknuu y = x* —

%+2\/;—e"; (8x—-5)*; 3sin2x-cos x;

. 1
— 2x3 + 3 B TOUKe c aGeuuccoit Xg = 3 u oceio Ox.
4. ITocTpouTs rpaduk GyHKIUU
y =2x*—x2+1; y=x3-3x.

5. Haiitu naubGoJipliee M HamMeHbIIEe 3HAUEHHA (QYHKIUU
4
Y =x+; Ha orpeske [1; 5].

6. IlepuMeTp OCHOBAHUA NMPAMOYIOJHHOTO Mapajiejenuneja
8M, a Boicora 3 M. Kakoii AJHHBI AOJMKHBI OBITH CTOPOHBI
OCHOBAHMs, YTOGHI 00LEM Napauiesenuinea 6611 HaNOOABIIUM?

163. IToctpouTs rpaduK GYHKIUM U YKa3aTb IPOMEXKYTKH, Ha KOTO-
pBIX GYHKUMA HENPePbIBHA:

1) f(x)= {l°g2 (x-1)mpnx<3,

(x —5)2 npu x > 3;

Vx-3 mpux>3,
2)f (x)=¢x+3 mnpu-3<x<3,

(x+3)? mpu x < -3.

Haiitu npoussoanyio byukmuu (164—166).

164. 1) y = cos® 3x; 4) y=(x3+1) cos 2x;
2) y=sin? %; 5) y=(x+1)3s/x2;
3) y =sin x cos x + x; 6) y=Yx-1(x*-1).
1-cos 2x x
165. 1) y=—"-""": 3) y= ;
)y l+cos2x’ )y x+2
2) y= Vi, 4) y-Sinxreosx
)y 4x ’ )y sin x-cos x
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166

167

168.

169.

170.

171.

172,

173

174

175.

. 1)sin (2x2 - 3x); 2) cos (x + 2x%); 3) esinz,

4) cos (e*); 5) 8+, 6) 2c0s =,
. HaliTu 3HaueHUA X, IPHU KOTOPBIX 3HAYEHME MPOU3BOJHOMN GHYHK-

uuH f (xX) paBHO HYJII0; IOJOXKUTEIbHO; OTPUIIATEIbHO:
1) f(x)=2%+27% 4)f(x)=x+1In (2x + 1);

2)f(x)=3%-2x1n3; 5) f(x)=6x-xVx;
3)f (x)=x+1n 2x; 6) f(x)=(x+1Wx+1-3x.

Haiitu Bce 3HaueHns a, npu KoTopsix [ (x) 2 0 aas Bcex aeicTsn-
TeJbHbIX 3HAYeHUH x, ecnu [ (x) = 23 + 3x2 + ax.
HaiiTu Bce 3HaueHUA a, mpu KoTopsIxX [ (x) < 0 g Bcex gecTBu-
TeJIbHBIX 3HAUEeHMH X, ecoH f (x) = ax® — 6x2 — x.

Haiitu Bce 3Hauenus a, npu Kotopeix ypasaeuue [’ (x) =0 ne ume-
€T AeHCTBUTEJbHBIX KOPHEii, ecan:
1
1) f(x)=ax2—§; 3) f (x) = ax3 + 3x2 + 6x;
1
2) f(x)=ax+;; 4) f (x) = x%+6x% + ax.

Haiitu Bce 3HaUeHMsT @, IPH KOTOPBIX HepaBeHCTBO [ (x) < 0 me
MMeeT AeHCTBUTENbHBIX PeIlleHrii, eclIn:

1) f(x)=axT+x3 - 1; 3) f(0)=(x+a)Vx;

2)f(x)=x5+ax®+3; 4) f(x)=x+%.

TIox kakum yriom nepecexkaiorca rpaduKy GyHKIHN:

Dy=2Jxu y=2v6-x; 2) y=v2x+1 u y=1?

. HamucaTes ypaBHeHMe KacaTelbHOHN K rpadpuKy QYyHKIUH B TOUKe
¢ abcuuccoit x,:

1) y=2sing, x0=§2£; 4)y=x+lnx,x0=e;
2)y=2* -2, =2  By=e ! x =1

2 .
3) y=%, Xp=2 6) y = sin (nx?), x,= 1.

. HanmucaTs ypaBHeHMe KacaTeJbHOH K rpaduKy GyHKIUM y = f(x),
napaJuieabHo# ocu Ox, ecan:

1) f(x) = x% — 4x; 3)f(x)=x*+82x - 3;
2)f(x)=(x—-1)(x—2); 4)f(x)=x%+6x-2.

NoxaaaTs, uro dyHknua y=1,8x5 - Z%x?’ +T7x+12,5 Bo3pacraer
Ha Bceil obyiacTy onpesieNeHuA.
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176. Moxasarp, uro byuxuusa y=x(1+ 2\/; ) BO3pacTaer Ha Bceii obac-
TH OIpeJeseHus.
177. Haittu Touku sKcTpeMyMa GyHKIIMN:

4 16
Dy=xlnx; ) y=—--—7;
)Y )y x-3 x-7
25 9
2) y = xe*; 4) y=2v __“
)Y )y 7-x 3-x
178. Tloctpouts rpaduk GyHKIIMHU:
2, —(x—1)2 .
1) y=x2—2_4, ) y=(x—1)(x+2);
2) y:‘m; 4)y=x(x-1)>.

179. HaiiTu HanGosiblllee M HaMMeHbIlee 3HAYCHUA HYHKLHN:

1) f(x) =2 sin x + sin 2x Ha oTpe3Ke [0; gn};
2) f (x) = 2 cos x + sin 2x Ha orpeake [0; 7];

3) f (x) = 3 sin x + 4 cos x Ha OTpeE3Ke [0; g},
4) f(x)=sinx+ 2\/§cos x Ha OTpeske I:O; g] .

180. Haiitu HanbGoJibliee 3HaYeHne QYHKIIUN:

1) x35-3x2 na unrepnane [0; ‘E}

2) x v1-x2 Ha unrepsaie (0; 1).

181. Teno nBuxeTca Ho 3aKoHY § (t) = 6t2 — t3, Kakopa manbonspnias
CKOpPOCTb TeJjia?

182, U3 BceX NpAMOYTOJBHEIX TPEYrOJABHUKOB, Y KOTOPBIX CyMMa
OJHOTO KaTeTa W FMIOTEeHY3bl PaBHA [, HAWTH TPEYroJbHUK C
HaunOOoJIbIIEH IJIOIAABIO.

183*, HaiiTu Toury Kacaums rpabuxa dyskuuu y = f (x) u saHHOM
TpAMOH, eCJiu:

Dy=38x2+2x—-5,y=2x—5;
2)y=8x2- 2x+5,y=10x—1T;
3)y=x3-5x+8,y="Tx+24;
4)y=x3+3x2-38x+1, y=—6x—5.

184*, TIpu KaKOM 3HaueHNH @ rpaduK QYHKIUHU ¥y = x? + @ Kacaercs
npamoii y = —4x + 57
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185%*, HaiiTn ypaBHEHUs KacarejbHBIX K rpad@uKy GYHKOUH Y =

1 3 5 o i
=g %%~ 5 X%, MAPAJIENLHBIX NPAMOH | = 6x.

186*. IIpamas kacaerca runepboasl y= 4 B Touke (1; 4). Haittu mio-
X

aab TpPeyrojJbHHUKAa, OrpaHN4YeHHOI'0 9TOM KacaTeJbHOU 1 OCAMU
KOOpAUHAT.

187%, [Ipsamas racaercs runepboJIbl Y = g , rme k> 0, B TouKe ¢ abciuc-
COH X,,.
1) JokasaTb, 4TO IJIOMIAAEL TPEYTrOJbHUKA, OTPAHUUEHHOTO TOM
KacaTeJbHOA ¥ OCAMHU KOOPAMHAT, HEe 3aBUCHUT OT IIOJIOKEHUS
TOYKH KaCaHUsa; HAWTH 3Ty ILJI0LIAAb.
2) NoxazaTph, YTO 3Ta KacaTeJbHaA NPOXOAHUT Uepe3 TOUKH

[xo,%] u (2x4 0).

188*, 113 Bcex MpsIMOYTOJIbHNKOB, BIIMCAHHBIX B IOJYKPYr paguyca R
TaK, YTO OJHA CTOPOHA IIPAMOYTOJLHHUKA JIEIKUT Ha JUaMeTpe I10-
JYKDpyra, BEIOpAaH TOT, y KOTOpOro HanboJbinas miomansb. Haditu
9Ty ILIOIAAb.

189%*, OTKPBITEHII KYy30B rPY30BOT'0 AaBTOMOOMJISI IMEeT BUJ IIPSAMOYT'0JIb-
HOTO napajurejenunesa ¢ miIolaabio mosepxHoctu 2S. KakoBsl
JOJIKHE! OBITH AJIMHA 1 IIMPHHA KY30Ba, YT00bI ero 06'beM Ob1J1 Hau-

5
6ONBIIINM, a OTHOLIEHUE MJIUHLI K IIMPHHE DABHAJIOCH OBI 2 ?

2_3x+2
* i X Toxte
190*, Haiitu Touku saKcTpeMyMa byHKIUT Y 13212
191%*, TTocTpouTh rpad®uK GYHKIUH:
1) y=(x2—1)~\/x+1; 3)y=x2 e
2) y=|x|-\/31+3x ; 4Yy=x8 7%,

192%, I'pys, Jexaiuii Ha rOpU30OHTAIbHOM IIOCKOCTH , HY>KHO CABUHYTh
C MecCTa CHJION, IPUJIOKEHHOH K aToMy rpysy (puc. 53). Onpeae-
JIUTH YTOJI, 00pasyeMsblil 3TOM CUJIOH ¢ ILIOCKOCTHIO, IIPH KOTOPOM
cusa 6yzer HauMeHbIIeH, eciiu KoadhHUIueHT TPeHns rpyaa k.

F

=il

T TTTTTTTTT 77T TTTTI 77777 7 T T 7777777
Puc. 53
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UCTOPUYHECKASA CNPABKA

OCHOBHBIMH MOHATUAMH MAaTeMaTHYECKOI0 aHAJIN3a ABJISAIOTCA I10-
HATHA QYHKINY, npelesa, IPOU3BOAHOI 1 MHTerpaa.

TepMun «gynryuss Buepssle 6b11 ynorpebaeH B 1692 r. nHemen-
kuM MatematukoMm I'. Jleii6nuyem (1646—1716). IlepBoe onpenesieHne
NOHATUA GYHKIMUA, OCHOBAHHOE HAa reOMeTPUUYECKUX IIDPeJCTABJICHU-
ax, chopmyaupoBas B 1718 r. mBeiinapckuii matematuxk M. Bepuyanu
(1667-1748). B 1748 r. JI. Jiinep (1707-1783) gas Gosrlee YHUBEPCAIDL-
Hoe, yeM y BepHysin, onpesenenve oyaxkuuu. EMy 'ke IpHUHALIEKUT
u BBeJeHue cumsoaa f (x). U Bepuyanau, u ditsep GakTH4ECKN OTOXK-
JEeCTBIAIN QYHKIINIO C ee aHAJUTHYECKOH DOopMyJIoii, XOTA yiKe COo-
BPEMEHHMKH Jiijiepa NOHUMAJIHU, YTO GYHKIIMIO MOXKHO 3aJaBaTh He
TOJIBKO aHAJIUTUUYECKH.

B 1834 r. Benukwnii pycckuit marematurk H.H.Jlob6auesckuil
(1792-1856) nan onpeneseHne MOHATHA PYHKIIMK HA OCHOBE UAEH CO-
OTBETCTBUSA 3JIEMEHTOB ABYX YHCJOBBIX MHOXKecTB. B 1837 r. Hemerr-
kuit marematuk I1. Jupuxae (1805-1859) copmynupoBan o60011eH-
HOe omnpenesieHUe MOHATHA GYHKIUU: «Y ABIAETCA QYHKUMeN mepe-
MEHHOH X Ha OTpe3Ke a < x < b, ecJIM KaXJAOMy 3HAUEHHIO X COOTBET-
CTBYyeT BIIOJIHE ONpefieJIeHHOe 3HAYeHue Y, IPUYEeM He Ba*KHO, KaKUM
00pa3oM yCTaHOBJIEHO 9TO COOTBETCTBME — (OPMYJIoii, rpacduKoOM,
Tabannei Uiy CJI0BECHBIM OIMHUCAHUEM» .

Ilocsie oTkpeITHA Meopuu muoxcecma Bo BTopoii noxosune XIX B.
ompejesieHHe NOHATUSA PYHKIMY GbLJIO JAHO HA MHOYKECTBEHHOM OCHO-
Be. B XX B., B CBA3U C pasBUTHEM €CTECTBEHHBLIX HAYK, IPOMCXOAMIIO
JajbHelIllee pacliupeHne NoHATHA GyHKuuu. Tak, B 1936 r. poccwmii-
cKkuii MaremMaTuk, akageMuk C.JI. Cobones (1908-1990) nan maubosee
000011IeHHOE OoNpeeieHUe TTOHATHA QYHKIITUH.

Ilonsarue npouseodHoil onpeesigeTca yepe3 NOHATHE npedeaa, UC-
TOPHUA NOABJEHHS KOTOPOTO YXOAUT B IIyOOKYI0 ApeBHOCTH. Erre B
IV B. 1o H. 5. 3BHaMeHUTHI#l ApeBHerpeueckuili marematuk Eedokc
KHudckuil B HeABHOM BHU/€ MCIOJb30BAJ MIPE/eJbHEIE [IePEeXOAbl JJIf
000CHOBaHMA METOAOB BLIUMCJEHHUS MJOILIAAEH KPUBOJUHEHHBIX (u-
ryp. B ABHOM BHZe nIpejesbHbIE HEepexobl BcTpeualoTea B pabore duia-
MaHAcKoro maremaruka A. Taxke (1612-1660) «Hauana miaockoit u
TeJeCHOU reoMeTpHU», onyOaukoBaHHOH B 1654 r. IlepBoe onpezese-
HHe IIpefesa Aaj anrauiickuii maremaTtuk /[. Baaauc (1616-1703).
Meroa npeiesiOB OJIYYUJ CBOE PA3BUTHE B paboTax 3HAMEHUTOIO aHT-
Janiickoro yuedoro M. Hviomona (1643—-1727). Emy »xe npuHagIe:KUT
BBeJIeHHe CUMBoJia lim.

CyulecTBeHHBIN BKJIaJ B pa3BUTHE OCHOB NudepeHINalIbHOro uc-
4YucJIeHusl BHecau GpaHiuysckue yueskie I1. Pepma (1601-1665) u
P. Jexapm (1596-1650). B cepeanne 60-x rr. XVII B. HbioToH npu-
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el K MOHATHUIO IPOU3BOAHOM, peluas 3ajayll MEXaHUKH, CBA3AHHLIE
C HaxXOKJleHHeM MIHOBEHHOI ckopocTH. PesysbraTsl cBoeil paboThI OH
B 1671 r. uanoxun B Tpaktare «Merox duoKiuii 1 GeCKOHEYHBIX PA-
JoB». OgHAKO 9TOT TPaKTAT ObLa OMyOJMKOBAH JUIIb B 1736 r. u mo-
3aToMy nepBoii paboToit o anddepeHINATBHOMY UCUHUCJIEHUI0 CUNTA-
ercda crathbs JleiiGHuna, ony6iaukosannas B 1684 r., B KoTopoit pac-
CMaTPHUBAETCA reOMeTPHUYECKas 3aJauya O NPOBEJCHHUM KACATEJIbHON K
KPUBOIA.

Ipnpawmenne abeuuccl — GeCKOHEYHO MAYIO PA3HOCTD Xy ~ x, —
Jleit6ann o6o3uavan dx (d — nmepsas OykBa Jjar. ci. differentia —
PasHOCTD), a IPUpaIlieHHe OPAUHATEI Y, — Y, o6o3Hauan dy. B cepeau-
He XVIII B. Bitnep gusa 0603HAYECHNSA NPUPAIEHUH CTaJI [T0Jb30BATHCSA
rpeueckoii GykBoit A. Tepmun «npoussogHas» (mo-dpanm. derivee)
BnepBorle nosgBuiicad B 1800 r. B KHUre GpaHIly3CKOr0O MATEMATHKA
JI. Apb6ozacma (1759-1803) «Brruucienue npousBogHbIX». O60o3HaUe-
HMe IIPOM3BOAHOI ¥’ U f'(x) BBes dpaHuUy3cKuit marematuk K. Jae-
panx (1736-1813).

OpHMM U3 caMBIX 3HAYUTEJbHBIX 3TANOB B PA3BUTHM MaTeMAaTH-
YEeCKOro aHAJMu3a yYeHble CUMTAIOT IPU3HAHHEIE JeKiuu B Ilosurex-
HH4YecKoil mkKoJse B ITapuike 3HaMeHUTOr0 GpaHIy3CKOro MaTEMATUKA
O. Kowu (1789-1857). 9tu nexnuu, usganase B 1823 r., 6s11m cymie-
CTBEHHBIM OPUGIMKeHNEeM TeopuH IuGHepeHIINaAIBHOr0 NCIUCTICHIS
K €€ COBPEMEHHOMY H3JIOKEeHUIO.

Kak u MHOrHMe pa3fesbl MaTeMaTUKH, AuddepeHnnaIbHOe UCUKC-
JIeHre BO3HUKJIO U3 HeOOXOAMMOCTH DEIIeHMS IPAKTHYECKUX 3a1ad.
B ocHOBHOM HCTOUHUKaMM AuddhepeHInAILHOI0 UCIUCTeHNsT ABIINCH
3aJlauyM AByX BHJOB: a) Ha HaxXO)KAeHNe HAaubGOJBIINX U HAMMEHBLIINX
3HAYeHHUN BeJIMYMH, T.e. 33Jau/ HA HaXOKIEeHHNe dKcmpemymos (Ot jarT.
extremum — KpaiiHee); 6) Ha BEIYHCJIeHUE CKOpocTeii. B apeBHOCTH U B
CpeHHUe BeKa 3alauil 3TUX BUAOB PEIIAJINCh FeOMETPUYECKMMH U MexXa-
HHYECKHMH METOLAMHU U He CBA3LIBAJIHMCH OOILIUMU UACSAMU.

Sajauy Ha HaXOMKIeHHE MAaKCHMyMa M MUHUMYMa MOKHO Ha¥TH
eme B «Hauamnax» Eexauda (III B. g0 H. 3.). Tak, B VI xuure «Hauamn»
JOKa3bIBaeTCsd, YTO U3 BCEX MapajliIeIorPaMMOB, BIMCAHHEIX B JaH-
HBIH TPEyTOJIBLHUK, HANOONBLIIYIO ILIOMAAb UMEIOT Te, OCHOBaHHe KO-
TOPbIX PABHO MMOJIOBMHE OCHOBaHNA TPEYroJbHUKA.

B 1615 r. B onybiukoBanHoit paGote «CTepeomeTpus BUHHEIX 60-
yeK» HeMenkuil yuennlit M. Kenaep (1571-1630) Brickasan ujeio o
TOM, 4TO BOJIM3M MaKCHUMyMa BEeJHUUYMHBI ee U3MeHeHUA He3aMeTHEI,
IpeAyrafaB TOT (PaKT, YTO B TOUKE MaKCUMyMa NPOHU3BOAHAA DYHK-
uuy paBHa HyJ0. M3BecTHO, uTo B 1629 r. hpaHIy3CKUiIl MaTeMaTHK
I1. ®depma BIaZEN METOLOM OIPEAEIEHUA MAKCUMYMOB U MMHUMYMOB.
U ronpko B cepequne XVII 8. M. Hetoron u T, Jleii6HuUn ncciaerosanu
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IpobaeMy MAaKCUMYMOB U MMHUMYMOB QYHKIUM ¢ O3UITUH ugeu bec-
KOHe4YHO MaJioi BennuuHB, Tak Jleii6uunem 6v11a chopmyauposaHa
TeopeMa O AOCTATOYHOM YCJOBHH BO3pacTaHUA U yOBIBAHHA QYHKIUH
Ha OTpe3Ke.

3HauUTENbHBIN BKJAJ B pasBuTve AUPHepeHnIualbHoro ucuucie-
HUH B pe3yJibTaTe pellleHNnA NPHUKJIaJHBIX 3ajayu BHECJIH IIBeHIlapCKue
mareMaTuku JA. Bepruyaau (1654—-1705) u H. Bepryanu (1667-1748).
Tonnaugckuit yuensiit X. I'oitzenc (1629-1695) mocsie perieHus 3ana-
yM 0 (hopMe NOJBEIIeHHOM 3a KOHLBI MACCHBHOM 1[eNIH HAIIKCAJ M3BECT-
HOMY (Gpannysckomy marematuky I'. JJonumaarw (1661-1704) o mn-
pOTe IPUMEHUMOCTH MEeTOROB AuddepeHIIHaIbHOIO UCUUCIEHNA:
«§l BMKY ¢ YAUBJIEHMEM M BOCXHIIeHHEM OOIIUPHOCTh U IMJIOXLOBH-
TOCTh HOBOTO MeToga. Kyzxa Ol 1 HM 00paTUJ B30D, A 3aMeyalo AJs
Hero HOBbIe IIPUJIOYKEHMs, A IPEeABHKY ero 0eCKOHEeYHOe pa3BUTHE U
mnporpecc».

B 1755 r. JI. Sitnep B cBoeit pabore «IuddepeniinanbHOe UCIUC-
JIeHue» Pa3BUJ MOHATHA «aOCOMIOTHBIX 9KCTPEMYMOB» U «OTHOCH-
TeJIbHBIX 3KCTPEMYMOB», HA3BIBAEMBIX UM 3KCTPDEMYMAaMM «MECTHOIO
xapakTepa». B 3T0it paboTe OH MOgUYEPKUBAJ, UTC 3HaUeHUE PYHKIIUK
B TOYKEe MAaKCHMyMa BOOGIIle FOBOPA HE COBHAJAET C €e HAauOOJIbIIINM
3HaueHueM. [Ind uccaegoBaHuA QYHKIMA Jitjep NMOAb30OBAJCSA He
TOJIBKO II€PBOM M BTOPOil NPOM3BOAHBEIMHK, HO U IIPOU3BOAHLIMYU OoJiee
BBICOKUX MOPAAKOB.

OrMeTUM, YTO TEOPUA IKCTPEMYMOB (HYHKLMIT U CErogHA HAXOAUT
MHOTOYNCJIEHHEIE IPaKTHYeCKNe IPUMeHEeH!s B pellleHuu 3ahad Ipo-
HU3BOACTBA M 9KOHOMUKM, CBA3AHHBIX C ONTUMAJIbHBIM UCIONb30BAHM-
€M CHIPbS ¥ BpeMeHH.



rnaea il J l UHTEIPAN

§ 12. NepBoo6pa3Hasn

B raase I 6b1s1a paccMoTpeHa 3aa4a O HaXO0XKAEHWH MTHOBEHHO#
CKOPOCTH TOYKH IO 3aJaHHOMY 3aKOHY JBMKeHMUdA. [TycTh 3akoH ABH-
JKeHHUA TOYKHY 3a0aH QyHKIMeH s = s (), rie s — OyTh, IPOHAEHHBIN 3a
Bpem4 ¢. Toraa MrHOBeHHaAsl CKOPOCThH U ABHXKEHUA TeJla B MOMEHT Bpe-
MeHHu t paBHa v = §’ (¢). B 3Toit 3agaye 10 3agaHHON QyHKINH S () BBI-

at
yucaseTcs ee npousBoguas s’ (). Hanpumep, ecim s = 5 TO
v=s¢"(t)=at.

B dusuke BcTpeuaerca obpaTrHas 3azada: IO 3afaHHON CKOPOCTH
v =v (t) HallTk 3aKOH ABUKEHHA, T.e. HAWTH $ = § (t). Tak KaK s’ (t) =
=v (t), To B 3TOM 3amaue Tpebyerca HaTH TaKkylo GyHKIHIO S (1), Ipo-
U3BOAHAA KOTOPOI paBHa U (t). B aTroM cayuae pyHK1MIO § () Ha3wLIBA-
10T nepeoobpasuoil 0rs pyrnryuu v (t).

@ynryus F (x) Hazvieaemces nepeoobpasnoii 0nsa pyuryuu f (x)
HA HEKOMOPOM NpoMexcymree, eciu 014 6cex X U3 3mMozo nPoMexymra

F (x) =1 (x).

Hanpumep, Gynknus x3 aenserca nepeoo6pasHoil Aasa QyHKIMH
8x2, tak xak (x3) = 3x%; pynKuma sin x — nmepBooOpasHasa Aaa PyHK-
LM COS X, TaK Kak (sin x)’ = cos x.

3amaua 1. ITokasarp, uro GyHrmusa F(x)= %sin 3x aABageTcsa
nepBoodpasHoii iid Gpyuknum f (x) = cos 3x.
, 1. .Y 1 1.
A Tak kaxk F'(x)= 5sm 3x =§~3cos 3x=cos 3x, TO §sm 3x —
nepeBoobpasHas Oasa QYHKIHK cos 3X. A

3amgaua 2. JlokasaTs, 4TO AJidA JOOOr0 AeCTBUTEIBHOrO p # —1

_p+l
dbyukuna F(x)= %}_1 ABJISIETCA MepBooOpasHoil Ana GyHKIuH f (x) = xP

Ha npoMeXKyTKe x > 0.

p+l p+ly
p+1 ! = p x =£._x..._—._) =xP,.
A Tak rak (xP*') (p+1)x,'ro(p+1] oil xP. A

1
B yacraoctu, npup=0,1, 2, -2, 2 moJIy4aeM:
1) F (x) = x — nepBooOpasHas aaa byaxkuuu f (x)=1;

2
2) F(x)= 3% — nepBooOpasHada ana byEruuu f (x) = x;
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3
3) F(x)= % — nepBoo6GpasHas 4i1s GyHKuu f (x) = x2;

4) F(x)= —% — nepBoobpasHada aia GyHKumuu f (x) = é ;

5) F(x)= gxﬁ — nepBoobpasHan aaa QyHKuuu f (x) = Jx.

B npumepax 1—3 ¢pyuxumua F (x) asaserca nepsoobpasHoi Ajs
dyuxnuu f (x) Ha Bcell YNCI0BOH NPAMOM, B npuMepe 4 QyHKI NS
F (x) — nepBoobpasunan aiaa ¢oyHKuuM f (x) Ha npoMe:kyTke x < 0, a
TaKKe Ha npoMexxyTke x > 0, B npumepe 5 pyHKuua F (x) — nepBooG-
pasHad ji4 f (x) Ha mpoMexxyTre x = 0.

2 2

3ameTuMm, uTo ANA GYHKUMH f (X) = X QyHKIHAN % +1, % -3 rakxe

x? x?
ABJIAIOTCS NepPBOOOPA3HBIMHK, TAK KAaK —2—+1 =X, —2——3 =x.

2
X
Boob6me, n06ada GyHKINA ?+C , rie C — NOCTOAHHAA, ABIAETCHA

nepBooOpasHoOil AyA GYHKIUM X. ITO CIEAYET U3 TOTO, YTO IPOU3BOX-
HadA IOCTOSHHOM paBHA HYJIIO.

9TOT IpUMep MOKA3bIBAET, YTO IJIA 3aJaHHON GYyHKIUM ee [IEPBO-
o0pasHas HEOAHO3HAYHO OIIPE/eJISEeTCs.

Ecau F (x) — nepBoobpasHas ansa f (x) Ha HEKOTOPOM IIPOMEXKYT-
Ke, To 1 @yHKuA F (x) + C, roge C — o6as IocTOAHHASA, TaK¥XKe ABJA-
eTcsA nepBooOpasHoi AJia GyHKIMH [ (X) HA 3TOM IIPOMEKYTKE.

OxasbiBaeTcs, 4To pyHKnuamu Buaa F (x) + C ucuepnesiBaoTes Bce
nepBooOpasHble AA 3agaHHoi dyHKuun [ (x). JoKasaTeJbCTBO 3TOTO
thaxTa OCHOBBIBAETCA HA CJEAYIOLLIEH JeMMe:

Jlemma. Ecau F'(x) = 0 ha Hekomopom npomexcymkre, mo Ha
amoxm npomexcymre F (x) = C, rme C — nocmosarnHaA.
Ira JeMMa NOKAa3bIBAETCA C IOMOIIbIO TeopeMbl Jlarpamxa (§ 7).
Ee M0XHO HArNSAHO NOACHUTDH, UCIOJNB3YS PeOMETPUYECKHUI
cMbICa npou3BogHoi. Tak kak F'(x) = 0, To KacareabHas K rpaduxy
¢byaxnuy y = F (x) B Ka¥XA0# TOUKe FOPU30OHTAJIbHA U II03TOMY €ee rpa-
UK COBNAAAET C OTPE3KOM IOPM30HTAIBHON NPAMOH.
DusnuecKuil CMEBICT JEMMEI 3aKJII0YaeTCHd B CIEYIOIeM: €CIK
CKOPOCTh TOYKY DPaBHA HYJIIO, TO TOYKA OCTAeTCA Ha MeCTe U IO3TOMY
MPOMAEHHBIH €10 IyTh He MEHAETCH.

Teopema. ITycme F, (x) u F, (x) — 06e nepsoobpasrbie das 00-
Holt u moit xe pynryuu f (x). Tozda F, (x)=F, (x) + C, 20e C — He-
Komopas nocmosHHAA.
O O6osuauum F (x) = F, (x) — F, (x). Toraa F’ (x) = E(x) - F (x)=
=f(x)-f(x)=0.
ITo nemme, F (x) =C, r. e. F, (x) - F, (x) = C, orryza F, (x) =
=F (x)+C. ®
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HUrak, ecnu F (x) — "HekoTOopas mnepsooOpasHad and [ (x), To Bce
nepsoo6pasusie Aja Gyuxkuuy f (x) Haxogatca mo dopmyxae F (x) + C,
rae C — m00as MoCTOAHHAA.

3anmauva 3. HaiiTu Bce mepBooGpasHbie A GYHKIMA % .
x
A W3 3agauu 2 opu p=—% ciaenyet, 4To 2\/; — nepBoobpasHasa
1
A QYHKIIUA E

OrBeT. 2/x+C. A
ITpusenem Tabauiny nepBooGpasHbIX AJA HEKOTOPBIX QYHKIMIL.

9ta Tabauna nposepseTcs
auddepeHnUPpOBaAHUEM NEPBO-

Pyuxuusa | Ilepsoobpasntie obpasurix. HampuMep, Tak Kak
xP+1 , 1

p - (In|x|+CY==,10ln|x|+C —
xP,p#-1 o+l x

1 nepBoobpasHasa AaA GYHKIUHA

x L mpux #0.
X X

€ e+ C 3amevuaHue. BoBcex pac-

sin x —cosx+C CMOTPEHHBIX IIPHMepax U B

cos X sinx+C AaJabHeem GbyHKIMA ABIAET-

¢ nmepBooOpasHoOi AaA DYHK-
uuu f (x) Ha TAKOM IIPOMEKYT-
Ke, Ha KoTopoM 00e dyHKumu F (x) u f (x) onpeneseHsl.

Hanpumep, B 3azaue 3 pyHKIUA 2\/; ABJIAETCA NEepPBOOOPa3HOM

AN QYHKIAN —Jl_— Ha mpoMexyTKe x > 0.
x

PaccmoTpuM rpaduky Bcex MepBoOOpas3HBIX 3afaHHON QYHKINU
f (x). Ecau F (x) — oxHa u3 nepsoobpasssix f (x), To Bce epBoobpas-
Hble NOJYYalOTCA NpubaBJieHHEM K
F (x) no6oit mocroauunoii: F (x)+C.
CnexoBaTesqbHO, rpabukn QyHKIUH
y=F (x) + C nmonyuarorca u3 rpadpuka
y=F (x) casurom Baoas ocu Oy
(puc. 54). Brei6opom C MOMKHO HOOUTH-
cA TOro, 4YToOb!l rpauk nmeproobpas-

y

T

HO IPOXOAMJI Yepes 3aJaHHYIO TOUKY. 7 7 X
3amaua 4. Ona pyHKRnuu 1 ?

y=F(x)

x2

HaWTH TaKylo IepBoo6pasHyio, rpa-
UK KOTOpPOI1 NMPOXOAUT Uepes TOUKY

(1; 3). Puc. 54
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A Bce nepBooGpasHbie QYHKIIUHA iz HAXOAATCA II0 opMyJie
X
F(x)= --1—+C. Haiinem raxoe C, uTo6bl rpaduk byakuuu y = F (x)
X

npoxozuia uyepes3 Touky (1; 3), T.e. Bocnoabayemcsa ycaosueM F (1) = 3.

Orcrona -1+ C =3, C = 4. CnegoBarensHo, F (x) = 4—% . A

YnpaxHeHus

193. IlokasaTs, uTo GyHKIMA F (x) ABJIsEeTCA IePBOOOPa3HOi A PyHK-
uu f (x) Ha Bceit YUCIOBOM IIPAMOIL:

x* x5 4
1) F(x)=7, f(x)=x3; 2) F(x)=?+1, f(x)=x%;

3) F(x)=3e§, f(x)=e§;

4) F (x)=1+sin 2x, f(x)=2 cos 2x;
5)F(x)=cos 3x — 2, f(x)=-3sin 3x;
6)F(x)=1-¢e*, f(x)=e*.

194. TTokasaTs, uTo pyHKIuA F (X) ABNAETCA NEpBOOOPA3HO A PYHK-
uuu f (x) mpu x > 0:

3
D Fe=2, re=-2; 3) F(x)=2-x2, f(D)=—3:/x;
1 1 1
2) F (x)=——+1, =——; 4) F(x)=+2x, =
) F @=7+1 ) . ) F(x)=+2x, f(x) NG
195. HaiiTu Bce mepBooGpasHble AJA QYHKIHNM:

1 2 3

1)x5 2)x%  3) ——; 4) Yx; 5) x5;  6) x 4.
¥x

196. Ina dysakuuu f (x) HaliTH TepBOOOPasHyIo, rpadUK KOTOPOIl IIPo-
XOLUT uepes TOUKy M:

1) f (x) = 22, M (1; 2); 8) F(x)=1, ML~ 1;

2) f(x)=x, M (-1; 3); 4) f(x)=+x, M(9; 10).

§ 13. Npasuna HaxoXaeHUa NepBOOOPa3HbIX

HanmomuuM, uTo onepanuio HaX0XKAeHUA TTPOU3BOAHOM JJiA 3aJaH-
HOM QyHKUMYU HasbBaloT Auddepennupopannem. O6paTHyO onepa-

LU0 HAXOMJEHUA NePBOOOpa3HOM AJjid AAaHHON QYHKI MY HA3BIBAIOT
UHMezpUPOBAHUEM.
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ITpaBusa MHTErPUPOBAHMA MOKHO IIOJYYUTH C IIOMOIIbIO IIPABUII
auddepennuposanusa. Hanomuum npasuia guddepeHpoBanns.

ITycre dynknum F (x) u G (x) ©MEeIOT IPOU3BOAHEIC HA HEKOTOPOM
pOMEXYTKe, a, b, B — nmocrossausle. Torxa:

1) [F (x)+ G (x)] = F (x) + G'(x);

2) [aF ()] =aF’ (x);

3)[F (kx + b)) =kF’ (kx+b).

W3 stux npaBua guddepeHIMPOBAHNS CIEAYIOT NPAsULA HAXO0NC-
Oenusn nepeoobpasHuvlx.

IIycts F (x), G (x) — nmepBoo6pasHble COOTBETCTBEHHO A PYHK-
uuit f (x) 1 g (X) Ha HEKOTOPOM NMPOMEIKYTKE, T. €.

F (x)=f(x), G'(x)=g(x),
H IIYCTH a, b, E — nmocTosaHubIe, kB # 0. Torga:
1) F (x) + G (x) — nepBooGpasuana gaa dyHkuuu f (x) + g (x);
2) aF (x) — nepBooGpa3Has nis GyHKLIuH af (x);
3) %F (kx+b) — nepBoobpasHaa anda byakuun f (kx +b), B+ 0.

IIpuBeseM npuMepsl IPMMEHEHUA STHX IPaBUII.

3 a x aua. Haiitn nepsoobpasusle F (x) nasa pyuxkuuu f (x):

1) f (x) =e* + sin x; 2) f(x)=x2 + 3 cos x;
_ 1 2x
3) f(x)_(x+1)2 (4

A 1) Tak Kax e* — nepBoobGpasHas Ijad e, a —CosS X — INepBoo6-
pasHas IJd sin X, To ¥ — coS X — OJHA U3 MepBOOOPA3HBIX JNJIA QYHK-
ouy e* + sin x.

OrBerT. F(x)=€¢*—cosx+C.

3
2) IepBoobpasuas ana x2 pasHA % , IepBooOpas3Haa JJs coS X

paBHa sin x, cleZoBaTeJbHO, O4HA U3 MePBOOGPasHLIX 1A X2 + 3 cos X
x3 .
paBHa 3 + 3sin x.

3
OrTBer. F(x)=%+35inx+C.

1

3) O6osuauum f;(x)= )’

— p2x = —_—
fy (x) = e**. Torma F, (x) = i1’

1
F,(x) =3 e%* — nepBooGpasHble COOTBETCTBEHHO AJIA fi (x) = f, (x),

F(x)=Iﬁ(::c)+F2(::c)+C=——1i+l €?* +C — Bce mepBoOGPa3HbIe A4
dbysxouu f (x), x #—1. £
OrBer. F (x)=—i+l e +Coxz-1. A
x+1 2
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Tperbe NpaBUJIO HAXOXK/JEHUA NMEPBOOOPA3HBIX MO3BOJIAET AOMOJ-
HUTB Tabiuny nepBooOpasHBIX, IPUBEAEHHYIO B NIPEABIAYIIEM Mapa-
rpade:

DyHKIUA IlepBooGpasuasn
(kx+b)P*!
(kx+b)P,p#-1,k#0 k(p+1)
1 1
——, k=0 ZIn|kx+b|+C
kx+b k
ekx+b’ k0 %ekxﬁa +C
sin (kx+b), k=0 - %cos (kx+b)+C
1.
cos (hx+b), k%0 Zsin(kx+5)+C

IIpuBenem npuMepsi IpUMEHEHUA 3THX HGOPMYI:

DyHrIMA ITepBooOpasunas
(3x-1)2 2@x-1)+C
2—_13—x —% In|2 - 3x| + C
o8- dx _ie3—4x+c
sin (5x + 2) —%cos(5x+2)+C
cos (5x + 2) 21-: sin (5x+2)+C
YnpaxHenusn

HaiitTu neproo6pasusie g1a yuxnuu (197—204).

197. 1) 2x5 - 3x2; 2) 524 + 25 3) §+%;
1) 2.3, 5) vx+2¥x; 6) 4¥x -6Vx;
X X
7) 8x3+2x-1; 8) 6x2 — 4x + 3.
198. 1)3cosx—4sinx; 2)5sinx+2cos x; 3) e*— 2 cos x;
4) 3¢* - sin x; 5)5 - e*+ 3 cos x; 6) 1+ 3e*—4 cos x;
7) 6?\’/;—E+3ex; 8) —4—+§—2e".
x \/; x
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2

199. 1) (x +1)%; 2) (x — 2)3; 3 ;
)(x+1) )(x—2) )m
43, 5)—_+4 cos (x+2); 6) ———2 sin (x-1)
9x+3’ x-1 ’ x-3 )
7 2
200. 1) (%x—-l . 2)( x+2) 3) (2x-3)3;
4) Bx-1)4; 5) 3 6) ——;
)( X — ) ’ ) ax_l, )Jm,
7) ¥3—2x; 8) ¥2-3x.
201. 1) sin (2x + 3); 2) cos (3x + 4); 3) cos (bx — 2);
4)sin (3x-4);  5) cos [%—1); 6) cos(§+5);
x+1
Nez; 8) e8%-5,
X 1
202. 1) e2* — cos 3x; 2) et +sin 2x; 3) ZSin%—5e2x+§;
3x__
4) 3cos= +2e 5) 3 —3cos (6x-1);
x . . . 4 __3
6) ‘E+4 sin (4x+2); 7 ilzx——l' 8) s
2 -4+ x, 6x°-3x+2 2 - 3x,
203. )———; 25— 3y =
2
4 3"4;35" ; 5) 3x (2 — 2); 6) 2x (1 — x);
7 (1 + 2x) (x — 8); 8) (2x — 8) (2 + 3x).
204. 1) (2x+1)x; 2) Bx-2)¥x; 3) xt4. 4) -8,
) @x+1)Vx ) Bx-2)¥x ) )

205. Ina dysrnuu f (x) HaiiT nepBooOpasHyIo, rpadUK KOTOPOi mpo-

XOZHUT depes3 TOUKy M:

1)f(x)=2x+3, M (1; 2); 5) f(x)=sin 2x, M(g;s}

2)f(x)=4x—-1, M (-1; 3); 6)  (x) = cos 3x, M (0; 0);

3) f(x)=x+2, M(2-3); 7 f(x)=L, M(-2; 4);
- 1 —_— .  —— —_—

D [@== M- 8) f(x)= 1)2, M(-2; 2).
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§ 14. Nnowaab KPUBONMHENHON TPpaneuun.
UHTerpan u ero BbiuucieHne

1. Nnowanb KpUBONUHENHON TPaneuun

Paccmorpum ¢durypy, naobpakeHHYIO Ha PUCYHKe 55. Ita dpurypa
orpaHuueHa CHU3y oTpe3koM [a; b] ocu Ox, cBepxy rpaduKom Hempe-
PBEIBHOH QyHKIMU Yy = f (X), IDUHUMAIOUIEH MOJIOXKUTEJIbHBIe 3HAYE-
HUSA, a ¢ OOKOB OTpe3KaMU IPAMBIX X = a U X = b, Takyio ¢purypy Hassl-
BAIOT KPUBOJUHEUHOU mpane-
¥ Y yueit. OTpesok [cut; b] Ha3bIBAIOT

A OCHOB8AHUEeM ITOU KPUBOJINHEH-
HOHM Tpameiuu.

IosiciuM, Kak BBOJHUTCA
NOHATHE NJOLAAN KPHUBOJHU-
HelHOM Tpamemuu M KaK MOX-
HO BBIYMCJHUTH 3Ty NJOIIAAb.

0] « X Jlna aToro BBefeM IOHATHE UH-
Puc. 55 Terpana.

Pazobrem orpesok [a; b] Ha

n 4yacreit (He 06A3aTeJIbHO PABHBIX) TOUKAMU X, X,, ... X,_; U NPOBe-

JleM Yyepe3 3TH TOUYKH BEPTHKAJIbHbIE pAMble. IIpu aTOM KpHBOIHMHETH-
Had Tpamenus pa3oObeTcA HA N 4yacTeil, KaskJasa U3 KOTOPBIX TaKKe
SABJNAETCS KPUBOJIMHEHHOH Tpa-
| = flx nenueit (puc. 56). O6o3HauuUM
¥ b r=/9 x,=a,x,= b.
< PaccmoTpuM KpPUBOJIMHEH-
o HYI TpalellMi0 ¢ OCHOBAHUEM
[x,_,s x,] (puc. 57). Ecan anu-
Ha oTpeska [x,_;, x,] mana, To
. JTa Tpanenus Majao OTJANYAeTCS
Oja=x, vy X, X, X=bh X  OT IpAMOYTOJBHMKA C OCHOBA-
HueM A x, = X, — X, ; ¥ BBICO-
roi f (c,), TAe ¢, — Kakas-HHU-
6yas Touka orpeska [x,_;, x,]. IloaTOMy €CTeCTBEHHO CUUTATH, UTO
TIJIOMIAAb KPUBOJUHENHON TpaIleluy C OCHOBAHUEM [xk_l, xk] npuoau-
JKeHHO paBHAa ILJIONIaAK 3TOrO NPAMOYTOJBHUKA, T. €. IPUOIMKEHHO
paBHa f (¢,) A x,.

Besa kpuBosmHeiiHaa Tpanenua ¢ oOcCHOBaHueM [a; b] masio oTau-
HaeTcd OT MHOTOYTI'OJIbHHKA, COCTOAILIErO N3 IIPAMOYI'OJIBHHKOB, T10-
CTPOEHHBIX YKa3aHHBIM crnocobom Ha oTpeskax [x,; x,], [x;; x,],
[x45 x5, ..o, [x,_;5 x,] (puc. 58). [ToaTOMY €CTECTBEHHO CYUTATD, YTO
IJIONIAAb KPUBOJIMHEHHOHN Tpamnenuu MpubINKeHHO PaBHA ILJIOIanun
9TOr0 MHOT'OYTOJBbHHUKA, T. €. IPUOJIMIKEeHHO paBHa

flepAx;+f(c))Ax,+ oot fc)Ax, +...+[(c))Ax,. 1)

Puc. 56
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Sew)
1 L)
0 a ¢ x Xt €k X Xy O X
Puc. 57
b y=£x)
RS T e
Puc. 58

CyMmmy (1) Ha3BEIBAIOT UHMezpaALbHOL cymmoil dynrnuu [ (x) Ha oT-
peske [a; b]. Byaem yBesuunBaTh YHCJIO TOYEK Pa3bueHUA TAK, YTOOLI
AnuHa HaubosbIIero u3 orpeskos [x,_,, x,] crpemunacey k Hysio. Tor-
Aa AAMHA A X, KaXXJ0ro OTpe3Ka Takske OyJeT CTPEMHTHCA K HYJIIO.
MoKHO AOKAa3aTh, YTO IPH 3TOM HHTETPAJbLHbIE CYMMBI CTPEMATCA K
HEKOTOPOMY YMCJAyY S, T.e. UMeIT mpefAe, paBHblil S. ITo uuciao S Ha-
3BIBAIOT NA0WA0bI0 paccmampueaemoii. KpugoLurneilnolt mpaneyuu
(cMm. puc. 55).

2. UnTerpan

PaccMoTpuM Teneps JgI00YI0 HenpepnlBHYIO Ha oTpeske [a; b]
dyuxkuuio f (x) (He 06513aTeBHO NOJOKUTENBHYI0). COCTaBUM AJIA Hee
HHTErpajJbHyio cymMmmy (1) u 3areM 6yaeM yBeJINMUYHBATEH YHCJIO TOUYEK
pa3bueHnusa orpeska [a; b] Tak, 4To6bI AMMHA HAMOOJBIIEro U3 OTpe3-
koB [x, ;, x,] crpemunacs K Hymo. MOYKHO JOKa3aTh (3TO JOKA3bIBA-
e€TCs B Kypce BBICIIEH MaTeMaTHUKH), YTO U B 3TOM CJIyyae MHTErpajb-
Hble CYMMBI CTPEMATCA K HEKOTOPOMY YHCJY, T.€. UMEIOT IpejeJ.
ITOT mpezies Ha3bIBAIOT UKmezpaiom om pynryuu [ (x) Ha ompe3sre

b
[a; b] 1 06o3HaualoT TaK: J f(x)dx (uuraercsa: «urerpay ot a 1o b ad
a

OT HKC ZI3 UKC»).
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y B uacrHocTH, ecan pyuxmusa [ (x)
MOJIOKUTENBHA HA oTpe3ke [a; b], mo-
JaydyaeM GhopMyJy I IJIOIALH KPHBO-
JINHEHOI Tpameuuu:

b
S=[f(x)dx. (2)

y=x Hanpumep, miomanbk OKpamieHHOR

3

¢uryps Ha pucyHke 59 pasHa _[xz dx.
14 1
_ ®opmyaa (2) cnpaBegauBa U AJdA
o] 1 3 X caydas, Korga QyHKIuA f (x) moJoxu-
TeJIbHA BHYTpH OTpe3Ka [a; b], a Ha ox-
HOM M3 KOHIIOB OTpPE3Ka HUJIM Ha 000uX
Puc. 59 KOHIIaX paBHAa HYJIO.

Hanpumep, miouagbk oKpaieHHOH
¢uryper Ha pucyHke 60 paBHa

Y
. n
| y=sinx [sin x dx.
)
0 Tt‘\/ZTt X Takum o6pa3om, 3afauya 0 HAX0XKge-
-1 HHUY IJIOWIAAM KPUBOJMHENHON Tpame-
OWU CBOANTCSA K BBIYKMCIEHUIO HHTErpa-
Puc. 60 Jaa. K BeIuncIeHUI0O MHTErpasia CBOAATCA

TaKe MHOrue Jpyrue reoMeTpuyecKue

¥ ¢pusndeckue 3agauyn. IIpuMeps TAKUX
¢usnueckux 3agay OyayT paccMoTpeHH! B § 16. B Kypce reomerpuu mMo-
ryT OBITH PACCMOTPEHBI IIPUMEPHI BBIYHCICHUA C TOMOIIBIO HHTETPAJIOB
00BeMoB TeJ1 (mupaMubl, KOHyCa, 1apa u T.4.).

3. BeluMCNeHne UHTerpasnos

IIpubnnixeHHOE 3HAUEHNE HHTErPaJjia MOKHO MIOJYYUTh, COCTABUB
HHTErpaJbHylo cyMmy. OfHAKO HemocpeACTBEHHOEe HaXOXKAeHue TIpe-
JieJla MHTETPANbHBIX CYMM YacTO OKa3hbIBAeTCA TPYAOEMKUM. 114 BBI-
YHMCJIEHUA HHTEIDAJIOB OOBIYHO HCIOJb3yeTCA cieayiomas gopmyna:

b
|f(x)dx = F(b)- F(a), 3)
a
rge F (x) — mob6as nepBooGpasHasa ¢yHkuum f (x) Ha otpeske [a; b].
®opmya (3) cupaBeanusa A a060i GyHKuuu [ (x), HenpephIBHOH

Ha oTpe3ke [a; b]. B uacTHOCTH, 9Ta hOpMYyJsia CIIpaBeAINBA AJIA BCEX
H3Y4YEeHHBIX paHee GyHKUUI (CTEMeHHOM, MOKAa3aTeJbHOM, TPUTIOHO-
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MEeTPHYEeCKO U IIp.) Ha KayKIoM oTpeske [a; b], rae atu QyHKIUM OII-
peJleJIeHEl.
®@opmyay (3) HaseBaloT gopmynoit Helomona — Jleiibrnuya B yecThb
cosgareseil suddepeHIUAaNEHOr0 1 HHTErPaJILHOTO HCUYNCIEHUA.
IToacauM reomeTpudecky, Kax mnojydaercsa opmyaa (3).
O6o3naunm S (x) nJomans KPUBOJMHENHON Tpameliuy ¢ OCHOBA-
HEeM [a; x] (puc. 61), rae x — mobasa Touka orpeska [a; b].
IIpu x = a oTpe3ok [a; x] BLIPOMKAAETCA B TOUKY U HOITOMY €CTe-
CTBEHHO CUHTATh, 4T0 S (a) = 0.

yh y=Ax)

x

0| a X b
Puc. 61

ITokaxkeMm, uro S (x) ABAAeTCA HepBOOOPa3HO MiA GYHKUMH [ (x),
r.e. S8’ (x)=f(x).

Paccmorpum passocts S (x + h) — S (x), rae h > 0 (cnyuait 2 < 0
paccMaTpuBaeTCAa aHAJOTHYHO).

Jra pa3sHOCTH paBHA IJIOIIAAU KPUBOJHMHEHHON Tpamenuu ¢ OCHO-
BaHUeM [x; x + k] (puc. 62). Ecau uncao k Mmaso, TO aTa MIOIIAAB IPH-
6samsnrenbHO paBHa f (x) A, T.e. S(x+ k) - S (x) = f(x) h.

yA — VT

0| a X 'x+h b x
Puc. 62

CiegoBaTennbHO, &'F—h}:ﬂ—) = f(x).

Orcroga npu h—0 monyuaerca pasencrso S’ (x) = f (x). 9ro u o3Ha-
4gaer, 4To S (x) ABnsAeTca nepBoobpasHoil aia Gyrkuuu [ (x).
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IIycrs Teneps F (x) — mpom3BoJIbHAA mepBoobpasHas AJsa QPyHK-
uuim f (x). Tak xak a06ble ABe nMepBoOGpPA3HBIE AJIST OFHOM M TOH XKe
GYHKIMY OTJINYAIOTCA HA MOCTOAHHYIO (TeopeMa us § 12), To

F(x)=S(x)+C.
Tak kak S (a) = 0, To ipu x = a nony4yaem F (a) = C, oTrkyzna
S (x)=F (x) — F (a). 3 aToro paBeHCTBa IpH X = b uMeeM

S (b)=F (b) - F (a). (4)
Hanomuuwm, uto S (x) — mjaomans KpUBOJNHENHON Tpanenuy ¢ oc-
HoBaHueM [a; x] (cM. puc. 61) u nosTomy

b
S(b)= [f(x)dx. (5)
a
W3 pasencts (4) u (5) caenyer dopmysa (3) Helorona — Jleitbrumna:

b
[f(x)dx = F(b)- F(a).

3
3amaua 1. BeluMcauTs MHTETpaI sz dx.
1

3
A DyHKIUA F(x)=363— ABJISAETCA NMepBOOOpa3HON Ay QYHKIUH
f(x)=x2.
T 32 1 1,2
ITo dopmye (3) moaydaem [x?dx="--=—=9--=8>. A
1 3 3 3 3

9ToT MHTErpaJ paBeH mjowagy HUryphl, NpeACTaBJIeHHON Ha
pucyHke 59.

T
3agaua 2. Beruucauts uHTErpa Isin xdx.
0
A ©yukuusa F (x) = —cos x aABjsieTcA mepBooOpa3Hoil aad QyHKIUM

f (x) = sin x. ITo dpopmy.re (3) monydaem

Tsin xdx=F(n)-F(0)=(~cosm)—(-cos0)=1+1=2. ,
0

Taxum obpasom, niomans GUrypsl, n306pakeHHoil Ha pucyHke 60,
paBHa 2 (KB. ez.).

1
3anaua 3. Berumcants unrerpan [(x—1)dx.
0

A OpHoil 13 mepBo0oO6pas3HbIX GyHKIUU x — 1 ABIAAeTCa QYHKIIUA
9 1 2 2 1
% _x. Hostomy [(x-1)dx= U g)-(%oo)=to1=-L a
2 0 2 2 2 2
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Ilpu BLIYMCJEHHM HHTErpajoB yAoOHO BBECTH cjeAylollee
ofo3HauUeHUe:

F(b)-F(a)= F(x)’i.

Torza ¢popmynay HeloTona — JleiiOHuIA MOXKHO IIPEACTABUTDH B
BuUje

b b
Jfx)dx =F(x)l -

Hanpumep, ¢ noMombio 3TOH (OpPMYJbl DellleHHe 3agadu 3

=141

0 2 2

1

1 £
KOPOTKO MOXKHO 3aIIMCaTh TaK: j(x -dx=| —-x
0 2

a
3anaua 4. Boluucauts nurerpan [sin x dx.
-a

a
A j sin x dx = (- cos x)‘ ® =—_cosa+cos(-a)=0, Tak Kak
—-a
-a

cos (—a)=cosa. A

3
1
3apmaua 5. Beruncaute uaTErpan J dx.
2 V2x+3

p+1
A Tnis xP nepBooOpa3Has paBHa ;+1 . IIpu p= —% moJiyyaeM: mnep-
1 L £z 1
BooOpas3Haa AjiA GYHKIHU 7.—: x ? paBHa — =2x?. ITo nmpaBmIaM
X -

2
1 _ -3
HaXO0XKAEeHUs NMepBOOOPas3HbIX M QYHKIUKN J2—T+—3——(2x+3) nep-

1 1
BOOGpasHoOi ABIdercA (PYHKINA > 2(2x+3)* =vy2x+3. CraenoraTenb-

3
HO, j—l——dx=J2x+3
Siv2x + 3

2=V2-3+3-|2(-1)+3=2. A

n
3anaga 6. BLIYMCINTL HHTErpPAT Icos (2x+£ )dx.
. 4

2
A IIns dyHKIMHU cos X mepBoo6pasHas paBHA sin X, MO3TOMY AJs

b
byHRIIUN cos(2x+z) nepBooOpasHoil sABJAeTcA QYHKIUSA
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-4{sfone)-em () -3 (-2 ) 2.

3
3axgava 7*, BoluMCAATL HHTErPAJ j.xV x+1ldx.
0

m

1. ' n
ESln(2x+4) CnenoBaTennHo, jcos( )dx=¥sm(2x+%j =

3 3
A Jxdx+l dx=[(x+1-)Vx+1dx=
0 0

f : : 2 iy 2\
ZJ((x+1)2 —(x+1)2)dx= [_(x+1)2_¥(x+1)2] =
0 5 3 0

=[E.32_§.8)_(§_E) 711
5 3 5 3 15
YnpaxHeHus

206. Haiitu niomans KpUBOJIMHEAHON Tpaneliid, OrpaHUYeHHOM 1Ipa-
MBIMH X = @, x = b, ockio Ox u rpaduxom pyuknuu y = f (x):

1)a=2,b=4, f(x)=x5% 5)a=-2,b=1, f(x)=x2+1;
2)a=3,b=4, f(x)=x% 6)a=0,b=2, f(x)=x3+1;
3)a=1,b=8, f (x)=¥x; 7)a=§,b:2—3n, f (x)=sinx;
4)a=4,b=9, f (¥)=Vx; 8) a=—%,b=0, f (x)=cosx.

207. HaiiTy miomans GUrypsl, orpaHNYeHHOM IpAMOii x = b, ocbio Ox u
rpadukoM byHKIUY Y = f (X):

1)b=3, f(x)=x% 5)b=2, f(x)=>5x-x%
2)b=2, f(x)=x5% 6)b=3, f(x)=x2+2x;
3)b=4, [ (¥)=+x; Tb=1, f(x)=e*—
46=8, f (0)=Yx; 8)b=2, f(x)=1-.
Brruncants uarerpain (208—210).
1 3 2 3
208. 1) [xdx; 2) j'x2 dx; 3) j3x2 dx; 4) [ 2xdx;
0 0 -1 -2
H 21 21
5) [ —dx; 6) | —dx; 7 j x dx; 8) [ ==dx.
2 X 1 X 4 \/;
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e 1 In2 x 2n
209. 1) [ ~dx; 2) | € dx; 3) [ cosxdx;
g 0 -
n n 0
4) |sinxdx; 5) | sin2xdx; 6) [ cos3xdx.
-2n -2 -3n
2 -1 2 )
210. 1) | (2x-3)dx; 2) | (5-4x)dx; 3) [ (1-3x%)dx;
3 22 a1
1o 2 2 0 9
4) [ (=" +1)dx; 5) [ (2x+3x")dx; 6) [ (9x" —4x)dx;
-1 1 -2
2 2 2 2
7) | (62 +2x-10)dx; 8) | (8% - 4x+5)dx.
-2 0

211. Y306pasuTsk Gurypy, miomasb KOTOPOil paBHa JaHHOMY HHTErpa-

JIY, ¥ BBIYHCJIUTD 3TY ILJIOIIAb:
3

1) J'2(—2—3x)da: 2) ?(6-2x)dx; 3) [ 12+ x-x%)dx;
-2 -2

— |y O

0 3n
4) j(x2—3x)dx; 5) [ sinxdx; 6) [ cosxdx;
—f 2n _%
2 n
7) | cosxdx; 8) | sinxdx.
x ;
Brruucnaurs narerpan (212—-216).
1 2 2
212. 1) [ x(x+3)(2x-1)dx; 3)j(x+l] dx;
-2 1 X
¢ 2 14 2
2) [ (x+1)(x* -2)dx; a) | —2(1——)dx.
-1 2 X X
218. 1) [e-Vryax  2) [ (20— e 8) | Pax
. : > ] \/; ) : y; ]
8 3x-1 4 7 8 4
4 dx; 5 x|8-= |dx; 6) [4¥x|1-= |dx
Ik [F(3-3Jem o a1
5 7
214. 1) [ -5 gx 2) [ —L_dx.
0 V3x+1 2 VX +2
215. 1) [™dm  2) [2eFdx;  8) |-S-dm  4) [ -2 da
R ’ 1 ’ 12x-1""" 2 8x+2



216. 1) j sin2xdx; 3) Tcos(3x-f)dx,
0 T 4
. 4
t 3 1 T
2) ] cosdxdx; 4) | —sm[x——]dx
0 0 3 3

14

§ 15. Boiuucnenue nnowanei

C NOMOLWbIO HTEerpanos

3aagaual. BouucanTts miaomaib
S KpuBOJIMHENHOH Tpaneuuu, orpaHu-
YeHHOif ocbio Ox, npaAMBIMH X =—1, x =2

u mapa6oJioit y = 9 — x? (puc. 63).
y=9 - A Tak xKak Ha orpesxe [-1; 2]
obyaknus y = 9 — x? npuHUMaeT o0~
JKUTEJbHBIE 3HAYEHUSA, TO UCKOMAaA

mIomaas S paBHa MHTErpaiy:
2 2
\ S=[ (9-x")dx.
-1
\ ITo dopmyne Hrorootona — Jleii6-
. HHIIA HAXOOUM:

_3I -1 0_

Puc. 63

2\3x

"

(9.9_2\ (g 1y_ D\
_(92 3] [9( n-C ) 24. A

2 3
S= j(9—x2)dx=[9x—3f—]|2 =
2 3

3anmava 2. Hajitu ninomagbs Gurypsl, orpauudyeHHoil napabosa-
Mu y=x?, y=2x — x% u ocbio Ox.

}"

1_ ......

A TTocTpoum rpadukn
HKOMH y=x2, y=2x—-x2u

_ y y y
4 y=x HalizeM abCcIuCcChH TOYEK Tepe-

“““ ceueHUs 3TUX IpPadUKOB U3

d N2
: y=2x—Xx  ypasmemua x2=2x — x2. Kop-
' HU 3TOro ypaBHeHus x; = 0,

L B! C . x,=1. launas ¢urypa npea-
0 1 2 X craBJieHa Ha pucyHke 64. U3
PHCYHKa BUAHO, UYTO 3Ta Gury-
pa COCTOUT U3 ABYX KPHUBOJH-
Puc. 64 HeWHBIX Tpanemnuii.



CnenoBaTeibHO, UCKOMAS ILJIOI&Ab PABHA CYMMe ILIOLIaZeN 3TUX

Tpamenui:
1 2 %
+ [ x" =
0 3

3anaua 3. Haittu nuromaas S purypsl, OrpaHNYeHHON OTPE3KOM

1 2 3
S=] x° dx+| (2x—x%)dx= %=
0 1 3

3n
[E; —} ocu Ox ¥ rpadukoM QYHKIMHU ¥ = COS X Ha 9TOM OTpe3Ke.
2

A 3aMeTHM, UTO ILJIOIAAb JAaHHOM (UrypHl paBHA ILJIOIAAN PUry-
PBI, CHMMETPHUYHON JAHHOM OTHOCUTEJILHO ocu Ox (puc. 65), T.e. mio-
magu purypsl, orpaHNYeHHON OTpes-

KOM [E; ﬁ} ocu Ox u rpaduKoM QYHK-
2

2
UM § = —COS X HA OTPe3Ke [E; ﬂt} .
2 2

y=-Cos X

y

1
/'

0

Ha sToM oTpeske — cos x 20, 1 mo3TOMY

3n

2 E
S= | (-cosx)dx =(-sinx) | % = Puc. 65

: y
=(—sin3?n)—(—sing-}=2. A 0 -

Boo6me ecau f (x) < 0 Ha oTpeske
[a; b] (puc. 66), To nIontags S KpuUBO-
JIMHEHHOH Tpalnenuy paBHa

b
S=[(-f (x)) dx.

3anmaua 4. Hafiru miomans S
¢urypsi, orpaHUYeHHON HapaboJioi
y=x2+1unpamoit y=x + 3.

A TlocTpouM rpadpuKu QYHKIHHA
y=x2+1wuy=x+ 3. Haitnem a6e-
IIYCChl TOYEK NEepeCcedyeHus 3THUX
rpaduKoB u3 ypaBHeHus x2+ 1 =
=x + 3. ITO ypaBHEHUE UMEET KOp-
HU X, = — 1, x, = 2. Purypa, orpa-
HUYeHHasaA rpaduKaMu JaHHBIX
dyurnouil, nzodpa’keHa Ha PUCYH-
Ke 67. s pucyuka BHUIHO, UTO HC-
KOMYIO ILIOIaJb MOXHO HAWTH KaK
Pas3HOCTh IJoIajgeit S1 u S, nByx
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Tpanenui, onupaIUXcsa Ha oTpe3ok [—1; 2], nepsBas U3 KOTOPHIX OT-
paHHYEHA CBEPXY OTPE3KOM IPAMOI y = x + 3, a Bropas — Ayroi napa-

2 2
Goner y=x%+ 1. Tak kax S, = [ (x+3)dx, S, = f(x2+1)dx, TO
il 2

2 2
S5=8,-8,= jl(x+3)dx—jl(x2+1)dx.

Hcnonbays cBOMCTBO MepBOOOPA3HBIX, MOKHO 3aIUCaTh S B BUAE
OAHOrO MHTErpasia:

2 2 2 3
S=[((x+3)-(x* +)dx=] (x+2—x2)dx=(%+2x~%)'2l=g. A
-1 -1
PaccMorpuMm ¢urypy, orpaHUYeHHYIO OTPe3KaMHy NPAMBIX X = 4,
X = b u rpapuKamMu HempepuIBHLIX GyHKuit y = f, (x) u y = f, (x), rae
fa(x) 2 f, (x) >0 (puc. 68).
ILnomaase S aroit purypsl paBHa
A y=£H() B, pasHoCcTH IJoOInafeil KpUBOJIUHe-
4, HBIX Tpaneuwui ad,B,b u aA B b.
Ilnomanu S, u S1 STUX Tpamnenui
B, COOTBETCTBEHHO DaBHBI:
A

- b
y=h(®) s, :?f2 (x)dx u S, = f, (x)dx.

0 « b X Ciief0BaTeILHO,
b b

Pric. 68 S=[f,(x)dx-[f,(x)dx.
a a

Orciona
b
S = [ [f,(x) -1, (x)] dx. 1)

Ira GpopMyJia cIpaBelJnBa A JIOGHIX

}" 5 HenpepeIBHBIX QyHKnui f,(x) u f, (x)

y=x (IpyHUMAKOIUX 3HAYEHUA JIOOBIX 3HA-
KOB), YAOBJIETBOPAIOIIUAX YCIOBHUIO

fa ()2 f; (x).

1 3amaua 5. Haittu niomaas S dury-
N\ (0] _ phl, orpaHMYeHHOl napabonamu y = x2 u
-1 \/ X  y=2x2-1.
2
-17 y=2x-1 A TlocTpoumM pauuyio purypy (puc. 69)
u HaligeM abcIiucchl TOYEK NepecevyeHus
Puc. 69 napa6oJ1 u3 ypasHenus x2 = 2x2 — 1.
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910 ypaBHEHHE MeeT KOPHHL: X, o = +1. Bocrosisayemcs ¢opmyJioi (1).
Brmecs f, (x)=2x% -1, f, (x)=x2,

— 1 2 2 _1 2 _ x3 1 _4
s—_Jl(x -(2x —1))dx—J'1(—x +1)dx_(—?+x}_l__3.. A

YnpaxueHuna
217. Haiitu niomaas GUrypsl, orpaHudeHHoH ock0 Ox u napaboJioii:
y=4-x% 5)y= x(2-x);
2)y=1-x% 6)y=—-x(x+3);
3)y=—-x2+8x—2; Ny=(x+2)(8—x);
4)y=-x2+4x-3; 8)y=(1-x)(x+2).

HatiTu niaomans GUrypel, OrpaHH4YeHHON JaHHBIMU JUHHAMHU
(218-224).
218. 1) ITapa6oaoit y = (x + 1), npamoit y =1 — x u oceio Ox;
2) napa6osoit y = 4 — x2, mpamoit y = x + 2 u ockio Ox;
38) mapa6ostoit y = 4x — x2, oceio Ox u IPAMOlL, HPOXOAsiIIEl yepes
Touku (4; 0) u (1; 3);
4) napa6onoit y = 3x2, ockio Ox ¥ IPAMOI, IPOXoALIeH yepes ToU-
Ku (—3; 0)m (—1; 3);
5) napabosamu y = 6x2, y = (x — 3) (x — 4) u ocwio Ox;
6) napa6onamu y= 4 — x2, y= (x — 2)2 u ocsio Ox.
219. 1) I';paduxoM byurium y = sin x, orpeakoM [0; nt] ocu Ox u nps-

Moii, mpoxogsaieii uepes Touku (0; 0) u (g, 1);

2) rpaduramu GyEKIHH y=8in x, Y = COS X 1 OTPE3KOM [0; g] ocuOx;
3) rpapuxkamu GyHKIME Y =\/;, y = (x — 2)% u oceio Ox;
4) rpaduramu pyrrmmii y = x3, y = 2x — x2 u ocwio Ox.

220. 1) ITapa6ooit y =9 — x2, mpamoit y = 7 — x u ocbio Ox;
2) napabonoii y = x (4 — x), npamoit y =3 u ockio Ox;
3) mapa6onamu y= (x — 2)2, y = (x + 2)?, npamoit y = 1 u ocsio Ox;
4) mapaGonamu y = (x + 2)2, y = (x — 3)2, oceio Ox U npaAMOii,
npoxogsameit uepes Touku (—1; 1) u (1; 4);
5) rpaduxoM GyHKIUM Y =sin x, npaAMoil y = > norpeskom [0; 1t}
ocu Ox;

. 1
6) rpadmkoM PYHKUMU y = COS X, IPAMOH y=§ H OTPE3KOM
[—E; E] ocu Ox.
2 2

91



221

. 1) ITapa6onoit y = x2+ 8x u ockio Ox;

2) napa6ouioit y = x2 — 4x + 3 u oceio Ox;
n 51

3) rpadrkom GYyHKIIUM y =sin X, IPAMBIMH X = 5’ x= 3 1 ockio Ox;

4) rpaduKoOM QYHKUIUY Y =COS X, IPAMBIMU X = 3—“, x=mnuocso Ox.

222.

223.

224.

1) ITapa6onoit 6x — x2 v npAMoi y = x + 4;
2) napa6oJioit y = 4 — x2 u npaMoit y = x + 2.
1) ITapa6onoit y = x? + 1 n npamoit y = 3 — x;
2) mapaboJoii y = (x + 2)% u npaMoit y = x + 2;
3) rpadukom QyHKUMH Y= \/; u napa6osoit y = x2;
4) rpadurom GyHKIUU Y = \/_x_ U IpAMOH Y = X;
5) napa6osoit y = 2x — x2 u npamMEIM x =0, x =2, y = x + 2;
6) mapabouioit y = (x — 1)2 u npamoit y = 5 + x;
7) napa6oJioit y = 2 — x2 1 IPAMO# y = — X;
8) mpsamoit y = 1, oceio Oy u rpadpukomM PyHKIuM y = sin x,
o<x<Zl.
2

1) ITapaGouoit y = —x2 +4x — 3 U IPAMOIL, IPOXOASILEH Yepes TOY-
Ku (1; 0) m (0; —3);

2) napa6ooit y = —x2 u npamoii y = —2;

3) mapabonamu y=1-x2uy=x2-1;

4) rpaduxoM GyHKIMHN y = x3 u npamMeiMy y =11 x =-2;

5) npamoii y = x u rpadukom pyukmum y = x3, -1 <x<0;

6) napaGonamu y=x%-2x u y=— x°.

§ 16*. MNpumeHeHne nHTErpanos
Ana peweHuna pmanyeckux sapgad

1. Badaua o naxoxdenuu nymu no zadanroii ckopocmu. Ilycts

TOYKA ABMXKETCA CO CKOPOCTHIO ¥ (). Hy>kHO HaliTy myTh S, IpOiifeH-
HEIH TOYKOMH OT MOMEHTA ¢t = @ 10 MoMeHTa t = b. O6o3HauuM s (t) nyThb,
IpOieHHEIH TOUKOI 3a BpeMd t oT MoMmeHTa a. Torza s’ (t) = v (%), T.e.
s (t) — mepBooOpasnaa aaa Gpyaxuun v (t). Iloaromy mo dopmyine

b
Heiotrona — Jleit6uuua Haitgem s(b)—s(a) =j v(t)dt. Tak xkak s (a)=0,

a

TO UCKOMBIH IyTh paBeH:
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s=[v(t)dt. (1)



Hanpumep, ec/m TOYKa IBUXKETCH CO CKOPOCTHIO U (£) =2t + 1 (M/c), TO IIyTh,
npoiaeHHbIH TOYKO# 3a nepssie 10 ¢, no dopmyne (1) pasen

10 2 10
S =[ (t+1)dt=(t"+t) 0=110 ().
0

2. 3adaua o svtuucreHuu pabomuvt nepemernoil cunst. Ilycts Teio,
paccMaTpuBaeMoe KaK MaTepHaJbHas TOYKa, ABHXKeTcA o ocu Ox
oz geiicreueM cuusnl F (x), HanpasieHHo# Baoab oct Ox. Beruucanm
padoTy CHUIIBI IIPU ePEMEIeHUH TeJIa M3 TOUKU X = @ B TOUYKY X = b.

IIyeTs A (x) — pa6Gora JaHHOI CHJLI IPH IIepeMENIeHUN Tejia U3
TOUKM @ B TOUKY X. IIpn Mmasmom A cuny F Ha oTpesKe MOXKHO CUHTATh
nocTosaHHOI U paBHOMH F (x). [losaromy A (x + h) — A (x) = F (x)h, 1.e.

A(x+h)-A(x)

. ~ F(x).

Verpemnss h K Hysmi0, oaydaeMm, uto A’ (x) = F(x), T.e. A (x) —
nepBoobpasHaa niasa pyaxuun F (x). Ilo dopmyine Heiorona — Jlei6-

b
Huila noayuaem A(b)= IF (x)dx, Taxk kak A (a)=0.
a

HUrak, pabora cuabl F (x) opu mepeMellleHUH TeJia U3 TOUKH a4 B
TOYKY b paBHaA

A =]"F(x) dx. @

3amerum, uTo ecau F Bruipaskaerca B HptoroHax (H), a myrs — B
MeTpax, To pabora A — B mxoyaax (Jx).

3aaxgava. Beruucaurs pa6ory cunsl F npu coxaTvu NpPYKUHBL HA
0,08 M, eciu nn1a ee cxxatua Ha 0,01 M TpeGyercs cuna 10 H.

A ITo sakony I'yka cuia F nponopuuoHANbHA PACTAKEHUIO WIN
C3KATUIO NIPYKUHEI, T.e. F = kx, rje X — BeJHNYMHA PACTIKEHUA HUIN
c:xarusda (B M), £ — nocrosiHHasA. 13 ycaoBusa HaxoauM k. Tak Kak mpu
x=0,01 (M) cuaa F=10H, to

_F
x

k =1000.

CnenoBatenbHo, F = kx = 1000 u no ¢popmyxae (2), rae F (x) =
= 1000x, monyuaem

0,08 xz
A= [ 1000xdx=1000-
0

0,08

=8.2(Ix). 4
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YnpaxHexuus

225. Teno ABMKETCA NPSIMOJMHENHO CO CKOPOCTHIO U (t) (M/c). Berumc-
JIUTD NYTh, IPONA/IEHHBIA TEJIOM 32 IPOMEXKYTOK BPeMeHHU OT ¢ = ¢,
Rot=t,:

Do (t)=38t2+1, t,=0, t,=4;
v (t)=2t+¢, t, =1, t,=3;
v(t)=6t+4, t,=2, t,=3;
Yv()=t2-t+3, t,=0, t,=5.

226. CKOpoCTh IPAMOJINHEHHO JBMIKYIIIErocs Tejia paBHa v (t) = 4t —t2.
BrruucauTe nyTh, IPOHAEHHEIN TEJIOM OT HAaYajia ABUMKEHHS [0
OCTaHOBKH.

§ 17*. Npocreiume audpdepeHunanbHbie
ypaBHeHus

Ho cux mop MBI pacCCMaTPUBAJIA yPaBHEHUS, B KOTOPHIX HEHN3BECT-
HBIMHU ABJIAMNCH Yyucaa. OZHAKO B MaTeMaTHUKe U ee IPUTOKEHUAX
NPUXOAUTCHA PAaCCMAaTPUBATh YPaBHEHMS, B KOTOPHIX HEHU3BECTHBIMU
ABJIAIOTCA QYHKIIUU,

3agava 0 HaxO0XAEHUU mMyTH § (1) 0 3aJaHHOM cKopocTH v (1) CBO-
OUTCA K pellleHuIo ypaBHeHud s'(t) = v (t), rae v (t) — 3agaHHasa QyHK-
nud, a s (t) — uckomaa QyHKIIHA.

9TO ypaBHEHUE COJEPIKUT IIPOU3BOLHYI0 HEU3BECTHOH PYyHKIUHA
s (t). Takue ypasrenus Ha3bIBAIOT JughepeHyuarbHbLIMU.

3angaua 1. Pemniuts nuddepenuuansuoe ypapuenue y = x + 1.

A Tpebyerca HaiiTu pyrKIULO Yy (X), IPON3BOAHAA KOTOPOIl paBHA
x + 1, T.e. HaiiTu nepBooOpasHyw Gpyuxkuuu x + 1. ITo npaBuiam Ha-
X0 AeHUA NepPBOOOPA3HBIX ITOIyUYaeM

2
y=§2—+x+C,

rae C — npou3BOJIbHASA MOCTOSAHHAA. A

Pemenue aguddepeHIaIbHOr0 ypaBHeHHA OIpeAesAeTCSa Heo-
JHO3HAYHO C TOYHOCTBIO O IMOCTOSTHHOM. O6bIYHO K auddepeHnanb-
HOMY yPaBHEHHUIO J06aBIAETCA yCIOBHE, M3 KOTOPOro 3Ta IOCTOAHHAA
OAHO3HAYHO ONpeAeNIeTC.

3anxmaua 2. HaiiTn pemenue y (x) auddepeHINAIEHOIO YpaBHe-
HuA Y’ = cos X, yAoBJIeTBOpsolee yeaosuo y (0) = 1.

A Bce pemeHusA 3TOro ypaBHEHHS 3alHCHIBAIOTCS (opMYyJaoit
y (x)=sin x + C. U3 ycaosus y (0) = 1 mHaxopum sin 0 + C = 1, oTkyna
c=1.

OrBer.y=1+sinx. A
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3anavua 3% (0 pasmuoxceruu 6axmepuil).

9KCOEepUMEHTAIILHO YCTAHOBJIEHO, UTO IIPY ONPeAeJeHHBIX YCJIO-
BHAX CKOPOCTb Pa3MHOKEHMA 6GaKTepHil IPONOPIMOHATIbHA UX KOJIU-
YecTBY.

IIycres m (t) — macca Bcex OaxkTepuit B MOMEHT BpeMEHH ¢, Torjga
m’ (£) — CKOpPOCTh UX PA3MHOKEHMHA.

IIo ycaoBuio,

m’ (t)=km (t), 1)
rae k — 3amaHHaf NOCTOSHHASN, 3aBUCAIIAA OT BUAA OaKTepHil 1 BHe-
LIHUX ycaoBui. YpaBHenue (1) asiaserca aubdepeHIUaANbHBIM YPaB-
HeHHeM, OIIMCBHIBAIOIIUM 3aK0OH PASMHOXKeHUA OaKTepHii.

IToxaskeM, uTO GYHKIINMA
m (t) = Ce*, 2)
rge C — HOCTOSIHHAS, ABISITCA pelieHusaMu ypapaeHusa (1). B camom
neine, (CetY = Cke** = k (Ce**). MoxxBO moKasars, 4To dopmynra (2) co-
AEDIXHUT BCe pellieHns ypaBHeHus (1).
ITycts ussecTHA Macca m, GaxTepuii B MOMEHT BpeMeHH £, T.e.

m(ty)=my. (3)
Toraa us pasencrs (2) u (3) monyuaem m,= ce™ , oTRyza C= mﬂe—kt0 u
m (t)= mge"" ™

ZaeT HCKOMoe pellleHHe ypaBHeHUs (1) npu HaYaJIsHOM ycioBuu (3).

3anaua 4% (0o paduoaxmuenom pacnade).

OKCIepUMEHTH NOKa3bIBAIOT, UTO CKOPOCTh Pacmajfa paguoaKTHB-
HOro BeIlecTBa NPOIOPIIMOHAJLHA UMEIOINEeMYCH KOJIUYeCTBY 3TOTO
BeIIEeCTBa.

CiuegoBaTenbHO, ecau m(t) — Macca BellleCTBa B MOMEHT BPDEMEHH ¢,
TO

m'(t) = —km(?), €Y
rae k — HOJOYKUTEJbHAA NOCTOSTHHAS.

3nax «—» B ypaBHeHuH (4) oGyciioByeH TeM, uto m(t) > 0, a m'(t) <0,
TaK KaK C Te4eHIeM BpeMeHM KOJIN4YECTBO BEllleCTBa yMEHBIIAEeTCA.

Kax v gna ypaBaenus (1), nposepsaercs, 4To GyHKIUMN

m(t)=Ce™* (5)
ABJIAIOTCH PELIeHUAMN ypaBHeHHUd (4).
Ecxn 3agano HauaIbHOE yCJIOBHE
m (to) =my, (6)
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TO 13 paBeHCTB (5) u (6) umeem C = moem0 . CrnepoBaTenbHO, QyHKIUA
—k(t—
m(t)=mye (t=to) (7N

SABIAETCSA pellleHWeM AudpepeHINAJbHOrO ypaBHeHus (4) npu Ha-
YaJIbHOM ycJIoBud (6).

3aMeTuM, YTO Ha MPAKTHKE CKOPOCTb paclaja paguoaKTHUBHOTO
BelllecTBa XapaKTepu3yeTca NepuoAoM mojypacnaja, T.e. IPOMeMXYyT-
KOM BPEMEHH, B TeueHHe KOTOPOTO pacnajaeTcs IOJIOBUHA UCXOLHOTO
BelllecTBa.

IIyers T — mepuop moaypacnajga, ToTAa u3 paBeHcTra (7) npu t =

In2

'kT, OTKYAA ek =%, kT =1n 2, k=—T~.

m,
— 0
=ty + T Haxozum 5= mge
IloacraBisaa waiiaenuoe suaueHue £ B popmyay (7), ioayyaem

AL R _ttig
m(t)=mge T i m(t)=my2 T .
_t
B yacrnocty, ecnu t, =0, To m(t)=my2 T

3amaua 5% (eapmoHuueckue Konebanus).

B npakTHKe 4acTO BCTpeUalOTCHA MPOLeCChl, KOTOPLIe MepHuoguye-
CKH MOBTOPAIOTCS, HAIIpHMeD KojieGaTesbHbIE ABHKEHUSI MAaATHHKA,
CTPYHBI, IPYKUHBI U T.[.; IPOLECCHI, CBA3aHHBIE C I€PEMEHHBIM 3JIEK-
TPHYECKHMM TOKOM, MAarHUTHBIM IIOJIEM U T.II. PellleHue MHOrHX Takux
3alay CBOAUTCA K pelueHuio guddepeHnajlsHOr0 ypaBHeHu S
Yy’ =y, (8)
rge  — 3aJaHHOE MTOJIOKUTEJIBHOE YUCJIO.

Pemennamu ypaBHeHus (8) ABAAOTCA QYHKIIUHN

y (x)=C, sin (0x + C,), 9)

rae C,, C, — NoCTOsIHHBIE, ONpeeAeMble YCIOBUAMU KOHKDPETHOM
3afaunu. YpaBHeHUe (8) HA3BIBAIOT Oud@epeHyuarbHblM YpDAaBHEHUEM
2aPpMOHUYECKUX KONeGaHUll, a paBeHCTBO (9) Ha3LIBAIOT YPAGHEHUEM
2aPMOHUYECKUX KOJeOaHull,

Hanpuwmep, ecsau y (t) — OTKJIOHEeHUE TOUKH CBOGOZHO KO0JIeOIIO-
mieficd CTPYHBI OT HOJOKeHUs PAaBHOBECHUA B MOMEHT BpeMeHH ¢, TO

y (t) =A sin (ot + @),

T}IBA — aMILJINTyJa Koneﬁanna, @ — YacTorTa, () — HavaJibHas (1)&3&.
I'pagurom zapmonuueckozo KorebaHus A6AAeMCA CURYcOUda.
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YnpaxHeHus

PewuuTts gudpdepeHnuanbaoe ypapaenne (227—228).

227. 1)y’ =3 - 4x; 3) Y = 3e%;
2)y’ =6x% - 8x+1; 4) i’ = 4 cos 2x.
228. 1)y’ =3 sin x; 3)y =4x%-2cos x;
2)y’ = cos x — sin x; 4) Y = 8x2 — 4¢%*.

229. Hatitu peurenue auddepeHInaIbHOrO ypaBHEeHU, YAOBIECTBODA-
ollee JAHHOMY YCJIOBHIO:
1)y =sinx; y(0)=0; 4)y' =2+2x-3x2, y(-1)=2;
2)y'=2cosx; y(n)=1; 5)y’=e*, y()=1;
)y =8x2+4x-1, y(1)=-2; 6)y=¢* y(0)=2.

230. TIokasaTs, uto GyHKIUA Y = C, cos wx + C, sin 0x npu J00LIX 3HA-
uyenusax C, u C, apnsercsa peienueM audbepeRnagbHOrO ypas-
Hernuda y” + wly = 0.

Ynpaxuexnus K rnase |l

231. [[na ¢yaxunn f (x) HaiiTn nepsoobpasHyio, rpaduK KOTOPOI mpo-
XOAUT yepes TOUKy M:

1)f(x)=cosx, M (0;-2); 4)f(x)=€*, M (0; 2);

2) f(x)=sinx, M (-m; 0); 5)f(x)=38x%2+1, M(1;-2);

3)f(x)=71—, M (4; 5); 6)f(x)=2-2x, M(2;3).
X

232. BuruncauTh MHTErpaJi:

2 2 3 1
1) [2dx; 2) [B-x)dx; 3) [(x°-2x)dx; 4) [(2x-3x")dx;
i} -2 1 -1

8 2 2 2
5) [Yxdx; 6) _[d—f;, 7) | sinxdx; 8) Tcosxdx.
1 1 0 n

8

2
233. Haiitu nyomans GUrypsl, OrpaHMueHHON JUHUAMU:

1) y:\/}, x=1,x=4,y=0;
2)y=cosx,x=0,x= g, y=0;

y=x% y=2-=x
4)y=2x2, y=0,5x+1,5;

5) y=3x, x=-8,x=-1,y=0;

6) y=—3, x=-3,x=-1, y=0.
X
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NPOBEPb CEBS!

1. Ilokagsats, uto F (x) = €2* + x3 — cos x aBasgerca mepsBooGpas-
HO#t aya pyHkuuy [ (x) = 2e2* + 3x2 + sin x Ha Bceil YKMCIOBON NpsA-
MOH.

2. s pyuxuun f (x) = 3x2 + 2x — 3 HaiiTH IepBOOGPA3HYIO,
rpauK KOTOPOi MpoxXoguT yepea Touky M (1; —2).

n

2 4 2 n
3. Beruncauts: | 3x% dux; | d—f; [cosxdx; |[sin2xdx.
X 0 T

1 2

2
4. Haiity muiomans Gurypsl, orpasudenHoi napabosoit y = x2 +
+x — 6 1 oceio Ox.

BrruncauTe narerpas (234—235).

1 1 4
234. 1) [(5x* -8x%)dx; 2) [(6x®-5x)dx;  3) j\/}(3—3jdx;
0 -1 1 X

8 3 6
4) j4§/§(1—4)dx; 5) [Vx+1dx; 6) [2x-3 dx.
1 x 0 2

: 3
235.1) | lcos(x+£)dx; 3) [3sin (3x - 6) dx;
02 4 1
g 1 . T 3
2) | —sm(x——)dx; 4) [8cos(4x-12)dx.
03 3 0
Haiitu niomans hUrypsl, orpaHuuyeHHoil Junuamu (236—237).
236. 1)y=%,y=4x,x=1,y=0; B y=xt+1, y=x+1;
2y=1,y=x,x=2,y=0; 4y=x2+2, y=2x+42.
X

237. 1)y=x%-6x+9, y=x>+4x+4, y=0;
y=x%+1, y=3-x%
4) y=x, y=yJ4-3x, y=0.

238*. Haittu muonags GUrypel, OrpaHHYE€HHOIN
1) napa6onoit y = x2 — 2x + 2, KacaTeNbHOI K Helt, Npoxojdieit
yepes TOUKY nepecedeHus napabossl ¢ ocsio Oy, u npsamoit x = 1;
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o 4 . o "
2) runepboJiofi y=—, KacaTeJIbHOH K Hell, NPOXOAAIel yepes
x

TOUKY ¢ abcuuccoil x = 2, u npameiMu y =0, x = 6.

239*. HaifiTu miomaas GUrypsl, orpaHMYeHHON JUHUAMM:
Dy=x3-8x2-9x+1, x=0, y=6, x=-1;
y=x*-2x2+5, y=1, x=0, x=1.

240%*. [Ipu kaKxoM 3HaYEHUH K ILIOIAAbL (GDUTyDHl, OrpaHWYEHHOI napa-
6om0it y = x2 + px, rie p — 3aJaHHOE YUCJO, X MPAMOH y = kx + 1,
HauMeHbIad?

UCTOPUYECKAS CNMPABKA

HecmoTps Ha TO, 4TO MHTEerpaJibHOE HCUMCJIeHNEe NIOSBUJIOCH B
XVII B., ero NCTOKH MOYKHO 00HApPYKUTH B IN1y60Koil ApeBHOCTH. Tak,
B MOCKOBCKOM mamupyce, HallMCaHHOM OK0JI0 40 BEeKOB TOMY Hasan,
OITMCBIBAETCS AJTOPUTM BHEIYHCJIEHUA 00bEMa YCEUEHHOH NHMPaMUIBL C
KBaIpaTHBIMU OCHOBAHUAMM. BOZHUKAIOT Ipo6IeMbl HAXO0XKAeHUA 00-
MUX OIPWEeMOB BLIUMCJIEHUA IJIONM[aAell KPHBOJMUHEHHBIX (DUryp u
06 -eMOB Pa3JINIHBIX TEJ.

B Ipeprem Erunre maremaTnxka HOCHJIa IPHUKJIATHON XapaKTep U
IIpY BBIYMCJIEHUHU ILIONIAZeil 1 00 bEMOB €rHIITAHE YAOBJIETBOPAJIUCH
NpubJINIKEeHHEIMU 3HAUCHUSAMH. MeToA ApeBHerpeYyecKoro yueHoro
Eedorca Knudckozo, xxusmero B IV B. o H. 3., Ha3BaHHBIH BIIOCJaE[-
CTBHH MemOOOM UCYEPNbI8AHUA, TIO3BOJIAN JOCTATOUHO TOUHO BBIYUC-
JIATH IJOIIaAHU JIIOORIX (GUIyp Ha OCHOBE HESIBHOT'O HMCIOJB30BAHUA
npefenbHbIX nepexoaoB. CyTh 3TOro MeToja, HaIpUMep AJIA BbIYHCJIE-
HHUA IJIOINaAel mIOCKUX GUTYp, 3aKJI0YaeTcs B ciegywomeM. B dury-
Py BOHCBLIBAIOTCA M BOKPYT Hee OMHCBLIBAIOTCA MHOT'OYTOJBHMKM, YHUC-
JIO CTOPOH KOTOpBIX yBequmumBaercA. Haxoaurcsa npenes, K KOTOpOMy
CTPEeMATCA IJIOMIAAN 3TUX MHOTOYIOJBHHKOB; €r0 U NPUHUMAIOT 3a
ILIOLIAL paccMaTpuBaeMoil ¢purypei. ClI0XKHOCTE OPUMEHEHUA 9TOTO
MeTojia B TOM, UTO AJIA Ka)KA0H purypsl Hago ObLJIO UCKATh C60il CIO-
co0 BBIYMCJIEHUA Ipefesa. B JpeBHOCTH 5THM METOAOM IOJIb30BAJIHUCH
Apxumed u Esxaud, Ho BinoTh 10 XX B. B pAfe yueOHHKOB € IIOMO-
b0 METOAA UCUEPIILIBAHUA 000OCHOBBIBAJIUCH BBHIBOABI (POPMYJI BBI-
YucJaeHudA miomaneid u o0beMOB reoMeTpruueckux ¢uryp. B nanbaeii-
meM pa3BUTHE METOAOB, KOTOPEIE NMPHUMEHANN JPEBHErPEYECKHe yue-
HbI€ IIPM BREIYKCJIEHUM IJIOLIageii 1 00beMOB, IIPHBEJIO K IOHATHIO H-
TerpaJja.

B XVII B. HeMenKkuii MaTeMaTuK U acTpoHoMm H. Kenaep Bo BpeMs
OTKPBITHS 3aKOHOB ABMKEHUA IJIaHET OJHUM M3 MEPBHIX ITONBITAJICH
BO3POAUTH METOJ BBIYMCJECHMUS NJOLIAaAeH U 00beMOB, HAYIIUHN OT
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EBnokca u passuthbiii Apxumenom. Kemep BIUNCIAJ IJIOMIAAU I1JIOC-
Kux ¢uryp u o6beMbl TeJl, OCHOBLIBAACH HA Hee pa3dueHusa GUryp u
Tes Ha 6eCKOHEYHOe YUCJIO MaJIbIX YacTeil, KOTOphle OH Ha3bIBAJI «TOH-
YaWIMUMU KPYKOYKAMU» MJIX «YaCTAMU KpailHe MaJioil IINPUHBI».
3areM CyMMUPOBAJ IJIOIIAAM (MM 06BeMBbI) ITOJIYYeHHBIX IIpKU pa3bue-
HUHU puryp (Tex).

B orauuwe or Kemnepa, uransanckuii matematux B. Kasaavepu
(1598-1647) B kuure «I'eoMeTpusa HeAEIUMEIX», nejd ¢Gurypy (reso)
MapajjieIbHBIMH NPAMBIMHY (IJIOCKOCTSAMHU), CUUTAT 3TH JIMHUH (ILI0C-
KOCTH) JIMIIEHHBIMH BCAKOM TOJIIUHBI, OAHAKO «CKJAAbIBAJI» UX IJd
HaxXOoKIeHudA miaomaau ¢purypst (00bema tena). Ilox nmousaTueM «Bce
auHun» KaBajobepu MOHUMAJ TO K€, YTO MBI CeroXHs TIOHUMAeEM IO/,

b
[ f(x)dx.

Tpyas! Kennepa, Kasanbepu # Apyrux ydueHBIX HMOCHYKHUIN OCHO-
BOH, Ha KOTOPOii Hoiomon u JleitbHuy BBICTPOUJIU TEOPUIO UHTETDAJIL-
HOTo ucyucjeHusa. Passutue s3Toil Teopuu nIpomokuiau Jiliep U B
Poccuu — I1.JI. ebviwes (1821-1894). B uactHocTH, YebnimeB pas-
pa6oras cnoco0bl HHTErPUPOBAHMUSA OTAEJBHBIX KJIACCOB UPpaINO-
HaJbHBIX QYHKI[UIL.

OnpenesieHne UHTErpaja Kak Ipejeja UHTErpajbHbIX CYMM IIpU-
Haguaexur O. Kowu. CumBoxa j'f(x)dx BBea Jeibrnuy. Tepmun «uH-
Terpasi» (OT JaT. integer — LieJblil) BliepBhle ObLI Npeanoxen . Bep-
HYAAU.



rnasa |l l l KOMMNJIEKCHbIE YUCJIA

§ 18. OnpepeneHmne KOMMNIEKCHbIX YUCeEs

Pertennie MHOTHX 3a/a4 MATEMATHKH, QU3NKH U IPAKTUKH CBOIUT-
cA K pellleHMIo ajrebpanueckux ypasHeHuii. Iloaromy ucciesoBanue
anredpanyecKUX YpaBHEHUN ABJISETCA OJHUM U3 BasKHEHIIINX BOIIPOCOB
maremaTuKu. CTpeMJIeHUe CAeNaTh YPABHEHUA Pa3pelIuMbIMU — OHA
M3 IJIaBHBIX NPUYHH PACIIUPEHUA MOHATUA YHUCTIA.

Tak, 1A pa3spelliMMOCTH YPaBHEHUIl BUAA X + @ = b MOJIOKUTENB-
HBIX 4MCeJ HexocTaTodHo. Hampumep, ypaBHeHUe X + 5 = 2 He UMeeT
MOJMIOXKUTENbHBIX KopHel. IlosToMy NpHUXOAUTCSA BBOAUTHL OTpHIA-
TeJIbHbIE€ YHNCJIa 1 HYJIb.

Il1sa Toro uto6bl ypaBHeHHus Buaa ax = b (a # 0) nmenu KopHH, 11e-
JIBIX Ymcen HegocraTouHo. Hanpumep, ypaBHeHue 2x = 3 He UMeeT Iie-
JabIx KopHe#. IToaTomy nmpuxoaurca BBOAUTE ApPoOGHEIe uncaa. Ileanie
¥ Apo6HBIE YKcja 00pasyoT MHOMKECTBO PalMOHAJNbHBIX uHuces. I'oBo-
PAT, UYTO MHOYKECTBO Pal[MOHAJLHBIX YHCEJ ABJIAETCS PacluNpeHUueM
MHOJKECTBA IEJIBIX YUCeI.

Ha Muo)¢ecTBe palilOHANLHEIX YMCeJ paspellnMEbl ajJredbpandyecKkue
YDPaBHEHUS IIePBO# cTeneHN, T.e. ypasHeHus suga ax +b=0 (a #0). Ox-
HaKo ajnrebpavyecKye YpaBHEHMA CTEIEHHU BHILIE IIEPBOIl MOTYT He
MMeTh PallHOHAJIBHBIX KopHeil. HanpuMep, TakuMu ABJIAIOTCA YpPaBHe-
Husa x2 = 2, x3 = 5. Heo6X0ZMMOCTb PeIleHHS TAKMX YPABHEHHMil sBH-
JIaCh OZJHO¥ U3 HPUYMH BBeAEHUA NPPAIlHOHATIBHBIX Yuces. Panmonais-
HbIe ¥ UPPAIlOHAJILHEIE YNCJIa 00pa3yi0T MHOKECTBO JelCTBUTEbHEBIX
qHuCceJI. MHO)KBCTBO I[eﬁCTBI(ITeJIbHI:IX YyHceJ ABJIAeTCHA paclHIMpeHueM
MHOXKECTBA PAIMOHAJIBHBIX YHCeJI.

OpHAaKO U AeiCTBUTEIbHEIX YUCeJI HeJOCTATOUHO AJISA TOI'O, YTOOLI
pemuTs Jd000e anrebpanueckoe ypasuenne. Hampumep, kBagpaTHOe
ypaBHEHUE C AeHCTBUTENbHLEIMY KO3GhMUIINEeHTaMu U OTPHIATeIbHEIM
JUCKPMMHHAHTOM He MMeeT AeMCTBUTEJNBLHBLIX KopHeii. IIpocreiiiiee
U3 HUX — ypaBHeHue x2 + 1 = 0. ITosToMy HPHUXOANTCA PACIIMDPATD
MHOKECTBO AeHCTBUTEJLHBIX UKCeJI, 00aBIAA K HeMy HOBBIe YHCJIA.
ATH HOBBIE UHCJA BMeCTe C JeHCTBUTENLHLIMUA YUCJIaMU 06pasyioT
MHOJK€ECTBO, KOTOPOe Ha3kIBAIOT MHOMKECTBOM KOMNJAEKCHbLX LUCeN.

BrisicEMM npeABapUTebHO, KAKO B AOJXKHBI UMETh KOMILIEKC-
Hble yucaa. BygeM cUMTaTh, 4TO HA MHOKECTBE KOMILJIEKCHBIX YHCeJI
ypaBrenue x2 + 1 = 0 umMeer Kopens. O603HAYNM STOT KOpeHb GYKBOIL i.
Taxum 06pa3oM, i — 3TO KOMILJIEKCHOe YHCIIO, TaKoe, uTo i2=— 1.

Kax u 11 AefiCTBUTENbHEIX YHCEJI, HYXHO BBECTU OMEpPaIluH CJIO-
JKEHUS U YMHOKEHUS KOMILJIEKCHBIX YHCEJ TaK, YTOOK MX CyMMa U
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mpousBegeHue ObLIN OBl KOMIIJIEKCHEIMY uncaaMu. Torga, B 4acTHOCTH,
IJs1 JI00BIX AeMCTBUTEIBHEIX YHCE] a4 ¥ b BeIpaskeHue a + bi JOJKHO
6BITH KOMILJIEKCHBIM YUCJIOM. Ecnu morpedoBaTsh, 4TOGR! onepaiuy cjio-
YKeHUS U YMHOXEeHN KOMILIEKCHBIX YKCes 00J1aAanu O0bIYHBIMY CBOM-
CTBaMU: IePEMECTUTEIbHBIM CBOMCTBOM, COYETATEIBHBIM U T.[., TO BbI-
paxenue a + bi MOXXHO CYUTATD 3aIIMCHI0 KOMILIEKCHOTO YucJa B o6IneM
Buje. HaszBaHne «KOMILIEKCHOE» MMPOUCXOMUT OT CJIOBA «COCTABHOE» —
110 BUAY BBIDaYKeHUA a + bi.

Komnaexcuvimu wucsiamu Ha3LIBAIOT BRIPDAXKeHUA BUa a + bi, rae
a n b — peficTBUTENbHBIE YHACJIA, 4 i — HEKOTOPBLIH CMMBOJI TaKo#, 4TO
i2=-1.

Hucno a Ha3vieaemes OelicmaumenbHol 1acmbsi0 KOMNJIEKCHOZ20
wucaa a + bi, a wucao b — ezo mHumoil vacmuio. Yucao i Hazvi8aemcsa
MHUMOU eduHUUell.

Hanpuwmep, gelicTBUTEIbHAA YACTh KOMILJIEKCHOro uucyaa 2 + 3i
paBHa 2, a MEHMUMAas — paBHA 3; IJIg KOMILIeKcHOro yucaa (—2) + (—-3)i,
KOTOpOe TaKKe OyfeM 3amHcLIBAThL B Buae —2 — 3i, JelCTBUTENbHAA
Y4acTh paBHa —2, a MEMMAas 4acTh paBHa —3.

3aMeTHUM, 4YTO AJIA CTPOTOI'0 OIpeAeIeHUs KOMIIJIEKCHBIX HYKCe]
HaJIO AJIA 3THUX YUCeJ BBECTH IIOHATHE PABEHCTBA U ONEpallhH CJIOMKe-
HHA ¥ YMHOXKEHUS.

BBegeM noHATHE paBEHCTBA KOMIIIEKCHBIX YHCEJ.

JBa KOMILIEKCHBIX yucja a + bi 1 ¢ + di Ha3BIBAIOTCA PAGHbLIMU
TOTAA ¥ TOJBKO TOIAa, Korga a =c u b = d, T.e. Korjga paBHBI UX Jeii-
CTBUTEJILHLIE U MHUMBIE YACTH.

. , 2
Hanpumep, ié+\/21=§+21, TaK Kak é=§, Ja=2.

[=2]

3anxmaua. Haiitu geiicTBUTe/IbHBIE UHCJA X U J U3 PAaBeHCTBA
Cx+y)+(x—y)i=5-2i.
A Tlo onpenesieHHI0 paBeHCTBA KOMIIJIEKCHBIX YHCEJT

{2x+y=5,
x-y=-2.

Pemas cucremy, Haxogum x=1,y=3. A

YnpaxHeHus
241. (Vemno.) HazBaTh 1eficTBUTEIBHYIO 1 MHUMYIO YaCTH KOMILJIEKC-
HOTO YHCJIa:
1 1,
1) 6 + 5i; 2) 5ok 3) J2+3i; 4) ¥2-2i;
5) -t — 6i; 6) —i+\/3i.
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242, BanucaTs KOMIIJIEKCHOE YHCJI0, Y KOTOPOI'O AeHCTBUTEILHAS 1 MHH-
Mas YaCTH COOTBETCTBEHHO PaBHBI:

1)3n4; Bind 9BnYZ HyEa-z
5) 0,5 u /5 ; 6)-§ u -3.

243. YKasaTh, KaKye U3 JaHHLIX KOMIIJIEKCHBIX YHCeJ PABHBL:
~0,5++/4i, 3 - 2i, —%+2i, Jo_4i,

Vo -/8i, 327-/161, 327 - /4i.

244. Tlpy KaKoM 3HAYEHUHU X HAeiiCTBUTENLHAA Y4acTh KOMILJIEKCHOTO
4YHCJIa PABHA HYJIIO:

1) (x + 3) + 4i; H(2x+4)+i;
2) (x — 5) + 2i; 4) (83x — 9) + 5i?
245. HaiiT; 3HaYeHUE X, IPH KOTOPOM MHUMAS YACTh KOMILIEKCHOI'O YHCIa
PaBHA HYJIIO:
1) 2 +(x-2)i 3)-1+(2x - 1)i;
2) -4 + (x + 3)i; 4) 1 + (3x +1)i.
246. Haiitu xeiicTBUTE/ILHBIE YUCAA X U Y, €CJIN:
1) 6x +3yi=4+ 2i; 4) x—(x+y)i=3+2i;
2) x — 3yi = —5-/2i; 5) (x +y) + (x - y)i =8 + 2i;
3)x—(4—y)i=—%+gi; 6) (2x +y) +(x — y)i=18 + 3i.

§ 19. CnoxeHune n yMHOXeHue
KOMMNMNEeKCHbLIX uicen

Onepalyy CJIOKEHUSA U YMHOMKEHHS KOMILIEKCHBIX UM CeJI opeaess-
IOTCS CJICLYIOIM 00pa3oM:

Cymmoi deyx KomniexcHolx wucea a + bi u ¢ + di nasvieaemcs
Komnaerxcroe wucao (a +c)+ (b + d)i, T.e.

(a+bi)+(c+di)=(a+c)+(b+d)i. )

ITpouseedenuem dayx xomnaexcrotx yucen a + bi u ¢ + di naswt-
saemca Komnaerxcroe wucao (ac — bd)+ (ad + be)i, T.e.

(a +bi) (c + di) =(ac — bd) + (ad + bc)i. 2)
U3 dopmya (1) u (2) cnepyet, 4To ClI0KEHMe ¥ YMHOMKEHNE KOMILIEK-
CHBIX YHCEJI MOKHO BBITIOJIHATH IIO NIpaBHJIaM JeHCTBUII C MHOTOYJIEeHA-
mu. ITosTomy HeT Heo6XommmocTH 3arroMuHaTh hopmyas (1) u (2), nx
MOKHO MOJTyYHUTh N0 OOBIYHEIM IIPABHJIAM aJIreOpsl, CUUTAS, UTO i2 = —1,
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Hampumep, (a + bi)+ (c+di)= a+bi+c+di=a+c+bi+di=
=(a+c)+(b+di.

®opMyty (2) MOKHO OJYYUTH CIAeLYIOIuM o0pasoMm: (a + bi) (¢ + di) =
= ac + bdi? + adi + bci = (ac + bdi?) + (ad + be)i = (ac — bd) + (ad + be)i.

3anaua 1. Haittu mpoussenenue (2 + 3i) (1 + 2i).
AC+3))(1+2)=2-1+2-20+3i-1+38i 2i=2+6i2+Ti=
=—4+7i. A
IIpuHATO CUUTATE, UTO
a+0 - i=a,
T.e. KOMILIEKCHOe uncyo a + 0i aBjaAeTcA NeHCTBUTEJIbHBIM YUCJIOM Q.

Hanpumep, 2 +0i=2, —%+01 :_%,

Ywucso suga O + bi o6osnauaror bi, T.e.
0 + bi =bi;
€ro Ha3bIBAIOT YUCTO MHUMBIM UYHCJIOM.

Hanpuwmep, uucaa 0 + 3i = 3i, 0— %i = —%i YHCTO MHUMEIE. B uacr-

HOCTH, TOJIaTaloT
0+1-i=1-i=i, 0+0-i=0-i=0.

Komnaexkcrnoe ynciio 0 + 0i = 0 saBjsteTCs €IUHCTBEHHBLIM UHCJIOM,
KOTOpPO€ OJHOBPEMEHHO U AeHCTBUTEILHOE U YUCTO MHUMOE.

KommniekcHoe uncsio npuaaTo 0603HaYaTh OLHOI GYKBOM, yale
Bcero OYKBOM 2. 3anuchk 2 = a + bi 03HaYaeT, YTO KOMIIJIEKCHOE YHCJIO
a + bi 0bo3HaueHo GYKBOM 2.

Omnepanyu CI0KeHUS U YMHOXKEeHUA KOMILJIEKCHBIX uuceJ obaana-
0T TAKUMH 2Ke CBOHCTBaMHM, KaK U JJIA JeiicTBUTEeIbHBIX unces. Ilepe-
YWCJHUM OCHOBHBIE U3 3THX CBOWUCTB:

1. ITepemecmumenvHoe ceoiicmao:
21+22=22+21, 2122=2221.
2. CouemamenbvHoe c80iicmeo:
(2 +2))tzg=2,+(25F25), (2,25) 23=2,(2,25).
3. Pacnpedeaumenbhoe caoiicmeo:
2, (2, 25)=2,2,+ 2,2,

JokakeMm, HanpuMep, IePEMECTUTEIbHOE CBONCTBO CJIOXKEHHUS.
IloapoGuas GhopMyIHPOBKA €ro TakoBa: JJifA JIOOBIX KOMILJIEKCHBIX
9HCeJ 2,4 2, CIIPABEIMBO PABEHCTBO 2, + 2, = 2, + 2;.

Ollycrs 2, = a, + b,i, 2, =a, + b, i. 110 onpeAeneHUIO CTI0MXKEHNT KOMII-
JIEKCHBIX 4HCell, T.e. 1o ¢popmy.ie (1), umeem:
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2, +t2y=(a;+ay)+(b;+by) i,
Zy+2,=(ay+ta,)+(by+b))i.

Tak kKak Aas JeHCTBUTEJbHBIX UNCEJ CIIPABEAJUBLI PABEHCTBA
a,+a, =ay+a,, b, +b,=b, +b,;, To 0 MPaBUITYy PABEHCTBA KOMILIEKC-
HBIX YUCJNI 2| +2,= 2, + 2,. [

AHaJIOrHYHO AOKAa3BIBAIOTCA OCTAILHBIE CBOMicTBa 2—3.

OrmeruM, uro uncna 0 =0+ 0i u 1 =1 + Oi Ha MHOXKeCTBe KOMII-
JIEKCHBIX uMceJs 00JIafaloT TAaKMMH K€ CBOMCTBAMH, UTO ¥ HA MHOMe-
CTBe IeHCTBUTENbHBIX YNCEJ, 4 MMEHHO: IJIA JII060ro KOMILJIEKCHOTO
YHCJIA Z COpaBeAJINBLI PABEHCTBA

z2+0=2, z-1=z.
3agmaua 2. BeimoaHuTs feficTBuA: %i+2i(—3+4i)—5+§i.
1. . . 2, 1, 2, , oA s R
A —gl+2l(—3+4l)—5+gl=§l+§l—5+2l(—3)+2l(4l)=l -5-6i+

+8i2=-5-5i+8(-1)=—-13-5i. A

KoMmniuexcroe yucao (—1)z Ha3bIBA€TCA NPOMUBONONOHCHbIM KOMII-
JEKCHOMY YHCJIy 2 ¥ 00o3HauaercA —2. Ecan z = a + bi, To —z = —a — bi.
Hanpuwmep, —(3 — 5i) = -3 + 5i.

Jisa 11060T0 KOMILIEKCHOTO YKCJIA 2 BBIIOJIHAETCSA PABEHCTBO

z2+(-2)=0.

YnpaxHeHus

247. HaiiTu CyMMY KOMILJIEKCHBIX YMCEJI:

1) (8 + i) + (2 + 3i); 5) (1 +i) + (-1 —i);
. . _1 1) (1.2
2) (8 - 5i) + (2 +i); 6)( > 3z]+(2 31),
3) (1 + i)+ (-3 +i); 7 (-1,2 - 1,5i) + (-2,8 — 3,5i);
4) (—4 + 3i) + (4 - 3i); 8) (3-2i)+ (/3 +5i).
248. HaitTi npoussejeHHue KOMIIJIEKCHBIX YHCeJI:
1) (3 + 5i) + (2 + 3i); 4) (—3+2i)(§—%i);
2) (4 + Ti)+ (2 - i); 5) (—%—3i1%+i}
3) (5 - 3i) + (2 - 5i); 6) (-5++/2i) (-6-32i).
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249. BeInoaHUTh AeiicTBUA:

, R ,
1) 2i+3 +4i (1 - i); 4) éz(4+2z)+§z(3—91);
2)(1+i)(-1+2i)+1-3i; 5) (3 —2i) (4 + i)+ 10i;
3)3i(1-+2i(1+i); 6)6+(5—-i)(1+1i).
250. BBIIIOJTHUTE AeCTBUA:
1) (2 - 3i) + (-3 + 3i); 4) (4 + 2i) — (-1 + 2i);
2) (5 + 4i) — (-3 + 4i); 5)(8-i)(3+i);
3) (7 —5i)+ (=7 + 4i); 6) (\/E+3i)(\/§—3i).
251. YupoctuTs Beipakenue (a, b — geiicTBUTEIbHEIE YHCIA):
1) (a + 2bi) + (a — 3bi); 4) (2a + 3bi) (2a - 3bi);
2) (4a + 5bi) + (—3a — 5bi); 5) (2a + 3bi) (3b + 2ai);
3) (a + bi) (a - bi); 6) (4b + bai) (ba + 4bi).
252. 3anucaThb YNCJIO0, MPOTHBONOJJOXKHOE JAaHHOMY YMCIY:
1) 3+ 2i; 2) 7 - 5i; 3)-2+i; 4) -3 -2i.

253. Haiitu fneficTBUTENBHBIE YUCJIA X ¥ ) U3 PABEHCTBA:
D (x+3iy)+(2y —-38ix)=1+2i; 2)(x+2iy)(y—2ix)=2- 3i.

§ 20. Moaynb KOMNNEKCHOro Yncna

Ilycts mano komMniekcHoe 4ucio 2 = a + bi. Conpajxcennvim ¢ 2 Ha-
3BIBAETCS KOMILJIEKCHOE YuCJIo a — bi, KoTopoe 00o3HauaeTcs Z , T.€.
Z =a+bi=a- bi.
Hanpumep, 3+4i=3 —4i, -2 - 5i=—2+5i,i=—i.
OtMmeTuM, uTo a — bi = a + bi, mosaToMy AJsA JIOOOro KOMIJIEKCHOTO
YHCJIa 2 UMeeT MEeCTO PABEHCTBO

(zZ)==.

3amaua 1. loxasaTs, YTO PAaBEHCTBO Z = 2 CIIPABEAIUBO TOTAA U
TOJILKO TOTZA, KOIa 2 — AelCTBUTEJbLHOE UUCJIO.

A Ilyerb 2 = a + bi. Torga z = a — bi u paBeHcTBO a + bi = a — bi o
oInpefieIeHNI0 PABEHCTBA KOMIIJIEKCHBIX YMCeJ CITPaBeAJIMBO TOrjJa U
TOJILKO TOTrZa, Koraa b = —b, t.e. b = 0. A aTto u o3Hauaer, 4To 2 = a +
+bi=a+0i=a — peicTBUTEJIbLHOE UNCJIO. A

Modynem Komnaerxcrnozo yucaa 2 = a + bi hasvieaemcesa wucao

v a®+b° u o6osnanaemes \z |, T.e.
2| = |a+bi| =y a® + 2. (1)

106



Hanpuwmep, |3+4i|=y38%+4% =5, |1+i|=y1%2+1% =2,
li|=y0%+1% =1

U3 dopmyas: (1) caenyer, uro |z |> 0 gas ao6oro KommiekcHoro
uucia z, npuuem | z | = 0 Toraa u TonbKoO TOTAR, Korga z = 0, T.e. KOI-
ga a=0wub=0. JokaxeM, 4To AJjd JIOG0r0o KOMILIEKCHOrO YUCJIA 2
CIpaBeAJUBHI QOPMYJIBI:

lz 1= 1Z], (2)
z =lzP (3)
O Ilycrb 2=a + bi. Torga z =a — bi u 110 oNpeAEICHUIO MOAYJIA
|Z|=|a-bi|=+a2 +(-b)2 =Va2 +b2 =z|.

Haiigem npoussezenne: 2z = (a + bi)(a — bi) = a® — (bi)® = a2 + b2 =

=|zf. o
YnpaxHenua
254. 3anucaTb KOMILJIEKCHOE YMCJIO, CONPSXKEHHOoe ¢ JaAHHBIM YHUCJIOM:
11+ 2)2+3i; 3) -3 +4i; 4) -7 - 5i;
11, L2
R LI L
255. Haitti Moay1b KOMIIEKCHOTO YHCJIA:
1)3-4i; 2)-8-6i; 3)-1+i; 4)1-1i; 5) -3i;
. 2 1,
6) 4i; 7 J5+2i; 8)1-y3i; 9)———1, 10) -5~ 5
256. [lokasaTh paBeHCTBO |zl 2y |= |z1 | |22 L

257. Pa3yioKUTh YHCJI0 2 HAa KOMILIEKCHO-CONIPAKEHHbIe MHOKUTENN
(a u b — pelicTBUTEJNLHEIC YHCJIA):

1) z=a? + 4b%; 3) z=8a? + 16b3;
2) z =9a2 + 25b%; 4) z =81a? + 5b°.

§ 21. BoiuMTaHue u genexHune
KOMIJIEKCHbIX Yucen

BrlunTanne KOMILIEKCHBIX YHCEJ BBOAUTCA KaK onepanus, obpar-
Hasl CJIOKEHUIO: AJIs JIOOBIX KOMILIEKCHBIX YUCEJ 2; U 2, CYLIEeCTBYeT,
U IPUTOM TOJILKO OJHO, YHCJIO 2 TAKOE, UTO

z2+2z,=2,, (1)
T.e. ypaBHeHMe (1) UMeeT TONIBKO OZUH KOPEHb.
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O Ilpu6asum K o6erM dactaM paBeHcTBa (1) uuco (—2z,), IPOTUBOIO-
JIOXKHOE YHCITY Z,:

z2+2z, +(-2,)=2,+(-2,), OTKYAA z2=2 + (-2,). ®
Yucno z = z;, + (—2,) 066IYHO 0003HAYAIOT TAK: 2 = 2, — 2, — W Ha-
3BIBAIOT PA3HOCMbIO YHCE 2, U 2Z,.
Ecau z,=a, +b,i, z,=a,+ b,i, To pa3HOCTb 2, ~ 2, UMeET CIeAYIO-
Wit BUA:
(@, +b,i) — (a, + byi) =(a, —ay) + (b, — by)i. 2)
dopmysa (2) moKa3sIBaeT, YTO PA3HOCTh KOMIJIEKCHBIX 4YHCeJ]
MOJXKHO HAaXOAUTh II0 IPaBUJIaM JAeHCTBUA ¢ MHOIOUJeHaAMU:
(a1+blz)—(a2+Q2i)=a1+bIL —a,—byi=a,—a,+tbi—-by =
=(a, —ay)+ (b;— by)i.
3amaua 1. Haiitu pasunocts (5 + 4i) — (-3 + 2i).
AB+4i)—(-83+2i)=5+4i+3—-2i=8+2i. A
Hesenne KOMIIJIEKCHBIX YKCeJl BBOAUTCA KaK onepalus, obparHas

YMHOKEHUIO: IS JTIOOBIX KOMIUIEKCHBIX YMCeJ 2, U Z, # 0 cymecTsy-
eT, ¥ IPUTOM TOJBKO OJHO, YHUCJIO 2 TAKOe, UTO

2zy=2,, 3)
T.e. ypaBHeHHe (3) UMeeT TOJIbKO OXMH KOPEHb. OTO YHCIIO Z Ha3hIBAET-

CA YaCMmHbiM UuceJ 21 n 22 u obo3HauaeTcs 21 . 22, HIn j—l , T.€. 2 =
i 2

2
KomMmmieKkcHoe 4ucio HeJIb3d AEeJIUTh Ha HYJIb.

HoxaskeM, uTo ypasHeHHe (3) A1a MOOLIX KOMILIEKCHBIX YUCEJ 2,

"z, # 0 uUMeeT TOJIBLKO OOVH KOPEeHb, U HalJeM aTOT KODPEHb.

=2y12y=

O Ymuoxus obe yacTu ypaBHeHUA (3) HA 2p, MONYIUM 22, 2, =

= 21 22 , T.€.
zlzy P =23,. 4)
YpasHeHue (4) paBHOCHJIBHO yPaBHEHUIO (3), TaK Kak 2, # 0, u no-

atomy 2, # 0. YMHOKUM 00e yacTu ypasHeHus (4) Ha AeiCTBUTEILHOE

1
HHCHAO [, (sameTHUM, UTO |22 B # 0, rak Kak 2, # 0), nonyuum
2

2z

[N

2=

N
|22|2

Hrak, 4yacTHOE KOMILIEKCHBIX UHCeN Z; U 2, # 0 MOKHO HalTH 1O
dopmyie
172
N (5)
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Ecnu z, = a, + b,i, z,=a,+b,i, To hopmyny (5) MoxHO npezacTa-
BUTE B BUJe
2 _a+bi (a, + bi)a, - bi) aa,+bb, ab-ab,

2z, a,+byi al +b? a+bl a; + b’

9Ty GopMysy MOXKHO He 3allOMHHATH, JOCTATOYHO MOMHHUTB, 4YTO
OH&a TIoJIy4YaeTCsa YMHOMKEHNEeM YHUCIHUTEeNsA U 3HaMeHaTeas L[pOGH
a +bi
a, + b, HAMCIO, CONPAXKEHHOE CO SHAMEHATETIEM.

Hanpuwmep,
1+2i _ (1+20)(2+8i) _ 2+3i+4i+6i® _-4+7 _ 4 7,
2-8i (2-3i)(2+ 3i) 4+9 13 13 13

3amaua 2. Boruncauts @-4ha-ph 1

4+ 3i i
(3-4i)(1-i) " 1_ 3-3i-4i+4i* + 1_ (-1-Ti)(4-3i) + (-i) _
4+ 3i i 4+3i i 4+ 3i)(4- 3i) i(-i)
. P . 2 _ _ .
- 4+3i-28i+21i = 25-25i Ci=-1-i—i=-1-2i A
16+9 25

3
1 -4

3agmaua 3. BbI‘IHCJIHTL( _3].
- i

A 3=i2i=—i, i5=i3.i2=—i(-1)=i,

(l_is]:[l : i]3=(<1-i><1-»)3=(;2_i]3=i. a
1-i 1+ 2 ?

YnpaxHeHua

258. HaiiTu pasHOCTh KOMIIJIEKCHBIX UHCeJI:

1)(2+3i)—(3+1i); 5)(4+i)—(-5+1i);

2) (3 -5i)—(2+1i); 6) (7 + 2i) — (3 + 2i);

3) (1 + 3i) — (-3 + i); 7) (V3 +2i) - (2v3 - 3v/2i);

4) (4 + 3i) — (4 - 3i); 8) (25 — 3v/3i) - (/5 — 44/3i).
259. BeruncauTs:

1)(8-4i)-(2+3i)+(1-i); 3)(B+T7)-(2+3i)—-(4 +i);

2) (4 - 2i) — (1 +i) + (2 — 3i); 4(3 - 5i)— (2 - i) - (1 + 4i).
260. Peurnth ypaBHeHUe:

1)(2+8i)+z=—4+i; 3) (V2 +i) - z=4+2i;

2) (-1 +2i)+z= 5—%1‘; 4) 6-i=z+(5-V2)i.
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261. HaiiTi yacTHOE ABYX KOMILJIEKCHBIX YUCEJI:

1+i ~1-i, 3-4i, 2+3i,
D1 2) 14’ 3) 21’ 4 23
1+2i 5-4i ~T+2i -5-3i
5) 37’ 6) 3720 D5 a’ 8w
262. BerunucauTe:
(2-3i)(3-2i) (3-i)(1+3i) _8-4
)T A T Dawey
) 2-3i 5,5, 3 .3
) -1y 3+ oo 2o Dom T oes
1-i 1+ 2-3i 2+3i
D1 8) 2 "o

263. PeuniuTs ypaBHeHUeE:
1z(2+i)=3-1i; 3z(1+i)-i=4
2)z(1-2i)=2+5i; 4)z(1-i)+3=i.
264. BeruncanTs:

1-i \? 1+i Y
1) (3 + 2i)%; 2) (2 - i)3; 3) [m] 3 4) [ ] ;
5)(2+ 31')2 - (2-3i)? 6) (3 + 4i)% + (3 — 4i).
_lal

A
266*. [Joxkasatn, 4TO AJs NIOGOr0 KOMILJIEKCHOI'O YUCIa 2 ero geiicTBu-

265. [lokaszaTh paBEeHCTBO » 252 0.

z2+z z2-z
TeJbHaAA YacTh PaBHA — a MHUMas 4acTh PaBHA T
L

267. loxasatp, 4TO AJ15 JTIOOBIX KOMILIEKCHBIX YMCeJI 2; U 2, cpaBej-
JINBO PaBEHCTBO:

1) (2, +2,) =2, + 2, 2)(z,—2,)=2,— 2,.

§ 22. leomeTpuyeckan uHrepnpeTauusa
KOMMNNEeKCHOro ymcna

1. KoMmnnekcHasi ny1IocKoOCTb

JeiticTBUTEIbHLIE YHCJIA TeOMETPUUYECKH M300paskaloTcsa TOYKAMU
4uCcJI0BOH npamoii. KoMmekcHoe yuciio a + bi MOXXHO pacCMATPUBATD
Kak napy AelcTBUTeJbHBIX uuces (a; b). Iloatomy ecTecTBEHHO KOMII-
JIEKCHBIE YHUCJIa U300paskaTh TOUKAMH ILJIOCKOCTH.
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IIycTs BHa IUIOCKOCTH 3afaHa MPAMOY- i
roJgbpHaA cucreMa KoopauHaTt. Kommekc- b
HO€ 4YHCJO 2 = a + bi usobpaskaerca TO4-

KOU IJIOCKOCTH ¢ KoopauHatamMu (a; b), u
9Ta TOYKa 0003HaYaeTca TOi ke GYKBOH 2
(puc. 70). 0 a X

Takoe cOOTBETCTBHE MEKAY KOMILJIEK-

CHBIMHU YUCJIAMU ¥ TOYKAMH NJIOCKOCTH Puc. 70
B3aMMHO OJHO3HAYHO: KaXXAOMY KOMII-
JIEKCHOMY 4HUCJY a + bi COOTBETCTBYET OAHA TOUKA IIJIOCKOCTH € KOOP-
auHaTamu (a; b) u, Ha060pPOT, KAXKAOH TOUKE IJIOCKOCTH C KOOpAWHA-
Tamu (a; b) COOTBETCTBYET OJHO KOMILJIEKCHOe Yucjo a + bi. IloaTomy
CJIOBA « KOMNJAEKCHOE YUCAO0» U «MOYKQA NAOCKOCMU» YaCTO ynoTpedd-
I0TCA KaK CUHOHUMEL, Tak, BMECTO CJIOB «TOUKA, U300parkaioimas YucjIo
1 + i» rOBOPAT KOPOTKO: «ToYKa 1 + i». MOXXHO, HanIpuMep, FTOBOPHUTB:
«TpeyroJLHUK C BePIIMHAMMY B TOUKAX i, 1 +i, —i».

IIpu Takoit MHTepNpeTaluu JedCTBUTENbHbIC YUCIA G, T.€. KOMII-
JeKcHsIe yuciaa a + 0i, naobpakaorcd TOUKAMU C KOOpAUHATaAMU
(a; 0), T.e. Toukamn ocu abeuucce. IloaTomy ock a6cumcc HA3BIBAIOT
delicmeumeavroil ocvio. Yucto Mmaumsele unciaa bi = 0 + bi usobpaxaoT-
cs ToukaMu ¢ KoopauHatamu (0; b), T.e. TOUKaMu oCcU OPAUHAT, IO-
3TOMY OCh OPAMHAT Ha3kIBAIOT MHUMOLL oCcbio. IIpu aTOM TOUKA C KOOp-
auaaTamu (0; b) o6oanauaerca bi. Hanpumep, Touka (0; 1) o6o3naua-
ercs i, Touka (0; —1) — sTo Touka —i, Touka (0; 2) — aTo Touka 2i
(puc. 71). Hauano xoopaurat — a1o rouka 0. ILnockocTs, Ha KOTOPOH
M300paKaroTCA KOMILJIEKCHBIE YACJIA, HA3BIBAIOT KOMNACKCHOLL NAOCKO-
cmuio.

OTMeTHM, YTO TOYKM 2 ¥ —2 CAMMETPUYHBI OTHOCUTEIHHO TOYKH 0
(HayaJia KOOPAUHAT), 4 TOUKK 2 M1 Z CHMMETPHUYHLI OTHOCUTEJNBHO Jeii-
CTBHUTEJLHOI ocu (puc. 72).

z=a+ bi

y —F=—a+ bi YA z=a+ bi
3l 233 bi
L3
—242i 2i
| 1+
l F—
T T T T vl —-a 0 a x
321,01 234 ¥
. —2[. -
-3-2i g . —bi
2-3i —z=— & bi z=a-bi
Puc. 71 Puc. 72
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O Ilyers z2=a +bi. Torma —2 =—a—bi, 2 =a - bi. Touxuzu -z
KMeIOT KOOPAMHATHI COOTBETCTBEHHO (a; b) u (—a; —b); ciemoBaTesbHO,
OHU CMMETPUYHLI OTHOCUTEJLHO Hayajga KoopauHaT. Touka Z uMeeT
KOOpAUMHATHI (a; —b); ciefoBaTeIbHO, OHA CUMMETPHYHA C TOYKOH 2 OT-
HOCUTEJIBHO JeMCTBUTEIbHOM ocH (cM. puc. 72). ®

2. leomeTpuyeCcKUii CMbICN MOAyNs
KOMIJIEKCHOr 0 u1cna

BLIsSICHUM reoMeTpHYecK il cMbIca |z |.
IIycrs z = a + bi. Torpa, o onpexnene-

[2 2
HUIO MOAYJA, |z|=Va® +b”. D10 03Hauaer,

4i - urto |z |— paccrosuue or Touxu 0 5o TOU-
Ku 2z (puc. 72).
Hanpumep, paBeHCTBO |z |= 4 osHaua-
eT, 4TO paccTosHue OT TOUKH O 10 TOUKM 2
paBHoO 4 (puc. 73). IToaromy MHOXeECTBO
BC€X TOUEK 2, YAOBJIETBODAIOIIUX DaBeH-
cTBy |2 |= 4, aBasercsa OKpysKHOCTBIO ¢
neHTpoM B Touke 0 paguyca 4. YpaBHeHUe
|z |= R nasbiBaoT YpaBHEHHUEM OKPYKHO-
Puc. 73 cTH c HeHTpoM B Touke 0 paguyca R. 3mech
R — 3apanHoOe MOJOMKUTEIBHOE YHCIIO.

3. leomeTpuueckuii cMbicn Mmogyna
Pa3HOCTU KOMIMJIEKCHbIX Yucen

BbIsIiCHUM reoMeTpUYEeCKUil CMBICJT |.z1 -2, |
ITyers 2, =a, + bji, z,=a, + byi. Torna |2, —2,|= |(a, —a, )+

+(by by )i = (g, —ay)? +(b, —by)2.

M3 kypca reomeTpun U3BECTHO, YTO 3TO YHCJIO PABHO PACCTOAHHUIO
Me/ly TOUKAMU C KoopAuHaTaMu (a,; b)) u (a,; b,).

Wrak, |z, -z, |— paccTosHne MeX Ay TOUKAMHU 2, U Z,.

Hanpumep, paccroanue mexxgy Toukamu 1 u —3 + 3i paBHO

[1-(-8+3i)|=|4-3i|=y4% +(-8)% =5.

IokaseMm, uto |z — 2, l=R— YPaBHEHUE OKPYKHOCTH C IIEHTPOM B
TOUKe 2, paguyca R.

3neck 2, — 3aJaHHOE KOMILJIEKCHOE 4H1CJI0, R — 3ajaHHOe MOJI0XKHU-
TeJIbHOE YHCJIO.

oTak kak |z - 2, | — paccrosiHMe MeKAy TOYKAMH 2 U 2,, TO MHO-

KEeCTBO BCEX TOUEK 2, YAOBJIETBOPAIOLINX YPABHEHUIO |2 — 2z, =R, —
3TO MHOKECTBO BCeX TOYEK, PacCCTOAHHE OT KOTODPBIX 4O TOUYKHU 20
paBHO R. ®
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Hamnpuwmep, | 2+i|=2 — ypaBHeHHe OKDPYKHOCTH C IEHTPOM B TOY-
Ke —i paguyca 2, TaKk KaK JaHHOe ypaBHEHUE MOXKHO 3aIlicaTh B BUAE
|z = (-i)| =2 (puc. 74).

3amaua 1.Ilycrs z,, z, — pasHble TOYKH KOMILIEKCHOM IIIOCKO-
cru. Jlokasats, 4to | 2 — 2, | =| 2 — 2, | — ypaBHeHuUe NIPAMOIi, IIepIeH-
AUKYJIADHO! OTPE3KY, COEAUHSAIOUIEMY TOUKH 2, 2,5, ¥ IPOXOAALIEH 1e-
pes3 ero cepefunHy.

A Tax kak | 2 — 2, | — paccroanue OT TOYKHM 2 10 TOUKH 2,, 8|2 — 22| —
paccTosiHue OT TOYKH 2 A0 TOYKH Z,, TO MHOXKECTBO BCEX TOYEK, yAO0B-

JIETBOPSIIOIINX YPABHEHUIO | 2 — 2, [=| 2 — 2, |, — 9T0 MHOXECTBO Bcex
TOUYEK, PABHOYZAJIEHHEBIX OT ABYX TOYEK 2, U 2,. A
Hanpumep, | 2~ 2i|=|z— 1| — ypaBHeHMe IPAMOIi, IePHEHAKKY-

JISAPHO! OTPE3KY, COERUHSIONIEMY TOUKM 2i 1 1, ¥ IpoxoAAInei yepes
ero cepeauny (puc. 75).

Puc. 74 Puc. 75

YnpaxHeHus

268. Ha KOMIIJIeKCHOM MJIOCKOCTH IHOCTPOUTH TOUKH:

1)2; 2) 5; 3)-3; 4) 2i; 5) 5i;
6)-3i; 7)1+2i;  8)3+2i; 9)-2+i; 10)-1+i;
11)-1-2i;  12)-3-i; 13)1 - 3i; 14) 2 - 2i.

269. ITocTpOUTHL OKPY>KHOCTD:
1) lzl=2; 2) [z1=4.

270. PeluuTs ypaBHeHHe:
1)z+22 =3+1i; 2)3z—z =-4+2i.

5 Konsaruu, 11 xn. 1 13



§ 23. TpuroHomeTpuueckasa ¢popma
KOMMJIEKCHOro Ymcna

PaccMOTpUM Ha KOMILJIEKCHOM I1JIOCKO-

A i
) CTH TOYKY 2 = a + bi, OTJIMYHYIO OT HYJIA
bi o (puc. 76). Ilycts nyu Oz monydaercsa B pe-

3yJILTATE IIOBOPOTA MOJIOKUTEJBHOIO JIy4Ya
Ox ocu aGcuuce Ha yroi ¢ paguas. Torga
a=lzlcos o, b= |z sin¢.
¢ - TI0aTOMY YHCJIO Z MOYKHO 3aIIUCATh TaK:
0 a x z=lzlcos@ +i |z lsing=
Puc. 76 = |z l(cos ¢ +isin @).
O6osraunM |z |6ykBoii r. Torga noay4um
z=r(cos ¢ + isin ). (1)

3anuck KoMILIEKCHOrO uncia 2 # 0 8 Buze (1) HasbiBaeTcs mpuzo-
HOMEMPUYeCKoil HYopMmoil KOMNIAEKCHO20 LUCLA.

B sToit samucu r = |z | — mMogyns xommexcuoro uncia. Yucso 0]
Ha3bIBAIOT APZYMEHMOM KOMNILEKCHOZ0 YuUCaiA. 3aAMEeTUM, UTO apry-
MEHT OnpeJesisieTcs C TOUHOCTHIO A0 CJIaraeMoro, KpaTHoro 2m.

Hrak, n060e KoMILIeKCHOE YKCTIO0 2 # 0 MOYKHO 3alKCaTh B TPUTO-
HOMeTpudecKoit hopme. s yucaa 0 NIOHATHA apryMeHTa U TPUTOHO-
MeTpHYecKoil GOPMBI He ONPeAeISAI0TCA.

3amuch KOMILJIEKCHOTO YUCJIa B BUAe a + bi, rae a u b — geiicTBu-
TeJIbHbIE UMCJIa, Ha3bIBAETCA an2e6pauieckoll )opmoil 3TOro YUCia.

Ecrmz=a+bi,tor= lz|=va2+b? u paBeHCTBO (1) MOXKHO 3anu-

caTh B BUze
a+bi=va2+b2 cos@+ivaZ +b? sing,

OTKYJa, IpPUpPaBHHUBAasA IEeACTBUTEJbHLIe U MHUMBIE YaCTH, nmoJjgyiaeM

cos = sing@= (2)

a b
— -,
Va2 +b? Va?+b?

Taxkum 006pa3oM, ecIu ¢ — apryMeHT KOMILIEKCHOTO Yucia a + bi,
TO cCIpaBeJIUBEI paBeHCTBa (2). BepHo 1 00parTHoe yTBep:KIeHUE: eClIu
(¢ — TaKoe YMCJIO, YTO BHIMOJHSAIOTCA 06a paBeHcTBa (2), TO @ — apry-
MEHT KOMILIEKCHOTO Yuca a + bi.

Hanpumep, a5 KoMIiekcHoro uucaa 1 +i umeema=1, b=1 u pa-

1 1
—, COS@=-—. 3TUM ABYM pa-

V2 J2

b1
BEHCTBaM YJOBJETBOPSAIOT YHCJIA ¢=Z+2nk’ ke Z , 1 TOJABKO OHMU.

BEHCTBA (2) NPpUHUMAIOT BUJ SiNQ=

Kaxnoe us uux spaserca aprymenTom umnciaa 1 + i (puc. 77). Hucrno
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k € Z yacTo BHIOMpAETCA TAKKUM, YTOOBI ap- y
ryMeHT ¢ ObIa 3aKJIOUEH B npefeaax ot 0
go 2n. Takum aprymeHToM umuciaa 1 + i as-

i 1+i

n
aserca ¢=—.

A

4

Jna HaxoXAeHUA aprymMeHTa OOBIYHO /0 »
nosb3yTcsa He dopmynamu (2), a 6oJee —ZI'C\J

pocToit hopmyJioin

tg (P-‘—B, 3) Puc. 77

a
KOTOpas II0JyYaeTcs IIOYJICHHEIM JeJIeHMEM BTOPOTrO M3 paBeHCTB (2)
Ha IepBoe.

Ecum ¢ — aprymenT uucia a + bi, T.e. BBINOJHAIOTCA paBeHCTBa
(2), To BeImOJNIHAETCA U paBeHCTBO (3). OfHAKO He BCce 3HAYEHUHA @,
YAOBJIETBOPAIOIME paBeHCTBY (3), ABJAITCA aprymMeHTaMH 4yucjia
a + bi. IToaToMy IIpu HAXOMKAEHUY apryMeHTa YnucJa a + bi ¢ noMoiso
tdopmyasr (3) eire HYKHO y4eCThb, B KAKOI YeTBepPTH PACIIOJOXKeHa
TouKa a + bi.

3apaua 1. Haiitu Bce aprymMeHTHI 4yucja -1+iv/3 u sammcars

3TO YHCJIO B TPUTOHOMETpUYECKOii ¢popme.
A Ilo ¢popmy.re (3)

tg@=-+3. 4)

Tax xax gelicTBUTeJbLHAA YaCTh UMCJIA —1+i~/§ OTpUIlaTeJbHA, a

MHMMasA YacThb IOJIOXKUTEJILHA, TO 9TO YHCJIO JIEKUT BO BTOPOIA YeTBep-
TH U I03TOMY YTOJ (¢ TaKKe JIEKUT BO BTODOI YyeTBepPTH. YUUTHIBaAA
3TO, U3 paBeHCTBa (4) HAXOAUM

=-23ﬁ+2nk, ke Z.

Ona sanmucu unucaa ~1+iV3 B TPUTrOHOMETPUUECKOIl hopme Haii-

~1+iv/3 I=y(1)2+ (v3)? =2. Crenosarensro,

—1+l\/— 2(cos—§+lsln%n) A

JeM ero MOAYJib:

3agaua 2. 3anucaTs B TPUTOHOMETPUYECKOIH (hopMe KOMILIEKC-

HO€ YUCJIO 2= —\/5 - «/Ei.

A r=va? +b? =v2+2=2, tg(p———%—l
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Touka V2 -2i PAacIoJIo?KeHa B TpeThel YeTBEePTH, II03TOMY YIoJI
(0 TAKKe JIeIKUT B TPEThEHN YeTBEPTHU. ¥ HUThIBAA 9TO, U3 PABEHCTBA tg ¢ =
=1 "HaxoAuM:

(p=57n+27tk, raeke Z.

OrBer. z=2(cos%+isin—5£-} A

JleficTBUTEJBLHOE UHCJIO ABJIAETCA YACTHBIM CAYUYAE€M KOMILIEKCHO-
ro uncija 2z = a + bi npu b = 0, 103TOMY €ro Taxk:xe MOKHO 3aluCaTh B
TpUroHoMeTpuueckoi ¢popme. Hanpumep:

3=3(cos0+isin0), —4=4(cosm +isinx).

AHaJIOTUYHO 3aMTMCBLIBAIOTCA B TPDUTIOHOMETPHUUECKOH dopMe UmcTo
MHEuMBIe yucaa. Hanpumep:

2i=2 E+' i E 5
l (0052 lSlnzj

-3i=3 cos3—+151n@
2 2

OTMeTHUM, YTO [IPHY 3aNKCHA KOMILJIEKCHOIO YKCJIa B TPUIOHOMETPU-
4ecKoi ¢opMe KOCHHYC U CUHYC 6epyTCs OT OJHOTO M TOTO Ke yria @,
PaBHOTO apryMeHTy 4YMCJa 2, 4 MEeXAY KOCUHYCOM M CMHYCOM CTOMUT
3HAK «+».

YnpaxHeHus

271. 3anucars B anredbpanyecKkoii ¢popMe KOMILIEKCHOE YKCJIIO:

1) cos% +isin 56n 3) 2(005—25+1sm}2—}

n é I 9n
2) 4[cos—3—+zsm?j 4) 6(cosj4~f+zsmT]

272. HaiiTu Bce apryMeHThI KOMITIJIEKCHOTO YWHCJIA U 3aIIMCATH 3TO YUCJIO
B TPUIOHOMETPHUUYECKO hopMme:
1)1, 2)2; 3)-1; 4)-3; 5) i; 6) 3i; 7) —i;

8)-2i; 9)-1-i; 10)v3-i; 11) —V3+i; 12)2-2i.

273. 3anucaTh B TPMrOHOMETPUYECKOH (hopMe KOMILJIEKCHOE YUCJIO:

1) cosg—isinz; 3) —cosE—isinE;
7 7 5 5
2) S(Singﬂcosg]; 4) 2(—cos%+isin%}
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§ 24. CsoiicTBa MOAyna U aprymeHTa
KOMIMJIEKCHOro Yynucna

C nmomMouIb10 TPUroHOMeTpUYeCKOol GOPMbI YAOOHO HAXOJUTH IIPON3-
BeJleHHe U YaCTHOE KOMIUIEKCHBIX YHCceJI.
Ilycrs 2z, = r  (cos @, + i sin @,), z,=r,(cos @, +isin ¢,). Toraa
2,25 =r ry[cos @, cos ¢, —sin @, sin @, + i (sin @, cos @, +

+¢0s @, sin )] = r;r,[cos (¢, + @,) + i sin (¢, + @,)].
Takum 00pa3oM, MpoussefeHNe KOMILIEKCHBIX YKCeJ, 3allHCaH-
HbIX B TPUTMOHOMETPHYECKOl (popMe, MOMKHO HAXOAUTH IO popmyie

2,2,=r,(cos @, +isin @) ry(cos @, + isin @,) =

= ryry[cos (@, + ¢,) +isin (¢, + 0] 1)
Hamnpuwmep, cos T +isin” [ cos = +isin - |= cos > +isin "=
5 5 20 20 4 4
=322,

I/Ia dopmyast (1) crexyer, 4TO NPU YMHONEHUU KOMNACKCHBLX HU-
cen ux MOOYAU NePemMHONCAIOMC A, A APZYMERMbL CKAA0bLEAI0MC .

T T
Hanpuwmep, ecan 5 — 8PryMeHT uucia 2, ~ 0 apryMeHT YuC-
30
IToka)xeM, UTO YaCTHOE ABYX KOMILJIEKCHBIX YHCEJI, 3AIIMCAHHBIX B
TPHUTOHOMETPHUYECKOH hopMe, MOKHO HAXOAUTH 110 hopMyie

T T T
Jjaaz,, TO g +(_—)— E — apryMmeHT 4mucja 2,2,.

2, _rnr(cos@, +ising,) n . . 2
fut BN =-lre - +isin - .
2z, Try(cos@,+isin ©0,) [cos ((pl (Pz) ((pl P2 )] @
O 3ameTum cHauaja, 4TO
1 cos @, —i sing@,

— = —;—— =C0s (-9,)+i sin (—o,).
cos@, +ising, cos” @, +sin” @,

Hcnonssys dopmyay (1), mosyuaem
cos @, +i sin@,

=(cos @, +isin @, ) (cos (~¢,)+isin (-9,))=
cos @, +ising,

=cos (@, —@,) +isin(9; —¢,),
OTKyZa ciaenyet ¢popmya (2). ®

Hanpuwmep,
n . e n
COS — +18S1n—
—5——i:cos(£—l)+isin[£—ij cos — +lSln—=§+%l
€OS — +isin — 5 30 5 30 6 6

30 30
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3ameTuM, uto u3 hopmyJsi (1) cregyior GOPMyIIBL
22 =[r(cos ¢ +isin @)]>= r?(cos 2¢ + i sin 2¢),
23=2%2 z=r% (cos 2¢ + i sin 2¢) r (cos @ + i sin @) = r° (cos 3¢ + i sin 3¢).
Boo01ie aia 11060ro KOMILIEKCHOTO yucaa 2 =r (cos @ +isin ¢)# 0
U m060ro HaTypasbHOTO (M JasKe IIeJIOr0) YuCJa 11 cripaBegiaunsa Gop-
MyJia
2" =[r(cos @ +isin @)]* = r* (cos n@ + i sin ne), (3)
KOTODPYIO Ha3bIBaIOT opmyaoit Myaepa.

3anaua. Beruncauts (V3 +i)6.

A Bamumen uncio V3 +i B TPUTOHOMETPHUYECKOI1 hopme:

Jé+i=2(cos%+isin%}

ITo opmyane Myarpa HaxogMM (J§ +i)8 =26(cosn+isinm)=-64. A

YnpaxHeHus

BeInOSTHUTH [eHCTBUS M 3alMCATh PE3YJbTAT B aaredbpandecKoi
dopme (274—-276).
3

1 . . T 3n . 1
4. 4 —_ — —+1 _ ]
274 1) (COS 1 +1sin 1 )[COS +18ln ],

2)3 (cosfﬂ'sin E](Cosﬁ+isinﬁ];
5 5 15 15

\/—3—+' -Ti-y-' in ).

3) ( i)| cos 13 isin 13 f

. 3n . 3n n . N
1+ —+i — —+i = |
4) (1+i0) (cos = i sin )(cos 3 +isin 8)

8
o7 cos%’t+isin%7t 1+i
5D e i %) s visin’
8 8 12 12
cos LI isin In i
2) - 10 10, 4) t

R, . T, R
COS— +1s1n— COS — +181n—
5 5 4 4

276.1) 1-i)8;  2) gigj 3) 1-iv3)5;  4) (1+i)3(1—iv3)S.

277. lokasaTb, YTO €CJIH () — apryMeHT YHCJIa 2, TO:

1 _
1) —¢ — aprymeHT 4ucsaa pE 2) —@ — aprymeHr 4yucia z .
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278. JlokazaTs PaBeHCTBO (& — HATypPaJbHOE UKCJIO)

1+itga Y _ 1+itgno
1-itg o 1-itg no”

§ 25. KsapgpatHoe ypaBHeHue
C KOMMJIEKCHbIM HEN3BECTHbIM

PaccMoTpuM ypasHeHue 22 = g, rje @ — 3aJaHHOE JeiCTBUTeIbHOe
YMCJIO, 2 — HEU3BECTHOE.

JTo ypaBHeHHE:

1) umeeT opuH KOpeHsb: 2 =0, ecau a = 0;

2) uMeeT /Ba A€HCTBUTENBHBIX KOPHS: 2, 5 = +Ja, ecam a > 0;

3) He UMeeT AeiiCTBUTENbHBIX KOPHEH, ecnn a < 0.

Hanpumep, ypaBHeHKe

22=-1 (1)
He UMeeT AeHCTBUTEIbHBIX KOPHEIl.

ITokaxkeMm, uTo ypaBHeHue (1) mmeer ABa KOMILJIEKCHBIX KODHA, U
HalgeM HUX.

O Iloacrasaaa B ypaBHeHue (1) BMmecTo —1 uncio i
oTkyga z2— i2=0.

IIpumenas ¢popMysy pa3HOCTH KBAAPATOB, PA3JIOXKUM JEBYIO
YacTh IIOCJIeJHEero ypaBHeHUA HAa MHOMKuteau: (2 — i) (2 + i) = 0. IIpo-
u3BejfieHUe PaBHO HYJIO, KOTAa XOTA OBl OAMH M3 MHOXMKUTEJNEl paBeH
nyao. CregosaTeabuo, z2,=1,2,=—l.

HUrak, ypaBHenue (1) umeer [Ba KOpHA: 2),=%i. @

AHAJOruYHO MOKaXKeM, YTO yPpaBHEHHE

22=a (2)
npu a < 0 TakoKe UMeeT JBa KOMIIJIEKCHBIX KODHSA, 1 HalileM uX.

2, mostyuaem 22= i2,

O 3anumem yucyao a B suge a=(-1)(-a)=i2|a|=i2(y|a|)®. Torma

ypaBuenue (2) sanumercs B Buge 22 —i2(y|al)?2 =0, 1.e.

-iyla](z+iylal)=0.

CnenosarenbHO, ypaBHeHue (2) uMeeT ABA KOPHA: 21 9= ii\/l al. ®

Hanpumep, ypaBHeHUE
22=-25 3)

MMeeT iBa KOPHA: 2, , = +iy/|-25| = +5i.
Ilo arasmoruu co ciaydaeMm a > 0 KopHM ypaBHeHus (3) 3aNUCHIBAIOT

BBHLE 2, =%~ 25 . IIpu sToM cunraercsd, 4to v—25 = i\/ -25| =5i.
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Boobe, ecin a < 0, To Ja omnpegeasierca popmynaoi

Ja=iq|al.
Hanpuwmep, ﬁ:iﬂ:i; V-4=iJa=2i

Takoe corsaieHue ygo6HO TeM, YTO AJSA JH000ro AeiCTBUTEIbHOTO
a KOpHU ypaBHEHUA
2%=a (4)
MOKHO HaiTH 110 opMmy.ae

2,,=tVa. (5)

Ecau a # 0 (a > 0 wau a < 0), To ypaBHeHHe (4) HUMeeT LBa pasaiuy-
HbIX KOpHA. IIpu a = 0 ypaBHenue (4) uMeeT oguH KopeHb: 2 = 0; B
3TOM CJIyuae rOBOPAT TAKJ)Ke, UTO YpPaBHEHME MMeeT ABA PaBHBIX KO-
HA: 2, = 0, unu OAMH KOpPEeHb KPATHOCTH ABa. ITO YAOOGHO BO MHOTHX
cJay4afax, HaApUMep AJA TOro, YTOOLI BO BCeX Caydadx Obiia cipasef-
JuBa TeopeMa Buera.

OTMeTHM, YTO Telephb AJA JI000ro AeMCTBUTEILHOrO @ CIIpaBeain-
BO PaBEHCTBO

(a)?=a. (6)

BBeneHHOe MOHATHE KOPHA U3 OTPHUIATEJBHOTO YKUCJIA IIO3BOJISET
3anucaTh KOPHHU JI000ro KBaApPaTHOTO YPABHEHMSA C AEeHCTBUTEJbHEI-
MH KoadduiiueHTaMu

az2+bz+c=0 @)
110 U3BECTHOI 00111ei1 hopmyte

_ —btyb%—-4ac ) )

21,2 - 2a

3anmaua 1. Pemnts ypaBuenne 22 —4z+13=0.
A Tlo dhopmyne (8) Haxozum
oo 4% \f16-52 4+ /36 _4: i V36 _4+ 6
2 2 2 2
OrBer.2,=2+3i,2,=2—-3i. A
Hrak, npu g00bIX JefCTBUTENBHEIX @, b, ¢, a # 0 KOPHM ypaBHe-
Hud (7) MoXkHO HaxXOAUTh no popmyJte (8). IIpu aTom ecnu guCKPUMM-
HaHT, T.e. IIOZIKOPEeHHOe BRIpakeHue B opmyie (8) D = b2 — 4ac, no-
JIOXKUTeJIeH, TO ypaBHeHHe (7) uMeeT ABa JeHCTBUTEJNBHBIX DPa3aIud-
HbIX KOpHaA. Ecan D = 0, To ypaBHeHue (7) uMeeT OAUH KOpPeHEb (JBa
pasubix). Eciiu D < 0, To ypaBuenue (8) uMeeT nBa PasjIHYHbIX (KOMII-
JIEKCHBIX ) KOPHS.
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3ameTHM, 4TO B 3aaue 1 KOPHU KBAAPATHOTO YPABHEHUA ABJIAIOTCH
COIIPSAXKEHHBIMH.

Boob61me KOPHH KBaAPATHOTO YPABHEHUA C AeHCTBUTEILHBIMH KO-
adhdueRTaAMYU ¥ OTPULIATEJILHEIM AUCKPUMHHAHTOM SBJIAIOTCA CO-
NPSXKEeHHBIMH.

o Ecan b2 - 4ac <0, To Vb2 —dac= i\/| b2 —4ac| n dopmyny (8) moxk-
HO 3aIliCaTh B BUJE:
2
212:_1 Iy b —4ac],
’ 2a 2a

OTKYyZHa 2,= 2. ®

CBolicTBa KOMIJIEKCHBIX KOPHEH KBaJAPATHOIO YPABHEHUS SABJIA-
I0TCA TAKUMU JKe, KaK U y JelicTBUTeNbHBIX KopHeii. Chopmynupyem
OCHOBHBIE U3 HUX.

IlycTs 2,, 2, — KOPHM KBaApaTHOTO ypaBHenus az?+bz+c¢=0,a#0.
Toraa cupaBeJJIMBEI CAeAYIONINE CBOMCTBA:

1. Teopema Buera:

b

a+z=--,

a

9

2 =" ®
a

2. IIpu Bcex KOMILIEKCHEIX 2 CIIpaBeqanBa opMya
az?+bz+c=a(z-2)(z - 2,). (10)
Dopmyusl (9), (10) noKa3LIBAIOTCA TAK K€, KAK U AJA Caydas qei-
CTBUTEJILHBIX KOpHE.
B ciyyae NpuBeNeHHOrO KBaJPaTHOTO ypaBHeHHs 22+ pz +q =0,
topmysl (9), (10) umeroT Bux:

2 +2,=-p,
{21 % =4 (11
2Z2+pz+q=(2—2)(z —z,). (12)

3apaua 2. CoctraBUTh IIpUBEJeHHOE KBaJPAaTHOE YPaBHEHHUE C
JeiicTBUTEeNIbHBIMU K03 puiinenTaMu, nmMelinee KOpeHb 2, = -1-2i.

A Bropoii kopens: 2, =2, = -1 + 2i.

ITo popmynam (11) Haxopum p=—(2, +2,)=2,q9=2,2,=5.

Wckomoe ypaBHeHue: 22+ 22+5=0., A

3amaga 3. PassoXHUTh HA MHOYKHTEH KBAaJAPATHBLIA TPexXdJeH
2
2°—-62+10.
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A KopusaMu kBagpaTHOro ypaBHeHus 22 — 6z + 10 = 0 sBasioTes
uncna z, =3+1i,2,=3 - i.
CnenoBaTenbHo, 22— 6z+10=(z -3 —-i)(z—3+i). A

YnpaxHeHusa
279. Peututh ypaBHEHUe:
1) 22=-81; 2) 22 =-38; 3) 22+0,01=0;
4)922+125 = 0; 5) 22 =—/2; 6) 22 +¥3=0.

280. BeruncanThb:

1) V36; 2)49; 3)V-36; 4)/-49; 5)+J-8; 6)J-27.
Pemuts ypaBHeHue (281—-282).
281. 1)22-2z2+2=0; 2)22-4z+5=0; 3)22+62+13=0;
4)22+42+183=0; 5)22+2z+17=0; 6)z2—-8z+41=0.

282. 1)922+ 62+ 10=0; 4)1622-322+17=0;
2)422+42+5=0; 5)22+4z+7=0;
3)922-122+5=0; 6)22-62+11=0.

283. CocTaBuTh IIpUBEJEHHOE KBAAPATHOE YpaBHEHNe, NMEIolee KOPHU:
1)2,=2+2i,2,=2 - 2i; 3)z,=-4+i,2,=—4—1i;
2)z,=2+3i,2,=2-3i; 4)2,=-T-4i,2,=-7+ 4i.

284. CocraBuTh NpUBeJeHHOE KBaAPATHOE YPaBHEHUE C ACHCTBUTEJb-
HBIMU KOa(hPUIIHEeHTaAMH, UMEIOLIee JaHHbII KOPeHb, U IPOBEPUTH
OTBET, PelllUB IIOJyUYeHHOe YPaBHEeHHUE:

1) 21=—1+%i; 3) 21=\/§+i~/§;
2) zlz._;_%i; 4) zlzﬁ—i&.
PazinoxuTs Ha MHOXKUTEIN KBaApaTHbIN TpexuieH (285—286).
285. 1) 22+ 22+ 5; 3)422+8z+5;
2)22-22+10; 4) 2522 + 50z + 26.
286. 1)22- 62+ 14; 3)-z2+2-1;
2)22+8z+18; 4) —2% + 10z —-26.

§ 26*. Mpumepsl peweHns
anre6pauuyeckux ypaBHeHWiA

3angaua 1. Pemuts ypasHeHnue 22 = 3 + 4i.

A Ilycts 2 = x + iy, rhe x U y — HeU3BECTHbIE [JeCTBUTENbHEIE
uucya. Torga 22 = (x + iy)? = x2 - y? + 2xyi u JaHHOE yPABHEHUeE 3alU-
metcs B Bue x2— y2 + 2xyi = 3 + 4i. IlpupaBHMUBas JefiCTBUTEIbHLIE U
MHMMBbIE YaCTH, [T0IYyYaeM CHCTEMY YPaBHEHUM:
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x2-y2=3,
2xy=4.

Haiinem meiicTBUTENIbHBIE PEIlleHUA 9TOM cUCTeMBI. s 3TOrO U3

2
BTOPOrO YPaBHEHHUSA BBIPA3UM Y uepes X 1o dopmysie y=— U HOACTA-
x

BHM B [IepBO€e YpaBHeHHe: x2 — i =3, orkyga x?-8x2-4=0.
x

2 _ 3¢\/9+1 _3%5

Pemum aT0 OMKBagpaTHOE YpaBHEHUE: X

2
x2=4 unm x2 = - 1. Tak KaK X — JAefiCTBUTEJIBHOE tmc.no, TO ypaBHe-
HHe x2 = — 1 He uMeeT KopHeil. IToatomy x2 = 4, oTKyzAa X, =2, x,=-2.

2
INoacraBassa aTu 3HavyeHUA B GopMyay y= 2’ noayuaem y, = 1, y, = -1.

CnenoBaTesbHO, 2, =X, +iy, =2 +1i, 2,=X,+iy,=—2-i.

OrBer.z ,=H2+i). A

3agaua 2. Pewnrs ypaBrenune 23=-1.

3anuiuem unciao —1 B TpUroHoMeTpHUUECKOH opme:

—1=cos (m+ 2nk)+isin (n+2nk), ke Z .
ByaeM HCKaTh 2 TAaK)Ke B TPUIOHOMETPUYECKOI (hopMe:
z=r(cos ¢+ isin @).

Torma 2% =r3(cos 3¢ + i sin 3¢) u AaHHOE YypAaBHEHHE 3AIUIIETCS B

BUAE
r3(cos 8¢+ i sin 3¢) = cos (1t + 21k) + i sin (% + 27k),

otkyaa r*=1, r=1u3¢=n+2nk, q)—£+2m2 ke Z.

CiiemoBaTesIbHO, z=cos(3+2ij+zs n(3+7} ke Z.
Ilonaraa k=0, 1, 2, Haxoxum 2, :%+i€, 2,=-1, 2, =%—i§.
IIpu octanbHbIX k € Z MONYyYAIOTCSA TE Ke 3HAYEeHUA KOPHEH.

1, .V3 1 .43
OTBerT. 2 =§+L—2—, 2,=-1, 24 =5l A

3amaua 3. Pemuts ypaBuenue 2%= 16,

A 3anuiiem uncnio 16 B TpuronomMeTpudeckoit gopme:
16 =16 (cos 2nk +isin 2nk), ke Z .
ITycre 2z =r (cos @ + isin @). Torxa naHHOE ypaBHEHUe IPUMET BUJ

r# (cos 49 + i sin 4¢) = 16 (cos 2nk + i sin 2nk),
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oTkyaa rt= 16, r= 2, 4¢ = 2nk, (p=52’i. CrnepoBaTesibHO, 2 =

=2(608%k+i81nn—:£ ke Z.TIpu k=0, 1, 2, 3 umeem 2z, = 2, 2z, = 2i,
2g= —2, z,=-2i. Ilpu ocTanbHbIX kE € Z TONYYAIOTCA Te 2Ke 3HAYEHUS
KOpHe.

OTrsBeT.x2, £2i. A

Boobiie ypaBHenue 2" = @, rjje @ — KOMILJIEKCHOe YHCJIO (B 4acT-

HOCTH, JeMCTBUTEIbHOE), N — HATypajbHOe YHUCJIO0, a # 0, UMeeT 1 pas-
JUYHBIX KOMIIJIEKCHBIX KOpPHEH. 3TH KOPHM MOKHO HalTH TaK XKe,
KakK ¥ B 3ajgavax 2, 3. Ypasuenmue 2" = 0, rae n — HaTypaJibHOe, UMeeT
oJivH (n-KpaTHBIi) KopeHb: 2 =0.

3aMeyaTeNbHLIM SABJISETCA TOT (PAKT, YTO HA MHOXKECTBE KOMILJIEKC-
HBIX yHceJi J1000e anredpanyecKoe ypaBHeHNe, T.e. ypDaBHeHUEe BUAA

n n-1 n-2 -
2P+ 2" e+ Lute, 2+, =0,
TOe €y, Cys «-»y €, — KOMILIEKCHBIE YUCJIA, UMEET XOTA OBl OUH KODEHb.
OTO yTBEPIKAEHME HA3BLIBAIOT OCHOBHOIL meopemoil anzebpbt.

JdokaszaTeabCcTBO 3TOH TeopeMbl HE PaCCMAaTPUBAETCA B Kypce
LIKOJILHOM MaTeMaTHKH.

YnpaxHeHus
287. PeminTh ypaBHEHUE:
1)22=-3 + 4i; 2) 22 =8 + 6i; 3)22=5-12i;
4) 22 = -7 + 24i; 5) 22 =—-15 + 8i; 6) 22=24 - 10i.

288. C 1OMOIIbI0 TPUTOHOMETPHUUYECKOH (POPMEI KOMILIEKCHOIO YHMCJIa
PeLIUTL YpaBHEHUE:

1) 22=-i; 2)22=i; 3)22=9i;
4) 22 = -16i; 5) 22=-2-2iV/3;  6) 22=2-2i/3.
Pemuts ypasuenue (289—290).
289. 1) 2% =-4i; 2) 22 = 25i; 3)22=-3-4i;
4) 22 = -8 + 6i; 5) 22 = -36i; 6) 22 =49i.
290. 1)z8=1; 2) 23 =-8; 3) 23 =-64;
4)23=-1; 5)zt=-1; 6)z¢=1.

Ynpaxuenus k rnase lll

291. ITIpu kakOM 3HAUYEHUM X JeiiCTBUTEJNbHAA YaCTh KOMILJIEKCHOTO
yycJya paBHa 1:
1) (x - 2)+ 3i; 3) (83x — 7)— bi;
2) (2x + 5) — 2i; 4)(x+ 1) +i?
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292. IIpu KaKOM 3HAYEHUM X JeHCTBATEIbHAA YACTh KOMILJIEKCHOT'O YHC-
Jla paBHA ero MHUMOI1 YacTu:

1) 2x — 3i;
2)(x+2)+1i;

3)0,5-(x—-1)i;
4) -1+ 5xi?

293. BuINoJHUTD JEeHCTBUA:

1)3i— 1+ 2i(1 - i);
2) 6+ (5 —i )(1 +i);

3) (-2++/3i)(-2-+/3i);
4) (7 -~/5i)(7 +51).

294. HaiiTu MOAyJ/ib KOMILJIEKCHOI'O YMCJIA:

1) 2 - 3i; 2)-5 - 7i; 3)-T+i;
4) -5i; 5) Ti; 6) V3 - 2i.
295. BprauciauTe:

(-1)(A+2i) 11,
1 3+i 4) 2+i+2—i’

(5-1)(1+5i) . 3-i, 8+i
2) -5-12i ’ )3+i+3—i

5 5 . 4-5i 4+5i

3) 375 3+5i° avi A

296. Pemruth ypaBHeHMe:

1)B-2))+2=-2+i;
2)(—2+i)+2=8-2i;

3) (1-i)-2z=2++/3i;
4) 5+i=z-(3+V2)i.

297. Ha KOMILIEKCHOM MJIOCKOCTH HOCTPOUTh TOUKY:

n1;
6)1 - 2i;

2)7;

3) -38i;
7 -2 -38i;

4) 5i;
8) 3+ 5i.

5) -1+ 2i;

298. 3anmucars B anredpanueckoil hopmMe KOMIJIEKCHOE YHCTIO0:

3 . 3
1) cos—n+isin—m;
) 4 4

T ., ..
2) 0,5(cos€+ls1n§}

299. 3anucaTh YKMCJIO B TPUTOHOMETPUUECKOI hopMme:

1) -2+ 2i; 2) -V3-i.
300. PemninTh ypaBHeHHE:
1)22-62+10=0; 3)z2-2z+5=0;
2)22-10z+26=0; 4)22-4z+8=0.
NPOBEPb CEBA!

1) B+i)+(5-2i)

2) (6 —i)— (2 + 3i);

1. BBIDOJHUTE AeHCTBUA:

3) (7 +i) (10 — i);
5-2i
Y7
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2. 3anucaTh KOMILIEKCHOE YHCJIO B ajredpanuyeckoi hoopme:
2=C0Ss T +isin r
4 4’

3. Peuiuth ypaBHEHUE:
1)22+5=0; 2)22-10z2+34=0.

301. Haiitu geiicTBUTENLHBIE YKCIA X U § U3 PABEHCTBA:
1)(4x+3y)+(2x-y)i=3-11i;
2)(6x+y)+(2y— Tx)i=12 +5i.

302. BeruncanTo:

2 2
i°+2 4+i7
v() 93]
303. ITocTPOUTEL OKPYIKHOCT:
1) lz1=1; 2) |z |=3.

1+i  1-i
304. CpaBHUTb MOAY.JIH YHCE: 1 "1

305. CocTaBUThL MpUBEIeHHOE KBaPaTHOE YPaBHEHMeE C AeHCTBUTEIbHbI-
MU KO3 pUIIHeHTaMU, UMEIOIliee JaHHbII1 KOPeHb:

1) z2=1-+/2i; 2) z=/3 +V2i.

306%. PeminTh ypaBHEHHE:
1)z2=-24 +10i; 2)22=15 - 8i; 3)22=16 - 8i;
4) 22=-16 + 8i; 5)zt=i; 6) 24 =—i.

307*. lokasaTh, YTO AJIA JIOOBIX KOMILJIEKCHBIX YHACEJ z, U z, CIpaBex-
JUBO PaBEHCTBO:

_ z z
- = . 1 |_*%
1) (2,2,)=2,2,; 2) [z—]—E— 2y, 2 0.
2 2
308%, BBITTIOJTHUTD JefCTBUA HAJ KOMILIEKCHBIMY YNCJIAMU B TPUTOHO-
MeTpUYecKoii popme:

T .7 T . T
1) 4| cos—+i —|'5 ~+isin— |;
) ( 54 zsm4) (cgs4 4)

2) 3(cos 100° + i sin 100°) - 2(cos 20° + i sin 20°).

309%. BoiuucCInuTb:

T .. W
1)23-22+1npu z=cos +isin—;

T .. T
2)22+z+1npu 2=COS—§+LSIH§.
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UCTOPUYECKAS CNPABKA

Wcropusa pasBUTHUA YHCJIa YXOAUT KOPHAMHU B APEBHUE BpeMeHa.
JpeBHErpeUECKUE MATEMATHKN TOJBKO HATYPAJbHBIE YHUCIA CUMTAIU
«nacroamumMu». B [ipesuem Erunre u JlpeeHem BaBunone o BTopom
TBICAYEJIETUH JO0 H.J. IPH PellIeHUHN IPAKTUYECKUX 3a4a4 HCIT0JIb30Ba-
auch gpobu. B III B. 1o H.s. KMTalicKHe MaTEeMAaTUKU BBeJIU IIOHATHE
oTpuIaTeJbHOrO umuciaa, a B III B. H.3. Juoganm y'xe nmosn3oBajcs
IpaBUJIaMH AeHCcTBHI ¢ OTpuuaTeJbHbBIMU ynucaamu. B VII B. u.3. un-
AHMCKYE MaTeMAaTUKH IIPUJABAJIN HAIVIAAHEBIN 00pa3 OTpULATeJIbHBIM
YypcjaM, cpaBHUBaA ux ¢ goaramu. B VIII B. yuyeHble 3Ha U, YTO y 1O-
JIO’KUTEJBHOTO YHCJa CYLIeCTBYeT ABAa KBaAPATHBIX KOPHSA: OAUH —
TMOJIOMKUTEJIbHOE YHCJO, APYroii — OTpULaTeJbHOe, HO CUUTANM, UTO
M3 OTPUIATENbHEIX YHUCEJI HeJIb3A U3BJICKATh KBAJAPATHLIH KODEHb.

B XVI B. B ¢BA3M C U3yYEeHHEM pellleHni KyOMYeCcKuX ypaBHEHUH
BO3HHUKJIA HeOGXOAUMOCTb M3BJICUEHNS KBaAPATHHIX KOPHEH U3 OTpH-
naTeJbHbIX yuces. B 1545 r. uranbaackuit marematuk Jow. Kapdano
(1501-1576) onyosukoBan pabotry «Bemnkoe uCKyccTBO», B KOTOPOM
npusea GOpMYIy KOpHeil Kybuueckoro ypaBHeHus x3 + px + ¢ = 0.
Hnas aroit hopMyabl MOHAKOOUINCH YKCIa HOBOM HPUPOALI, KOTOPEIE

OH 3amumcast B obmmem Buge: a++-b (b > 0). B aroii xe pabore Kapaa-
HO NPEeAJIOKUJ YCTAHOBUTD JeMCTBUA HAA TAKUMHU YHCJIaMU 1O IIPaBu-
JaM OOBIYHOM ajre6phl, B YaCTHOCTH IJIA b > 0 MpeiJIosKuI CUuTaTh

V=b-v=b =—b. Yucaa Buga v-b (b > 0) aBTOD Ha3BIBAA «UHUCTO OTPHU-
LATEJBLHBIMUA» U «COPUCTUYECKHN OTPHUILATEIbHBIMM» M CUMUTAJ HUX
0ecCII0/1e3HBIMH. '

Oguako yxe B 1572 r. B KHUre APYroro UTAJbSHCKOIO MaTeMaTH-
Ka P. Bombeanu (1530-1572) 6plyin n3ioxeHbl OIpaBuia apubMeTn-
YeCKHUX JAEMCTBUI HAJ KOMILUIEKCHBIMM YHCJIAMH IIPAKTUYECKU B TOM
BH/Ee, B KAKOM OHM M3BeCTHHI ¥ HaM. B Te BpeMeHa KOMILJIeKCHBIE YHC-
Jia HaseIBann muumbimu. Takoe HasBaHUe BBeJ B obuxon P. [lekapT, a

0603HaYATE MHUMYIO eJUHUYY «/—_1 O6ykBoii i (epBoil 6yKkBO# (hpanII.
¢J. imaginaire — MHUMEI) npeasioxun B 1777 r. JI. Jiinep — Benu-
Kuit MaTeMaTuK, poausiuuiica B IlIBeiinapun, a KuBinii u paboras-
muii B Ilerep6ypre. B MmaTeMaTnueckoit suTepaType CUMBOJ i IITHPOKO
cTaJl UCNOJIb30BaThcA Hocyue nybaunkanuu B 1831 r. pa6oTsl HeMeIKO-
ro marematuka K. I'aycca (1777-1855) «Teopua GMKBaApaTHBIX OC-
TaTKOB». B aToit paboTte I"'aycc 3aMeHN.T Ha3BaHUE « MHUMBIX YHCEJ» HA
KomnaexcHbie (BIIepBLIe 3TOT TepMuH 6b1a1 BBeZeH B 1803 r. ppanysom
JI. Kapno) ¥ OKOHUATEeNIbHO 3aKPEeNKJ AJ1s HAYKU reOMETPUYECKYIO UH-
TepIpeTaIuio KOMIIJIEKCHOTO YKC/Ia a + bi KaK TOUKHU KOOPAMHATHOMN
MJIOCKOCTHU ¢ KoopauHatamu (a; b). ITo3agHee KoMNJIeKCHBIE YUCTIA TAK-
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2Ke CTaJIu U300pa’kaTh C HOMOIIILI0 BEKTOPOB Ha KOOPAMHATHOH ILJIOCKO-
CTH C HayaJIOM B HavuaJjie KOOPAUHAT ¥ KOHIIOM B Touke M(a; b).

IlonAaTuA «MOOyJb» U «aPryMeHT» KOMILJIEKCHOI'O YHCJIa BBeJ
tdbpanuysckuit maremaruk I’ Anambep (1717-1783), a caMu TepMHUHBI
6b1y1M BBeZIeHBI B 06MXOA II0CJIe MIMPOKOTO UX MCIIOJb30BAHUA B CBOUX
paborax miBefinapcKuM mMareMaTukoMm JK. Apzanom (1768-1822) u
dpannysckum marematukom O. Kowu.

B nayase XVIII B. 6bly1a IOCTPOEHA TEOPUS KOPHEH n-i cTrerneHu ua
OTPUIIATEJIHBIX U KOMILJIEKCHBIX YMCEJI, OCHOBAHHAA HA BhIBEHAEHHOMN
B 1707 r. anrnuiickum mMatemaTuxkom A. Myasponm (1667-1754) dop-
MyJje

(cosp+isin @)’ = cosng+isinne.

C momombio aToit popmyJinl JI. ditnep B 1748 r. BeiBes popmyay
é*=cos x + i sin x, KOTOpada CBA3BIBAET IOKA3ATEeJbHYIO QYHKIIHIO C
TpUroHomeTpudeckuMu. C moMomibio 3Toit GOPMYJIbI, IOJAyYHUBIIEH
Ha3BaHUe gopmyast Jitiepa, CTAIO0 BOSMOXKHBIM BO3BOAUTE UHCJIO € B
m00y10 KOMILJIEKCHYIO CTeNeHb (Hanp., €™ = —1), HaXOAUTh CUHYCHI,
KOCHHYCHI, JJorapu¢Mbel KOMIJIEKCHBIX yucea. Takum o6pasom Oblia
BBICTPOEHA Teopus QYHKIUN KOMIUIEKCHOH nepeMeHHOM. C moMoIisio
9TOIl TeopuM ObLIU pellIeHbl MHOTHE 3aJa4Yd a3p0- U CUAPOJUHAMUKH,
PagUOTeXHUKH, TEOPUM YIIPYTrOCTEeH U TIp.

3HaYMTEJbHBIN BKJIAA B PA3BUTHE TEOPHHU PYHKIUIH KOMIIIEKCHOMH
[IepeMeHHOH BHECJM BHAHEIE OTeueCcTBeHHBLIe MaTemaTuku M.B. Kea-
Obtue (1911-1978), M.A. Jlaspenmves (1900-1980), H.H. Bozoaw608
(1909-1992) u ap.



rasalV | | 9NEMEHTBI KOMBUHATOPUKM

§ 27. KomOuHaToOpHbIe 3apnayn.
Mpasuno ymHoOXeHUN

3amaua 1, CKOJBKO Pa3IUYHBIX ABY3HAYHLIX YHCEJ MMEIOT B
CBOe# 3anucu ToJabko udps 0, 1, 2, 3?7

A B 3amucu IBY3HAUHOrO YHCJA Ha MIEPBOM MECTE MOXKET CTOATH
a00ast 18 JaHHBIX HIUPP, KPOMe HYJIA.

3amnuineM Bce ABY3HAUHBIEC YHCJA, Y KOTOPHIX HA IIEPBOM MeCTe
crouT nudpa 1, Ha Bropom — uudps! 0, 1, 2, 3. Takux uuces yeTsIpe:

10,11, 12, 18.
Eciu Ha nmepBoM MecTe 3anucaTh udpy 2, TO DOJIYYNM YHCIA:
20, 21, 22, 23;
€CJIY jKe Ha IIePBOM MecTe CTOUT undpa 3, To HOJIYyUYNM Yucia:
30, 31, 32, 33.

OTBerT. [IBeHanuaTs. A

ITy 3ajavy TaKKe MOXXHO PEeIlIUThb ¢ IIOMOIIBIO CAEAYIOLUIETO pac-
CYIKAEHUA.

A B 3amucu ABY3HAUHOTO 4YMCJia, COCTOAINEro U3 AaHHBIX mucdp, HA
epBOM MeCTe MOJKeT CTOATH Jwobaa u3 Tpex uudp 1, 2, 3, a Ha BrO-
pom — Ji00as U3 YeTeIpeX AaHHBIX nudp. ITo3TOMy ¢ DOMOIIBIO 3TUX
udp Bcero MOKHO 3anucaTh: 3 - 4 = 12 pasHbIX JBY3HAUHBIX UKMCes. A

3axgauva 2. CKOJBKO pasjMUHBIX TAaHIEBAJbHBIX Hmap (IOHOIIA,
JIEBYIIIKA) MOXXHO COCTABUTL U3 IATH IOHOIIIEH U BOCbMH AeBYyIIEK?

A Kaxapléi M3 IATH I0OHOIIEH MOXKeT IMPUIJIACUTh JIOYI0 U3 BOChH-
Mu geBymeK. [103ToMy pasHBIX TAHIEBAJLHEIX AP MOMXHO COCTABUTH
5-8=40. A

BrimmosiHeHHbIE IPH PELIeHMH 3THX 3a4a4 PAcCyKACHUS ONUPAIOT-
Cs Ha cJIeAyiollee yTBep K AeHue,

ITpasuno ymuoxcenus. IlycTh HEKOTOPOE MHOKECTBO COCTOUT U3 M
Pa3JIUYHBIX 3JIEMEHTOB OZHOTO BHAA M I PAa3HBIX 3JIEMEHTOB APYroro
Buzaa. Torga 4ymeo pasjIMYHBIX MAp, COCTOAIINUX U3 OQHOTO 3JIEMEHTa
IepBOro BUAA ¥ OAHOIO dJIEMEHTAa BTOPOro BUaa, paBHO mn.

3angauva 3. Ha paiioHHy0 oJiMMINAAy ITKOJA JOJDKHA Hampa-
BUTHh KOMAaHJY U3 TPEX YYACTHHKOB: OJHOTO M3 TPeX JAYYLIHX HaAo
BBIOpATE AJIA YYAaCTUA B OJUMIINAJE 10 XUMHUH, OAHOrO U3 YEThHIPEX —
o ¢pusuKe, OAHOrO M3 ceMHu — 10 MaTteMaTuke. CKOJBKHMM crnocoda-
MU MOKHO COCTABHUTH TAKYIO KOMAHLY?

A Tlo npaBuly yMHOXEHHA AJIAA YIACTUA B OJIMMIHALAX 110 XUMUH
¥ (pM3UKe MOKHO COCTABUTD napy 3 - 4 = 12 cnocobamu. na kaxaoi
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TAaKOH Iapbl MOXXHO 00aBUTh YUaCTHUKA II0 MaTeMaTUKe CEMbBIO CIIO-
cobamu. ITo mpaBuy yMHOXKE€HMS KOMaHAY U3 TPeX YUYACTHUKOB MOYXK-
HO cocTaBUTL 12 - 7=3 -4 - 7 =84 criocobamu.

OTtBerT. 84 cocobamu. 4

Pemenue 3agaun 3 MOKA3bIBAET, UTO MIPABUJIO YMHOXKEHUSA JAeli-
CTBYeT U TOTAAa, KOrJa MHOX>XECTBO COCTOUT I3 TpeX (u OoJiee) BUAOB
€ro 3JIEMEHTOB.

IIpu pemeHnu MHOrMX MPaKTHUYECKHUX 3a4ad YAaCTO MPUXOAUTCA
HMeLINeca NPeAMeThl (3JIEMEHTHI) coeduHAmMb B pa3Hble HAGOPEHI
(xomObuHanun). TakoBsl, HanpuMep, naphoMepHble HAG0OPBI, KOHDET
accopTH, HabOpbl NHCTPYMEHTOB, JieJIerallui, CIIOPTUBHbIE KOMaHbI.
3azauu, B KOTOPBIX PACCMATPHBAIOTCH TAKWE COEAMHEHNUS U HAXOLUT-
CA YHMCJIO Pa3JiM4YHBIX COEAWHEHUN, HA3LIBAIOT KOMOUHAMODHLIMU.
Pasnen maTeMaTHKHM, B KOTOPOM M3YYaKOTCS 9TU 3aJa4d U METOLbI UX
pellleHNs1, Ha3bIBAIOT KOMOUHAMOPUKOIL.

B crepyromux nmaparpadax GyAyT pacCMOTPEHBI OCHOBHBIE BUABI
COeIUHEHUMN: nepecmaHo8Ku, PA3MEU,eHUSL U COLeMAHUA.

YnpaxHeHus

310. CKOJBbKO Pa3HbIX TPEX3HAUHBIX YHCEJ, He UMEOLINX OANHAKOBBIX
nudp, MOXHO 3alIKCaTh ¢ ToMouibio nudp: 1)1,213;2)1,2,3u4?

311. CxoIbKO PA3JINYHBIX TPEX3HAYHBIX YKCEJ MOYKHO 3AIIMCATh C II0-
moIbo nudp: 1)6, 7u8; 2)6, 7, 8u 9?

312, CroJIBKO pa3HBIX ABY3HAUHBIX YHCEJ MOXKHO 3alMCaTh, MCIOJb-
3ya uudpsi 1, 2, 3 u 4?

313. IlyTelecTBeHHUK MOJKET IIONACTh M3 MyHKTa A B IyHKT C, Ipo-
exaB uepe3 NyHKT B. Mexay nyHKkTamu A u B UMeIOTCs TpU aBTO-
goporu, a Mexay B u C — Ke1e3HOZOPOYKHOE U peuHoe coolIIe-
HUA. CKOJIBKO CYILIIECTBYET PA3JIUYHBIX MAPIIPYTOB MEXKAY IYHK-
ramu A u C?

314. CKoIBbKMMU CIIOCOGAMM MOTYT GLITH PACHPEeAeJeHBI 30JI0Tas U ce-
pebpaHadA MeaIu 10 U'TOraM [IEPBEHCTBA CTPAHEI T PyT6oay, ecau
YUCJIO YYACTBYIOUIMX B IEPBEHCTBE KOMaHa paBHO 16?

315. CronbkuMU cIOCOGAMHE MOXKHO COCTABUThL PaclucaHlie YPOKOB Ha
OAUH JeHb U3 LIeCTHU Pa3HbIX yUYeGHBIX IpeIMeTOB?

316. B ogHoii u3 cTpaH aBTOMOOGHIIBLHBIE HOMepa U3 deThipex nudp (HyIb
MOYKeT CTOATH 1 Ha IEPBOM MeCTe) 3alMChIBAIOTCA HA MJIACTUHKAX
OATH Pa3JIMYHBIX I[BETOB (KAYKABIHA U3 MATH HITATOB 9TOH CTPAHBL
nMeeT HOMepa cBoero 1BeTa). CKOJIbKO PasHbIX IJIACTHH C HOME-
paMu MOKeT ObITh BEIJAHO ABTOBJIAIEbIIAM B 3TOM CTpaHe?

317. [lecATh yYaCTHUKOB KOH(MEPEHIMH OOMEHANUCH BUSUTHBIMU Kap-
TOYKaMHU (KaKAbIH BPYyYUJI CBOIO KAPTOUYKY APYTrUM YUaCTHUKAM).
CKO0JIbKO BCero KapTouekx GBLIO PO3JaHO?

318. JlecATb YUaCTHHKOB KOH(PEPEHIMH OOMEHAINCH PYKOIOMXKATHUAMM, [10-
2KaB PYKY KaxxoMy. CKOJIBKO BCEIr'o PYKOMOXKaTHii ObLIO CAeNIaHO?
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319%. CKOJIBKO Pa3JINYHEIX HIK(POB MOKHO HaGpaTL B ABTOMATHYECKOIH
KaMepe XpaHeHUd, eCau Iudp cOCTaABIAETCA C IIOMOIIbIO JII060IH
U3 TPUANATH OYKB PycCKOro ajidapuTa ¢ HOCJAeLYIOIINM TPeX3Hay-
HBIM YHCJIOBBIM KOAOM?

320*, CKOJIbKO MMeeTCs CEeMU3HAYHBIX HATYPAIBbHBIX YMCEJ, B KOTOPBIX
BCe NM(PLI, CTOAIIe HA HEYETHHIX MECTaX, PA3JIUYHEBI?

§ 28. NepecTaHOBKMN

3agaua 1. CKOJILKHMH cHOcOGaAMM MOXKHO IOCTABUTEL HA IOJKe
PAAOM NATH PA3HBIX KHUT?

A Ha nepBoe MeCTO MOJKHO MOCTaBMUTL JIOOYIO N3 IATH KHUT, HA
BTOpPOE — JIIO0YIO U3 YeThIPeX OCTABIIUXCs, HA TPEThe MECTO — JIIOOYI0
U3 TPEX OCTaBLIMXCA, Ha YeTBEPTOe — JIIOYIO U3 ABYX OCTABILIHXCSH,
Ha IATOe MeCTO — IIOCJIeAHIOW KHHUTY. [IpuMeHsas mocjieZ0BaTeIbHO
MIPABUJIO YMHOXKEHHS, TTOJIy4aeM

5.4.3-2-1=20-3-2-1=60-2-1=120-1=120.

OTrBeT.120. A

B aToit 3asaue 0110 HalileHO YHMCJIO PABAMYHBIX COeAUHEHUI U3
MATYU 3JIEMEHTOB, KOTOPbIe OTJINYAJMCH APYT OT APYra TOJLKO IOPSAL-
KOM PACIIOJIOKEHUSA 3THUX dJjieMeHTOB. Takue coefuHeHUA HA3BIBAIOT
nepecmarosKamu.

Onpeneuenue. Hepecmanoercamu U3 n pa3sHbIX 3JIEMEHTOB Ha-
3bIBAIOTCA COEANHEHU A, KOTOPbIE COCTOAT U3 71 3JIEMEHTOB M OTJINYa-
IOTCA APYT OT Apyra TOJBKO NOPAAKOM HMX PACIIOJOXXKEeHNA.

Huceso nepecTaHOBOK M3 1 9JIeMEHTOB 0603HauaioT P, (P — mepsas
OykBa dpaHil. ca. Permutation — nepecTaHOBKA) M YUTAIOT Tak: «IIa
9HHOE».

ITocsenoBaTeIbHO IPHUMEHANA MPABHJIO YMHOMKEHHA, MOYXKHO IIOJIY-
4YUTh (OPMYJIY YUCIIA IIEPECTAHOBOK M3 71 3JIEMEHTOB:

P =nn-1)(n-2)-...-3-2-1=
=1-2-3-...-(n—-2)(n—-1)n.
ITpoussenenmne 1l -2 - 3 - ... - (n — 1) n o6o3Haualor n! (YuTaerca «3H

daxTopuan»). ITo onpenenennio 1! = 1.
Taxkum o6pasom,

P =nl (1)
3anmaua 2. CKOIBKUME CIIOCOGAMHM MOYKHO PasMecTHTh 12 yeso-

BEK 3a CTOJIOM, Ha KOTOPOM IOCTaBJIeHbI 12 npuGopos?
A Tlo dopmyae (1) Haxoaum

P,=12!=1-2.3.....11-12=479001600. A
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YnpaxHeHus

321. Yemy pasHo: 1) P,; 2) Pg; 3) Pg; 4) Py?

322, CKOJBKUMH CIIOCO6aMKU MOXKHO PACCaANTh YETBEPHIX JeTeil Ha ue-
THIPEX CTYJIbSAX B CTOJIOBOM AeTCKOro caga?

323. CKONBKHUMHU C1IOCO6AMM MOXKHO YCTAHOBUTD JEXKYPCTBO I10 OHOMY
YeJIOBEKY B IeHb CPEN CEeMH YYAIUXCA I'PYIINLI B TeUeHUe 7 JHEH?

324. CKOJIbKO NMATU3HAYHBIX YUCEJI, HE COAEePIKAIMUX OAUHAKOBBIX
nudp, MOXKHO 3amIucaTh ¢ nomoiusio uudp 1, 2, 3, 4, 5 rak, uro-
on1: 1) mocsexHeit 6nl1a mudpa 4; 2) nepsBoii 6bl1a nudpa 2, a BTO-
poit — uudpa 3; 3) mepBuIMu OblaH HUGPLI 2 U 3, PACIOJI0MKEH-
HbIE B TI060M TTOpsAIKe.

325. YuopocTuth GopMy 3aITUCH CIEAYIOLINX BRIPDAXKEHU i’ (B — HaTypab-
HOe UHCJIO, kB > 5):

1)7!-8; 2)16 - 15} 3)12!-13-14;
) kI (k+1); 5)(B— 1) k; 6)(k— 1) Ek(k+1);
7 (-2 (k- 1) k; 8) (k- 5)! (k2—7k+ 12).
326. YrpocTuTs:
1 12 2) 22, 3) &L, g 1%,
18! 20! 8! 8.3
P P ! !
P, P., (m+2)! (k+6)!

ecau OykBaM¥u £, m, n 0603HAUEeHEBI HATYPAJIbHbIE UKCJIA.

327. PemuTs ypaBHEeHUE OTHOCUTEJBLHO 71:

P 1 nP 1
1) A== 9) 2=
) Pn+1 3 ) P:z 10

328. Nmeercs 10 kHUT, cpeint KOTOPHIX: 1) 8 KHUT Pa3IMUYHBLIX ABTOPOB
U JByXTOMHUK OJHOTO aBTOPA, KOTOPOTO He OBLJIO CpeAy IpeAbIay-
KX BOCbMH; 2) 7 KHUT Pa3HbIX aBTOPOB M TPEXTOMHHUK BOCBMOTr0
aBTopa. CKOJBLKMMHU Crioco6aMu MOYKHO PACCTABUTL 3TU KHUTI'M HA
TOJIKE TaK, YTOOLI KHUTH OJAHOI'0 aBTOPa CTOSLIN PAAOM?

§ 29. PaamelwneHusa

Samava 1. CKOJIbKO Pa3MUHBLIX JBY3HAYHBIX UKCE/ MOMKHO 3a-
nucaTts ¢ nomoubio nudp 1, 2, 3, 4 npu yciaosuu, 4TO B KA A0 3amnu-
CH HeT OAUHAKOBBIX UGDp?

A IlepeGopom yGegumcsa B TOM, UTO U3 yeTwIpex uudp 1, 2, 3, 4
MOYKHO COCTABUTbH 12 NBY3HAUHBIX YNCEJI, YAOBICTBOPAIOIINX YCIOBHIO:

12,13, 14,
21, 23, 24,
31, 32, 34,
41,42,43. A
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ATy 3a7a4y TAKIKe MOMKHO PeIlUTh, HCIOIL3YA IPABIIO YMHOMKEHU S,
A B 3anucu JBY3HAYHOIrO YMCJIa HA IIEPBOM MECTE MOYKET CTOATH JIIO-
0ad U3 aHHBIX YeThIpex udp, a Ha BTOPOM — J1I00as 13 TPeX OCTABIINX-
cs. Ilo npaBuily yMHOMKEHHUS TaKUX NBY3HAYHBIX uucei: 4 -3=12. A
IIpu pelieEUY 3aiayy U3 UeTHIpEX AAHHBIX 3J1eMeHTOB (mudp 1, 2,
3, 4) 61 00pa3oBaHbI BCEBO3MOYKHBIE COeJUHEHUA MO ABa 3JIEMEHTA
B Ka’KJOM, [IPU4YEM JI00LIe ABAa COeAMHEHMs OTIMYAINCh JIUOO cocma-
60M anemenmoé (Hamp., 12 u 24), 1ubo NOPAAKOM UX DACHOJIOKEHUST
(#amp., 12 u 21).
Onpenenenue. PasmeweHuamu us m 3JIEMEHTOB IO 1l 3JeMeH-
TOB (n < m) Ha3BIBAIOTCA TAKHE COeJHMHEHHUA, KaXKJ0e U3 KOTOPLIX
COAEPIKUT Nl 3JIEMEHTOB, B3ATHIX U3 JaHHBIX 71 PA3HBIX 3JIEMEHTOB, U
KOTOpbIE€ OTJHYAIOTCA APYT OT Apyra Jubo caMUMHK dJIeMEeHTaMH,
1100 MOPALKOM UX PACIIONOMKEHHU.

Yucs10 BCEBOZMOMKHBIX paamemennﬁ U3 m 3JIEMEHTOB IIO 71 3JIEMeH-

ToB oGoaHaualor A} (A — meppas 6ykBa ¢panu. ci. Arrangement —

pasMelleHue, IpUBeJeHNe B MOPSIAOK) U YUTAIOT TaK: «A M3 9M IO
aH». Tak, HanpuMep, Py perieHuH 3anadu 1 66110 YCTAHOBJIEHO, UTO

A} =12.

BriBesiem dopmyy Asis BhIYMCIeHHA A, — ducia pasMeleHui
H3 M 3JIEMEHTOB IIO 771 3JIEMEHTOB.

O HYCTB HMeeTCA M pa3NYHBIX 3JIEMEHTOB. Toma YUCJI0 pa3Me-
IeHHi, COCTOSALINX U3 OAHOrO 3JIeMEHTA, BLIOPAHHOIO U3 UMEIOLIHXCS
m 3J1eMeHTOB, paBHO m, T.e. A%?. =m.

YT00BI COCTABUTL BCE Pa3MEIeHUA U3 M 9JEMEHTOB 1o 2, K KaX-
oMy #“3 paHee 00pa30BaHHBIX pasMeILEeHUi U3 m 3JIeMeHTOB II0 1 6y-
IeM ITOCJIeA0BATEIbHO IPUCOCIUHATD 110 OJHOMY M3 ocTaBmIuxca m — 1
ajieMeHTOB. Ilo mpaBuy YMHOMKEHHSA YMCJIO TAKUX COEIUHEHUN PaBHO

m(m — 1). Takum o6pazom, A,%, =m(m - 1).

Jnsa cocraBieHUA BceX pasMelneHuil u3 m mo 3 K KaKJ0OMy U3 pa-
Hee MOJIYYeHHbIX pasMelleHui U3 m 9J1eMeHTOB 110 2 IIPUCOeIUHUM II0
ouepeay IIO OJHOMY M3 OcTaBIuuxca m — 2 ajeMeHTOB. Ilo mpaBuiy
VMHOXXEHUS YUCJIO TAKUX coeAuHeHuit pasHo m(m — 1) (m — 2), T.e.
A3 =m(m-1)(m - 2).

IlocnemoBaTelbHO NPUMEHAS NPABUJIO YMHOMKEHUS, I JIOO0ro
n < m noay4daem

Al =m(m-1)(m—-2)-...-(m—(n-1)). ® )

Hanpumep, A2 =4-3=12; A3 =4-3.2=24; A3 =5.4-3=60.
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OrmeTHnM, UTO MpaBasA 4acTh GopmyJinl (1) comepKUT MpousBeae-
HHe 71 II0CJIeJOBATEJbHBIX HATYPaJbHBIX YHUCEJI, HanboJbllee 13 KOTO-
PBIX PaBHO M.

ITIycTs B dpopmyne (1) m = n. Torpa

Ay =n(n-1)(n-2)- ...-2-1=P,

T.e. YUCJIO pasmemeHnﬁ N3 n 3JIEMEHTOB IIO0 n PaBHO YHNCJIYy II€epeCTaHO-
BOK M3 3THUX 3JIEMEHTOB!:

A" =P,. (2)

3agaua 2. CKoIbKHMM criocof6aMu MOXHO 0003HAYUTh BePIIU-
HbI JJAHHOI'O TPEeYToJbHUKA, UCIIONAb3yd 6yKBLL A, B, C, D, E, F?

A 3ajaya CBOOUTCA K HAXOXKJAEHUIO YMCjIa pasMelleHui n3 6 ae-
MEHTOB II0 3 3J1eMeHTa B KaxaoM. ITo dopmyie (1) Haxogqum

A% =6-5-4=120.

OtBeT. 120 ctocobamu. A

3anmgaua 3. Peuruth ypaBHeHHUE Ai =42 OTHOCHUTEJBHO 7.

A 3ametum, uto n 2 2. ITo popmyae (1) Ai =n(n — 1). ITo ycnoBuio
Ai =42, moaTomy

n(n-1)=42,

o'rfcy;[anz—n—42=0, n1=7, n2=—6.

Tak Kak KOpHEM ypaBHEHHuA AOJIIKHO OBITH HATypajJlbHOE YHCJIO

n 22,710 n,=-6 — NOCTOPOHHHUH KOPEHb.
OrBer.n="17. A

IIpeo6Gpasyem dopmysry Ajsa 4ucaa pasMelnenuit Al .
O Banwumem dopmyay (1) Tak:

Al =(m-n+1)(m-n+2)-...-(m-1)m.

YmuoxuB 006e yacTH 3TOro paBeHcrea Ha(m —n)l=1-2.3 - ... %
x{(m - n), moayuum (m-n)l- A =1-2-3-...-(m-n)(m-n+1)x
x(m-n+2)-...-(m—1)m,orxyna(m - n)- A} = ml,

n _ m!
A'"_(m—n)!' ¢ (3)

OrmerumM, uto hopmy.ia (3) cripaBeAsIMBa IpU M > n.
Hna roro utobul opmyna (3) Oblia cupaBeduBa U AJA m = n,
ompegensaior 0! = 1.
3agaua 4. Beluucauts
Ad+AY,
Afy
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A Tlo dopmye (3), Haxogum

5+ AL 12,12 8 8
Ap+tAp 7 g S O Q_ A
AL T 1 _7!+6!_8+78_64'
8!
YnpaxHeHnsa

329. BLIUNCINTE:

1) A}; 2) A; 3) A% 4) al;

5) A3; 6) A; 7) Afo; 8) Afo.

330. B kaacce nsyqaioT 9 opegmeroB. CKOJIBKMMHK crocofaMu MOYKHO
COCTaBUTH PACIIHCAHNE HA NOHEAEJNLHUK, €ClH B 9TOT AeHb J0JI-
$KHO OBITH 6 pasHBIX YPOKOB?

331. CKOJIBKO CYIIeCTBYET CIOCOGOB MJisi 0003HAUEHUA BePIINH JAaHHO-
T'0 YeThIPEeXyTroJbHIKA ¢ moMoIIbio OyKB A, B, C, D, E, F?

332. B knacce 30 yesn. CKOILKMME CIIOCO6aMHU MOI'YT GbITH BLIGPAHEL M3
X COCTaBa CTApPOCTa U KazHauyeit?

333. B uemnuonare no dbyT6ony yuactyroT 10 xomana. CKoJbKO cyie-
CTBYeT Pa3/IMYHBIX BOBMOXKHOCTEH 3aHATH KOMaHAAaM IIepPBhIe TPHU

mecTa?
334, HaiiTu 3HaueHNe BHIPAXKEHUA:
1) Alal_AIZO . 2) A]‘.l2A’;
45 AY

335. Pemuth ypaBHEHHE OTHOCHUTEJILHO /M
1) A2, =156; 2) A% =18A%

m-2°

336. Jokasars, uto Al =(n-k)A%, rae k < n, k, n — HarypanbHbie
4HCIA.

§ 30. CoyeTaHna v ux cCBOMCTBA

3amaua 1. VI3 mATH maxMaTHUCTOB JIsl YYACTUA B TYPHUPE HYK-
HO BeIOpaTh ABOMX. CKOJBKMMU CIIOCODAMM 3TO MOXMKHO cAeaaTh?

A W3 nATH IIaXMaTUCTOB MOX{HO COCTABUThH A% mnap, ecJau B KaxXKAoii
nape y4uTBIBATH He TOJIBLKO COCTAB, HO U IOPSIJOK PACIOJOXKEHHU HIax-
maructoB. Ho 13 3Tx nmap Hago BHIOPATH TOJBKO Te, KOTODBIE OTINYA-
IOTCA COCTABOM YYaCTHMKOB, HO He ux nopsagxom. Takux map B 2 paza
MeHbIIle, T.e.

A2
D534 10,
2 2
OTBeT. 10 ciocoGoB. A
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IIpu pemtennu 3agauy U3 OATH YeJ0BEK GLIIN 06pa30BaHBI COEIM-
HEeHUdA 110 2, KOTOpbIe OTINYAJIUCh TOJIBKO COCTABOM.

Onpenenenune. Covemanuamu U3 m 3JEMEHTOB II0 1l 3JIEMEHTOB
(n < m) Ha3BIBAIOTCA TaKUE COEAMHEHMsI, KaXK0e U3 KOTOPBIX COJep-
SKUT N 9JIEMEHTOB, B3AITHIX U3 JAHHLIX M PasHBLIX 9JEMEHTOB, ¥ KOTO-
pble OTJIMYAIOTCA APYT' OT APYTa 110 KpailHel Mepe OQHNM 3JIEMEHTOM.

Yuncno BCEBO3MOMKHBIX COYETAHHM M3 m 3JIeMEHTOB II0 I dJeMeH-

toB o6osHauawr C (C — nepsas 6yxBa dpaun. ca. Combinasion —
coueTanme) u yuTamwT Tak: «lle u3 sm no suH». [Ipu pemenun 3agaun 1
6LIO ycTaHOBIEHO, uto C2 = 10.

BriBenem dopMysy [Jis moACYeTa YMCJa COUETAHUHM U3 m pa3any-
HBIX 9JIEMEHTOB II0 71 3JIEMEHTOB B KaXKAOM.

O O6pasyeM Bce CoeAMHEHUs, COAEPIKAIIue N 3JI€MEeHTOB, BbIGpaH-
HBIX U3 NAHHBIX M pa3HBIX 9JIEMEHTOB, 0e3 yueTa IOPAJAKa UX PacIo-

Jgoxenusa. Yucao Takux coequHenuii pasgo C7 .

W3 xaxaoro mosiyueHHOro CoeUHEHNA IIePeCTaHOBKAMU €ro 3dJje-
MEHTOB MOXXHO 06pasoBaTh P, = n! coefuHeHH:A, OTINYAIOMXCA APYT
OT APYyTa TOJBLKO HMOPAAKOM PACIIOJIOMKEHUS 3JIeMeHTOB. TeM caMbIM
MOJIYYUJIUCh Pa3MEIeHNA U3 M 3JIEMEHTOB 1O 71, YUCIO KOTOPHIX paB-

HO A} . C apyroii CTOPOHBI, TIO IPABUJY YMHOMKEHHUA, YUCJIO TAKUX CO-

enunennii papuo Cy, - P, . Utak, C;, - P, = A}, oTKyzna
Cp="-1.® 1)

A} 432
Hampumep, Cj =24 =222
P, 123
n, To

BaMeTI/IM, 4TO eCJin m =

YuureiBas, uTo

dopmyay (1) MOYKHO IIpeACTABUTEH B BUAE

yo_o_ml 2
C’"_(m—n)!n!' (2)
5 1.2.3-4.5
Hamprwep, Cf = 570 =15 755 =10
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3amava 2. CkonbKkuMu crocobaMu u3 KojoAsl B 36 KapT MOKHO
BBIOpATH 2 KapTHI?

A Brifop AByX KapT U3 KOJIOAbI 6e3 ydeTa NOPAAKA HX PaCIION0Ke-
HUfA ABasieTcs: couetanueM. ITo popmyute (1) Haxogum

JokakeM ciieayioiee CBOMCTBO YHUCJIA COUETAHHUM:
Cr=Cp " 3
O Ilo ¢opmyite (2) monyuaem

m-n __ m! _ m! _qnn
n _(m—(m—n))!(m—n)!_n!(m—n)l—c'" i

3T0 CBOICTBO MHOIJA MO3BOJIAET YIPOLIATH BhIuncaenusa. Hanpumep,
C3h =Cho = % =20; Ciyy=Cl= 10‘;99 =50-99 = 4950.

Cpeznu CBOICTB YHCJia COYETAHUI BHIAENAIOT PEKYDPPEHMHOE CE0il-
€meo yucaa couemanuii:

C+Ct' =Cra
O Ilo dpopmy.re (1) Haxonum
n n+l L P
Cr +Cr+! _An A _m@m-D)..(m-(n-1)

Pn Pn+1 n!
+ m(m—l)-...~(m—(n—l))(m—n)=
(n+1)!

_ m(m-1).....(m-(n-1))n+1)+m(m-1)-....(m-(n-1))(m-n) _
- (n+1)! -
_m(m-1)....(m-(n-1))(#+1+m—pf) _

B (n+1)! B

_(m+1)- m-1-...-m+1-n) _ ~n.1
- m m m(n+1)l m n _Cm+1-.
YnpaxHeHus

337. Haiitu:
HNC ¢ 3CE v 5) C5; 6) C§;
NCY 8 Ch 9Ch 100 Cly; ) CR  12) Ch.
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338. CxombKMMHU CIIOCOGAaMM MOMKHO IeJIETMPOBATH TPOMX CTYACHTOB HA MEK-
BY30BCKYIO KOH(epeHIuIo 13 9 WieHOB Hay4YHOTro obIecTBa?

339. CKOJIBKO pasJIuuYHBIX aKKOPAOB, COAEPIKAIIUX 3 3BYKa, MOKHO
B3ATH Ha 13 KaaBumIax ogHOM OKTaBhI?

340. B nomeiiennn 20 mamn. CKOJBKO CYILECTBYeT Pa3HLIX BaDUAHTOB
OCBELIeHU S, IIPM KOTOPOM AOJI’KHBI CBETUThCH TOJIBKO 18 amn?

341. Umeercst 15 ToyeK Ha MJIOCKOCTH, IPUYEM HHKaKNe TPH U3 HUX He
JeXKaT Ha OAHOH npamoii. CKOJIbLKO pas3JUYHbIX OTPE3KOB MOYKHO
NIOCTPOUTH, COETUHAA 3TH TOUKH IIONIapHO?

342. Ha okpy:xHOoCcTH 0TMe4eHO 12 Touek. CKOJBKO CYILIECTBYET TPey-
FOJIBHUKOB C BEPIIMHAMU B 9TUX TOUKAX?

343. CKOJIBKUMHU CIIOCO0AMU MOYKHO COCTABUTH M3 MAPTHUH, COAEPHKA-
el n gerasneii, KOMILIEKT U3 p geraJeil (p € n) Ajis KOHTPOJA 3a
Ka4yeCcTBOM IMPOAYKIUU?

344. B muxkonpHOM xope 6 neBouek u 4 Mmajbunka. CKoJIbKHMH criocoba-
MU MOJKHO BBIODATH M3 COCTaBa X0pa ABYX AeBOYEK U OAHOTO MaJlb-
YUKa AJIA YYACTUA B BbICTYILIEHMH OKPYYKHOTO Xopa?

345. Pemmuth ypaBHEHUE OTHOCUTENABHO M

3 _ 4 4 . m -1
DG = Coas 2)12C"71=5542 ..
346. HaiiTn 3HaueHHNe BhIPAXKeHUs, IPeJBapUTeIbHO YIPOCTUB €ro:
1 cif+cid; 8) C3; - Csos
2) C131 +0121? 4) C'1301 —Ci300'

347. BBagejexxat 5 pasHbIX s16JI0K 1 6 pasInuHbIX aneabCcuHOB. CKOJb-
KHMU CII0CO0aMHU U3 HIX MOYKHO BhIOpaTh 2 A0/I0Ka U 2 antenbcuHa?

348%. Kosnona KapT cogepsKuT 110 13 KapT KaxkAoi U3 YeTbIpex MacTei.
CKOJIBKMMU €110c00aM#i MOYKHO BBIGPATDH M3 KOJIOALI CJIeAYIOLIMIA
Habop: 3 KapThI nUK0B0 Macmu, 4 KapTbl — mpegoesoit, 5 KapT —
4epeosoil, 2 KapTel 6yO6HO60I macmu?

§ 31. BuHomunanoHasa ¢popmyna HeloToHa

Bblymanaxowmlcqz)opMynam KBaéxpaTa 1 Ky0a CyMMBbI: (a+b)2== a®+2ab+
b2; (a+ b)3 =a®+3a% + 8ab® + b°. Teneps no3uakommmca ¢ hopmy-
JIO¥ n-¥ cTelleHU ABYUJeHa a + b (unu 6unoma a + b). Ilocnegosarensb-
HO 3anuiieM QOopMyJbl CTeNeHH GuHOMa:

(a+b6)°=1;

(a+b)'=1-a+1-b;

(a+b)°=1-a"+2ab+1. b%

(@a+b)°=1-a*+3a%% +3ab>+ 1. 0%
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(@+b)'=(@+b)’@+b)=1-a*+4a% +6a%% + 4ab®+1 - b%;
(@+b)’=(@+b)*@+b)=1-a°+5ab+10a°% + 10a%°+ 5ab*+1 - b°.
Mo>kHO OKa3aTh, YTO KO3G(DHUIMEHTHI Pa3I0KeHUs CTeleHn Gu-

HOMa MOXXHO HAWTH IIO CJIeAVIOIIEeH cxeMe, KOTOpaAa HasbIBaeTCA mpey-
2oavrurkom Iackans:

1 331
1 46 41
1 510105 1
1 6 15 20 15 6 1
1 72135352171
1 8 28 56 70 56 28 8 1

B kaao# cTpoxe aT0# cxeMbI KO3(MUITMEHTHI Pa3IOKEeHNd CTe-
neHu 6MHOMA, KpOMeE II€PBOTO U ITOCJEeIHEr0, HOJYYAIOTCA NONAPHBIM
cnoxxkenueM KoadGunmenToB npeasiaymeil crpoku. Hanpumep, mec-
TadA CTPOKA MOJIy4YaeTCA TaK:

1, 5=1+4, 10=4+6, 10=6+4, 5=4+1, 1,

Hanomuum, uro C7 =1 u no onpenenennio Co =1,
B ocnose noctpoenusa mpeyzoavrura Ilackans neaur CBOHCTBO
COUeTaHUM C,’,‘lﬁ =CI +Cl*1, paccMoTpeHHOe B IPeABIAYIIEM HAparpa-

de. ITosTomy KOd(DGUIMEHTH PA3JIOKEHUA CTENIeHN OMHOMA TaKXke
MOJKHO 3aIIMUCATH C IIOMOIIbIO YHUCJI& COYeTAHMI:

(a+b)t =Ca+Clo;

(a+b)?=CPa? + Ciab+C3b%;

(a+b)3 = Ca® + Cha®b+ CZab?® + C5b3;

(a+b)* = Cla* + Cja®b+ C3ab® + Ciab® + Cib1.

BOO6IJ.IG cripaBeJJinBa cjeayoiaa OGMHOMHAJILHASA q)opMy.na Hgzio-

TOHAa:

(@+b)™=Coa™+CLa™ b+ C2a™ %% +...+ CTlab™ L + CTH™. (1)
Dopmyy (1) yacTo AJNA KPATKOCTH HASBIBAIOT 6urom Hoelomona, a

yucja C,’,‘l — OUHOMUGAbHBIMU KO3 Puyuenmanu.

3ameTnM, 4To B pasyioxkeHuu (1) creneHm umcia a yOuIBAlOT OT m
zo 0, creneru uucna b Bogpacraior or 0 1o m u GMHOMHAJIBHBIE K03d-
¢uUeHTsI, PABHOOTCTOAIIME OT HAYaAJIa M KOHIIA PA3JIOyKeHNUsd, DaBHHI,

k _ (m-k
Tak kak CF =C"°",
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3anaua 1. Haiitu paznoxxenue 6uHoMa:
1) (2a + 1)% 2) (x - 1)°.

A ITo popmyaie (1) Haxomgum:

1) (2a + 1)’ = (20)° + CL(20)* + C2(20)° + C3 (22" + C£(20)' + 1=
=324° + 80a* + 80a® + 40a° + 10a + 1;

2)(x-1)°=2%+ QL2 (1) + Q22 1)+ CB2P (-1’ + CEAP (1) +
+ C2x (-1 +(-1)°=2° - 62" + 15x* - 202° + 15x* - 6x+ 1. A

3amauva 2. JJokazaTh paBeHCTBO

CO+CL+C2+...+C L C=2m,

A 310 paBeHCTBO noayuaerca us gopmynsl (1) npua=5b=1. A

YnpaxHeHua

349. 3anucats pasoyxkeHue 6uHOMA:
D(A+x)5  2E-2%  3)(@x+3)

6
4) 3x - 2)% 5)(2a~é]5; 6)(%+2).

350. Ucmoab3yda cBOMCTBA UMCIa COUYETAHUI, HAWTH CYMMY:
D Cd+Cl+C2+C3+CE+CE;
2) CA+CE+C3+CE+C3.

10
. — . 2
351*, HaiiTu ujieH pa3ioxKeHusa ( X+ —] » COJEpJKaIuil x°.

Jx

16
. 1 .,
352*%, HaiiTu 4jieH pasyioyKeHus [\/; + ?) » COAEpIKAITNM <>,
X

YnpaxHeHus K rnase IV

353. BeruncanTe:

8!1-6! 60! 50!
D5 T
354. YpocTuThb:
1) M; 2) 11 nl.
n! n! (n+1)!
355. HaiiTu 3HayeHMe BhIDAKEHUA:
3 6 7 2
1) ﬁ.;.i; 2) [&_Ciji_
P, 11P, 10 10 )A?
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356. PelinTh ypaBHEHHE OTHOCHUTEJBLHO 71:

B, 1 20 4
= =12 == A5, =6n(n+1);
1) 5 12 2) T 3) AL, =6n(n+1)
3
4) A5 =247 3 5) 2= 6) C2 =4CZ_,.

357. CKOILKUMH cmoco6aMi MOXXHO COCTABHTh I'padUK O4YepPegHOCTHU
yX0Ja B OTIIYCK 8 COTPYAHUKOB JabopaTopuun?

358. CKOJIBKO CYlLIECTBYET CIIOCOGOB AeJeTMPOBAHNA HA KOH(MEPEHIIUIO
IBOMX UeJIOBEK M3 8 COTPYAHUKOB JlaGoparopuu?

3569. Bocemb COTPYAHUKOB J1abopaTOpNK yYaCTBOBAJIK B HAYYHOM KOH-
Kypce, 110 pe3yJbTaTaM KOTOPOro ObLIM IPUCYKAEHBI OfAHA NEP-
BadA U ofiHA Bropasa npemun. CKOJIBKHUMH CIIOCO0aMU MOTYT OBITH
IPUCYKAEHbl pacCMaTpPUBaeMble IpeMHuu?

360. CxopKNMH pasHBIMU CIOCO0AMU MOYKHO PacCcaiuTh TPOUX yda-
IINXCA, NPUIIEAIINX HA GpaKyJIbTaTUBHBIE 3aHATHUA, HA COPOKA
UMEIIIMNXCA B KJIACCE CTYIbAX ?

361. CKOIBKUMH CITOCOGAaMHM MOKHO HA3HAYHUTE HATPYJb U3 ABYX COJI-
JaT U OZHOro oduiepa, ecau B pore 80 congat u 5 opuunepon?

362. CrosbKO guaroHajeil UMeeT BBINYKJIBIHA MATHUYTOJBHUK? ceMu-
YrOJIbHUK? N-YroJbHUK?

363. HaiiTu 3HaYeHVe BBIPpAXKEHUS, IPEABAPUTELHO YIIPOCTUB €ro;

11,
ncif+cll; 2 ¢+ Ch.
364. Hcnonr3ya cBOMCTBA UKcCaa coyeTaHuil, HallTH:

1) CQ+Cy+C3+C3+CH 2) CH+C+CE+ (L.
365. HaiiTu pasnoxeHune GuEoMa;
1) (x + 1)% 2)(x-1)%  3)(2+a);  4)(a+3)".
NMPOBEPb CEBA!
1. Haiitu: P
)P 2) Ad; 3) ¢§; 9 5
2. YOpocTUTh: 7
(n+1)! (n-4)!
1 ; 2 .
) (n-1)! ) (n-2)!

3. CkonbKUMH crioco6aMu MOXKHO BRIGPATE AJIs MOJapKa 3 mpen-
MeTa U3 9 pasJIMYHEBIX IpeaMeToB?

4, B ogOM KJjacce usyuaiorca 10 pasHeix npeamMeToB. B naTuu-
1y 3aBydY JOJI’KEeH IIOCTaBUThH B PaclUcaHue 3TOro KJjacca 4 pasaimy-
HBIX OpeAaMeTa. CKOIBKUMHU CIIOCOGaMHU OH MOXKET 3TO CAEJIATh?

5. CKOIBKMMH DasHBIMU CIIOCOGAMH MOXXHO pPa3MECTUTL 6
rpynn WKOJbHUKOB B IIIECTH KJACCHRIX KOMHATAaX (110 OZHOM Irpyi-
e B KOMHare)?
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6. CKONBbKO CYILECTBYeT TPeX3HAUHBIX UUMPOBBIX KOJAOB, B KO-
TOPBIX HET OJUHAKOBBIX HUPP?
7. 3anucare pasnoxenue GuHOMA:
1) (x +y)% 2) (1 -a)’.

366. NmetoTcs oTanyalecs ApYr OT Apyra 7 po3 U 5 BETOK 3eJIeHH.
HyxHo cocTaBuTh GyKeT 113 TpeX po3 U ABYX BeTOK 3esieHu. CKOJIb-
KHMH COCOOaMU 3TO MOYKHO CAEJIATh?

367. B nBOMYHON cuUCTeMe CUMCJIeHUs, UCIIoabayeMoii B OIBM, undpop-
Malusa 3anucbiBaeTcs ¢ momomibio 1udp 0 1 1. B Hekotopoit 3IBM
KaMKJI0e «MalIMHHOE CJIOBO» 3aIllNChIBAeTCA B AYeliKe IaMATH, CO-
Jepsraineil 32 NIpOHYyMEepOBAHHBLIX ABOUYHEBIX paspsga. CKOJIBKO
Pa3JIMUYHBIX «CJOB» MOXET OLITH 3alIMCAHO B TAKOM Adeiike?

368. B oanoit ctpane HoMepa aBTOMOGHIIEH COCTABIISAIOTCS U3 ABYX He-
OAMHAKOBHIX GyKB ajdasuTra, KOTOPHI# cogepxut 20 OYKB, u ye-
ThIpex HU@PP (C BOSMOXKHBIMH noBTOpamMu). CKOJIBKUM MalIMHAM
MOKHO IPHCBOHUTD IIOJYYEHHBIE TAKUM 00pa3oM HoMepa?

369. CKoNbKO 3K3aMEeHAIMOHHBIX KOMHUCCHU, COCTOSAIIMX U3 5 UJIEeHOB,
MOXKHO oOpasoBaTh u3 10 npenogaBaresieit?

370. B uemnuonare crpansl 1Mo @yrboay yyacTByoor 18 KomMaH[, Kax-
Jble IB€ KOMAaH/Ibl BCTPEYAIOTCA Ha GyTOOJLHBIX MOJNAX 2 pasa.
CKOJIbKO MaTueil urpaerca B ce3oHe?

371. CxoanKumu criocobaMmu 27 pasHbIX 3JIEMEHTOB MOKHO pa3buTs Ha
napet?

372. KakuM 4MCa0M CIIOCOGOB MOYKHO Pa3fesuTh KoJjoay u3 36 xapr
M0II0JIAM TaK, YTOOBI B KX I0M U3 JBYX CTOMNOK ObLIO 110 2 Ty3a?

373. Yiconb3ys CBOMCTBA YUCJIA COUeTAHUME, HAWTH:

1) Ch+Ch+Clys 2) GB+C3+Chys 3) C3-Cf; 4) G3-C§;
5) CH+C2+C8+CY;  6) CO+Cl+CE+CY+CE+C+CE+C3.
374. HaiiTu pasnokeHue cTeneHu 6uHOMA:

6 4 5
1)(2a - 1)%; 2)(%+2b]; 3)[3x+%); 4)[%—3).

12
1 . 1
375%, HaitTu usieH pas3oKeHus: GnHOMa (\/3 X +-= ) » COpepaKaIit —.

Jx

UCTOPUYECKASA CNPABKA
3agauu, CBA3aHHbIE C BO3MOYKHBIM BEIGOPOM M yIIOPAJOUYEeHUEM OII-

pelileJIeHHbIX 00'beKTOB, IPHXOANJIOCH PeIllaTh BO MHOTHX cdepax de-
JioBe4YeCKoM gedarenpHocT. C TakMMHU 3afjadyaMy, NOJYUUBIIUMHU Ha-
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3BaHHe «KOMOMHATOPHBIX», JIOLH CTAJKHBAJIKCH €Ille B JPEBHOCTH.
Tak, B [IpeBHeM Kurae He TOJbKO MaTeMaTUKH, HO U MPOCTHIE JIIOLU
YBJIEKAJINCh COCTaBJIEHUEM MazuiecKux Keadpamos (B HUX 3aJaHHLIE
Yyucaa HaZo ObLIO PACHOJIOMKHUTH TAK, YTOGRI UX CYMMEI ITI0 POPHU30OHTA-
JAM, BEPTHUKAJIAM U IJIaBHBIM AMAroHAJNAM OBIJIM OAMHAKOBEIE).
B peBneii I'penuy 3aHUMANNCH TeOPUEH (uzypHbLX Hucenr, a TaKXKe
COCTaBJIEHMEM Pa3JVUYHBIX GUIYyp U3 YacTeil cenuaJbHBIM CHOCOO0M
pa3pe3aHHOrO KBazpaTa. B pasHBIX cTpaHax pelnrajuch KOMOHUHATOD-
HbIE 3aJa4yl, CBA3AHHBIE C TAKMMH MI'DAMH, KaK IIaXMaThl, IIAIIKH,
KapThl, KOCTH H T.II.

IlepBhie Hay4YHBIE MCCIEIOBAHUA IO KOMOMHATOPHUKE IIPUHAAIEIKAT
UTANIBAHCKUM yueHBIM [Jac. Kapdano, H. Tapmaave (ox. 1499-1557),
I'. 'aauaernw (1564-1642) u ppanuysckum yuesHsiM B. ITackanio
(1623-1662) u I1. Pepma. KombunaTopuka Kax HayKa cTajia pasBH-
Bathea B XVIII B. mapanenbsHo ¢ BOBHUKHOBEHNEM TEOPHUH BEPOSTHO-
cTeil, TaK KaK AJIfA pellleHUs BepOATHOCTHBIX 3aad HEOOXOAMMO ObLIO
NOACYMTHIBATH YHUCJIO PA3HBIX KOMOMHAIMI 3JIEMEHTOB.

KoMOuHATOPHKY KaK CaMOCTOATEJLHBIN pasiesl MaTeMaTUKU Iep-
BBIM CTaJl pacCMaTpUBaTh HeMelKuil yuensiit I'. Jlelibrnuy B cBoeli pa-
6ore «00 MCKycCTBe KOMOMHATOPUKH», ONy6InKOBauHOi B 1666 r.
Emy Takike NPHUHAIJIEKUT M BBeJeHNE CAMOTO TEPMUHA «KOMOUHATO-
PUKa». SHAUYNTEJbHBIN BKJAA B pasBUTHEe KOMOMHATOPUKM BHEC
JI. ditnep.

B coBpeMeHHOM 00111€CTBE C PA3BUTHEM BBIYUCIUTENBHON TEXHUKU
KOMOMHATOPHKA A0o0uUJIach HOBLIX ycmnexoB. Tak, ¢ momoigsio OIBM
ObLya penieHa KOMOMHATOPHAA 3aJada, H3BECTHAA O] Ha3BaHUEM npo-
0.lema wemuipex Kpacok. ¥ xajoch AOKAa3aTh, UTO JIOOYVIO KapTy MOMKHO
pacKkpacurs B 4 11BeTa TaKUM 00pa3oM, 4YTO HUKaKUe JBe CTPaHbl, HMe-
olHe o0MIyIO rPAHUILY, He GYAYT OKpPAllleHsl B OJUH U TOT JKe IIBET.



rmasaV | | 3HAKOMCTBO C BEPOSITHOCTbIO

§ 32. BeposATHOCTb COObITUSR

IIpaxTHKOI yCTAHOBJIEHO, YTO B YACTO IPOUCXOAAIIMX CIYyYaHHBIX
SABJIGHUSAX CYIIECTBYIOT OIpe/e/ieHHble 3aKOHOMEPHOCTH. 3aja4da Teo-
pUM BEPOSITHOCTEH — YCMAHOBACHUE U MAMeMAMULeCKoe uccaedosa-
Hue 3aKOHOMePHOCMell MACCOBLLX CAYHALHbLX ABNEHUIL.

PaccMOTpUM sKCIIepUMEHTHI ¢ ToAOpacbIBAHUEM MOHETHI, IIPU KO-
TOPBIX HOACYUTHIBAETCA N — UYHMCJIO NOAOPACBIBAHUN U [ — YHMCJIO BHI-
nmajgeHuil «opaa». Yucao f HA3BIBAIOT YACTOTON COOBITHA «BBINAJ

f - .
opeJ», a 4YUCJIO 1_7. — OMHOCUMENbHOI Yacmomoil 3TOro CoObITHSA.

ONBIT MOKA3BIBAET, YTO NPH YBEJIUUYEHUN YUCJIa SKCIIEPUMEHTOB (1)
OTHOCHMTEJIbHAA YacTOTA MOABJIEHUA «opJja» Bce 6osee u 6osee npu-

1
6amiKaeTca K YUCIy 2— , KOTOpOe Ha3bIBAE€TCA 8€POsANHOCNbIO pac-

CMaTpUBaeMOro coObITHSA («BBITIAN OPEJI»).

B page ciyuaeB BEPOATHOCTh COOLITHA MOXKET OBITH OIpeesieHa U
6e3 MpoBeAeHUA IKCIIEePHMEHTOB. II03HAKOMUMCA C PASJIUYHBIMYI BUAA-
MU cOOBITHIH, HaubGOJIee YACTO paCCMAaTPUBAEMBIMHU B Kypce TeOpUu Be-
POSITHOCTEN.

Hanpumep, npu oxHOM 6pocaHuU UIpajbHOMN
o KOCTH BO3MOXKHBI CJIeAyIOIiUe cobbimusa (uUcxo-

Ovl ): Ha BepXHeil 'PaHU MOYKEeT OKa3aThCA OJHO U3

o) o yucen 1; 2; 3; 4; 5; 6, nmpeacTaBJeHHBIX Ha KyOUKe

o TouKamu (puc. 78).

0 Kaxxmoe us aTux coObITHH ABAAETCA caAyxall-
HblM, TAK KAK OHO MOXKET IIPOM30MTH, a MOKET He
IPOU30MTH.

Puc. 78 OpHaxo TOT PAKT, YTO BBINAAET OLHO U3 YMCEJ
1; 2; 3; 4; 5; 6, — docmosepHoe cobbimue, Tak Kak
npu 6pocaHuy UrpasbHON KOCTH OHO 0043amefibH0 TPOKU30iijerT.

Bruinagenue Apyrux uucesi Ipu OGHOM GpOCaHUM, HaIpUMeD Yucsia 7,
ABJISAAETCS HEBO3MONCHBLM COObLIMUEM.

PaccMmoTpeHHBIE BOSMOXKHEIE IIPU OPOCAHUY UTPAJBHON KOCTH CO-
ObITUA HecosmecmHbl (IOSABIEHNE OAHOTO U3 HUX UCKJII0YUaeT NosABJe-
HUe OPYroro), eduHcmeeHHo 803MO¥Hb (0053aTEeJIbHO MOABUTCA OZHO
YHCJIO) B PABHOBO3MONCHbL (Y BCEX YMCe HIAHCHI IOSABUTHCA OXMHAKO-
Bbl). Takue cOGBITUSA HA3BIBAIOT IAEMEHMAPHbIMU COOblmuimy (MIH
dNeMEHMAPHLIMU UCX00AMU UCTIHITAHUA).

Cob6bITHA 00BIYHO 0003HavaloT 6ykBamu A, B, C, ... .

PaccmoTpum Gosiee cioxkHOE cobbiTHe A — BBINaJeHHe YETHOTrO
YycJIa OYKOB IIPU OAHOM GpocaHuy UrpaabHoi Koctu. CobriTHE A Ha-

144



CTYIIUT, €CJU IPOU30IJET OJHO U3 3JIeMEHTAPHLIX COOBITHII: BhIIAJAET
anbo ynciao 2, aubo umcnao 4, au6o uuciao 6. OTH TpU 3IEeMEHTAPHBIX
COOBITHS ABJIAIOTCA 6.1A20NDUAMCMBYIOUUMLE COOBITHIO A.

OueBHUIHO, YTO IOABJICHHE YETHOI'O YUCJA OUYKOB IIPU OAHOM Opo-
CaHMH UTPAJILHOH KOCTHU MMeeT GOoJibllle IIAaHCOB, YeM IIOABJIeHMe, Ha-
npumep, yuciaa 1. [Insg KoJludyecTBeHHON XapaKTEePUCTHKHA BOSMOMKHO-
CTU HACTYILIEHUA COOBITHUA U BBOAUTCA HOHATHE BEPOATHOCTH COOHI-
THdA, KJACCUYECKOe ompeAesieHrne KoToporo dyzet ceituac chopmyiu-
pOBaHoO.

ITyems n — wuc.o cex 3iemeHMAaAPHbLX UCX0006 HEKOMOPO20 UC-
netmaHus, m — wucao 6aazonpusmcmayouux cobsimuio A ucxodos,
mozda geposamuocmb coboimusn A (06o03nanaemcs P(A)) onpedensem-
ca popmynoi

m
P(A)= — (1)

3amaua 1., KakoBa BeposTHOCTb BBLIMAAEHNSA YETHOTO YMCJIA 0Y-
KOB IIPpK OJHOM OpPOCaHMK UrPASIBLHON KocTHh?

A Ilyeth cobbiTHE A — BBINAZeHME YeTHOro yucia oukoB. Torxa
YuCJI0 GIArONPUATCTBYIOUIUX €My UCXOAOB M = 3, YUCJIO BCeX dJIeMeH-
TapHBIX ucxojoB n = 6. ITo dpopmyne (1) Haxogum

3 1

BepoATHOCTL ZOCTOBEPHOT'O COOBITHSA pPaBHA eMHUIE, TAK KaK B

n
aToM caydyae m =n u P(A)=—=1. BepodaTHoCTb HEBO3MOXXHOI'O COOBI-
n

0
THHA paBHA HYJIO, TAK KaK B 3TOM ciydae m =0 u P(A)= o= 0.
Takum oOpasom, B TI060M cayyae
0< PA)<1.

3agaua 2. HaiiTu BepoATHOCTH TOTO, YTO NpH OPOCAHUM HT-
PaJbHOM KOCTH BBINAJNET «IATEPKA» UJIH «IIIEeCTePKa».

A CobbiTe A — MOABJIECHUE <«IATEPKU» UM «IIECTePKU». dHUca0
COOBITHI, OMArONPUATCTBYIONINX COOBLITHIO A, PABHO ABYM, T.€. M = 2.
Yuciio Bcex 3jieMEHTapHbIX COObITHI 12 = 6, I03TOMY

2 1
P(A)====. A
(A) e

3amaua 3. Bpomrenn gse urpajpHble Koctu. Haiiti Beposr-
HOCTB TOI'0, YTO CYMMA BHINABIIMX OYKOB paBHa 6.

A Ilyets cobbiTHE A — CcyMMa OUKOB HA [IBYX KOCTAX paBHa 6.

BiaronpusarcTByommMy coOLITHIO A OYAYT CAEAYIOLINEe BhINABIIHE
mape OuKOB: 1 1 5,2u4,3u3,4u2, 5ul. Takum obpasom, m = 5.

B pesyabraTe 6pocaHusi ABYX UrPaJbHBIX KOCTeH J100asA U3 MIeCTH
rpaHeil OJHOH KOCTHM (C COOTBETCTBYIOIIMM €I UMCJIOM OYKOB) MOXKET
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COeIRHUTHCA C JII000# U3 IecTu rpaHeit Apyroit koctu. CorsacHo npa-
BUJIY YMHOKEHUA, UMeeTcsa 6 + 6 = 36 pasIMYHBIX 3JIeMEHTapHBIX CO-
ObITHII B pe3yJsibTaTe OpocaHusA ABYX KocTei, T. e. n = 36.

Takum 00pa3om, HCKOMaA BEPOATHOCTh P(A)= % A

YnpaxHeHus

376. K xakomMy TNy COOBITHIL (ZOCTOBEDHOMY, HEBOSMOYKHOMY, CIIydaii-
HOMY) OTHOCHUTCS CJIeAyIoliee coObIiTHE:
1) npu KOMHATHO# TeMIlepaType 1 HOpMaJbHOM aTMOC(EePHOM JaB-
JIEHUU CTaJIb HAXOJUTCS B YKUJKOM COCTOSHUM;
2) Hayraj BEIHYTas M3 KOIIIEJIbKa MOHeTa OKa3ajiach NATHDPYOeBOii;
3) Hayraj Ha3BaHHOE HATYPAJIBLHOE YKUCJIIO OOJIbIIe HYIs?

377. KakoBa BepOSATHOCTbH BHINIAJaHKM YKCJIa, KPATHOTO 3, B pe3yibTa-
Te NoAO0packIBaAHUS UTPATILHOM KOCTH?

378. KakoBa BepOATHOCTH TOr0, YTO HA OTKPHITOM Hayral JUCTE HOBOT'O
OTPBHIBHOTO KaJIeHJAPA Ha BUCOKOCHBIH I'0jf OKAXKETCA H-e Unco?

379. JonyctuMm, Bbl 3a6bLTH TTOCaeAHIOW Ubpy HOMepa TesedoHa APY-
ra 1 HabpaJiu ee Hayraf. KakoBa BEPOATHOCTH TOTO, YTO BHI €€ Bep-
HO Habpauu?

380. B xopobGke HaxoxnTCH 3 YepPHBIX, 4 GeJAbIX U 5 KPACHBIX IIAPOB.
Hayran seiHuMaercs oauH map. KakoBa BepOATHOCTb TOTO, YTO
BBIHYTBIH 111ap: 1) uepHsbrii; 2) 6enblit; 3) KpacHBIN; 4) YePHBIR UK
GesnbIii; 5) uepHBIH MM KpacHBIH; 6) KpacHBIA uny 6eblit; 7) uep-
HBIH, MIH GeJsIbIf, NI KPacHBIi; 8) 3e/IeHbIiH?

381. Bpomrensl 3 urpajapbHble KOCTH. KakoBa BepOSATHOCTL TOrO, 4YTO:
1) Ha Bcex Tpex KOCTSX BBINAJIO OAMHAKOBOE KOJHNYECTBO OUKOB;
2) cymMMa OYKOB Ha BCeX KOCTAX paBHa 4;

3) cymMMa OYKOB Ha BCeX KOCTAX paBHa 57

382. B snoTepee yuyacTBYIOT 15 GUIETOB, CpeI KOTOPBIX 3 BBIUTDHIII-
HbIX. Hayraa BeiHyTHI 2 GuiteTa. KakoBa BepoATHOCTH TOTO, YTO:
1) o6a BBIHYTBIX OMJIeTa BEIUTPBIIIHBIE; 2) TOJIBKO OANH BHIUTIPBIII-
HBIH; 3) BBIUT'PBILITHOTO OMJIeTa He 0KAa3aJI0Ch?

§ 33. CnoxeHue BeposiTHOCTEN

Cymmoil cobetmuit A u B nasvigaiom cobvtmue A + B, cocmosauee 6
noasJjeruu Aubo moavko codbtmua A, 1ub0 moavko cobvemus B, aubo
u cobvimus A u coboemus B 00no8pemerRoO.

Hanpuwmep, ecaiu CTpesoK ¢esaj ABa BLICTDEJIA 10 MUIIIEHN U A —
nomnajgaHue B MHUIIEHb IIPU IIE€PBOM BhICTpese, B — monagaHue npu
BTOPOM BLICTpeJie, TO coOnITHe A + B — 3TO momnajgaHue CTPEJTKOM IO
MUIIIEHY XOTA OBbI IPXA OAHOM M3 BBICTDEJIOB.

146



Ecnu cobriTusa A u B — HeCOBMeCTHBIE, TO COObITHE A + B cocTrouT B
HACTYILJIEHUH OJHOTO U3 3TUX cooblTuil. Hanpumep, eciu A — nosieje-
HUe OJZHOro O4YKa Ha UrpajbHOI KOCTH IIpYU OZHOM OpocaHuu, a B — 1o-
ABJIeHHE IBYX OYKOB, TO coObITHE A + B — mosABJIeHHe IIPU OAHOM
Opocanuu aubo0 ogHOrO, JU6GO ABYX OUKOB. O4eBHAHO, YTO B JAHHOM

caydae P(A+B)= %

Teopema. BepoaTHocTs mOABIIEHNS OZHOTO U3 ABYX HECOBMeE-
CTHBIX COOBITHII pABHA CyMMe BEPOSATHOCTEM 3THX COOLITHI

P(A + B) = P(A) + P(B).

O IlyeTs n — oflLiee YKUCJI0 PABHOBO3MOYKHBIX 3JIEMEHTAPHBIX HC-
XOJ0OB HCHBITAHUSA, M, — YHUCJIO UCXO/J0B, 6IarONPUATCTBYIOLIUX CO-
GbITHIO A, M, — YHUCJIO UCXOA0B, 6IArONPUATCTBYIOIIUX COOBITHIO B.

Yucao UCX040B, GraronpusaTcTByomux au6o cobeituio A, aubo
cobriTuIo B (T.€. cobriTHIO A + B), paBHO m, + m,. Torpa

P(A+B)= "’1;”‘2 m e ’”2 =P(A) + P(B). ®
n

3amgava. B amuke jgexar 10 mapos. 3 KpacHBIX, 2 CHHHX H D
Gesawix. Hayraz Beinumaerca ogul wap. KakoBa BepOATHOCTH TOrO,
YTO STOT IUap 11BeTHO (He Genrnlit)?

A TlycTs coObiTe A — mOsBJIE€HHE KPACHOro Iapa, B — moasie-
HHe CHHEro uapa, Torga A + B — noasJieHue 1BeTHOro inapa. OueBua-

HO, uTO0 P(A)= l_ P(B)= E = 3 Tar xkax cobbiTua A 1 B HecoBMecCT-

HBI, K HUM IIDHMEHHUMA TeopeMa CJOXEeHUA BepOHTHOCTeﬁZ

1_5_1
P(A+B)= P(A)+P(B)—16 5~10"3

YnpaxHeHus

383. BEIACHUTS, ABJAAIOTCA JIU COOBITHS A 1 B HeCOBMECTHBIMH, €CJIN
1) A — nosBaeHue Ty3a, B — nosiBJIeHNHe SaMbl IIPY OJHOM U3'bS-
THM KapThl U3 KOJIOALI KapT;
2) A — nossyieHue Ty3a, B — nmossiieHne KapTol 6y0HOBOH MacTH
NIPH OAHOM HU3BATHH KapPThi U3 KOJOABI KapT;
3) A — BuITIaJieHUE UEThIPEX OUKOB, B — BhINajeHUe YeTHOrO YUC-
JIa OYKOB IIPU OAHOM OpPOCAHUM MTPAJBHON KOCTH;
4) A — BBbIaJeHUE YEThIpEX OYKOB, B — BBINafieHNe HEYETHOTrO
YucJIa OYKOB IIPK OAHOM OPOCAHUH UrPAJIbHOM KOCTH.

384. B nauke Haxoaurcsa 12 61uy1eToB AeHEKHO-BeIleBoii JoTepen, 16 Ou-
JIETOB CIIODTUBHOM JoTepen u 20 GHIETOB XYA0KeCTBeHHOI JIoTe-
peu. KakoBa BEpOSITHOCTE TOTO, UTO OAUH HAYAAUYy BBIHYThIA O1-
Jaet Oyzaet 6uneToM JIMGO JeHe K HO-BEILEBOHM, TU00 XYA0MKECTBEH-
HOii JJoTepen?
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385. B koJsiozne 36 xapt. Hayrag BeiHuMaeTcs oJjHa kapTa. KakoBa Bepo-
SAATHOCTb, YTO 3Ta KapTa aubo Ty3, 1ubo gama?

§ 34. BeposaTHOCTb NPOTUBOMNONIOXXHOIO
coObiTnA

Cobbimue A nasvieaemea coboLmuem, nPOMUBONOLONCHbLM COObL-
muio A, ecau 0HO npoucxodum, k0z0a He npoucxodum cobbimue A.
Hamnpumep, ecan cobpiTHe A — BhINAJaHUE Opla IPU OPOCAaHMUH MO-
HeTHI, TO TPOTUBONOJIOKHBIM eMy coObITHeM A GyneT BhINafaHue peus-
Ku. IIpDOTMBONONOXHBIMYU COOBITUAMM TaK)Xe GYAYT: H3BATHE U3
IapTUM JeTajleil CTaHZapPTHOM M HeCTaHAAPTHOM geTaseil; BrinagaHue 6
OUKOB IIpY OpPOCAHUHM UTPAJILHOM KOCTH U BblnagaHue He 6 oukos (T.e.
BBINIafiaHMe OAHOrO, ABYX, TPEX, YETHIPEX WJIH IATY OYKOB).
Ecnu B HEKOTOPOM HCIIBLITAHUU U3 71 3JIEMEHTAPHBIX COOBITHI CO-

OpITHIO A GIArONPUATCTBYIOT M, COOBLITUH, a COOBLITUIO A 6narompu-
ATCTBYIOT M, COOBITUIH, TO

m,+my,=n. 1)

Tak, HanpuMep, Tpu GpPOCAHNM UTIPAJIbHOM KOCTH — 6 3JeMeHTap-

HBIX CcOOBITHH (n = 6), COOBITHIO A — «BBITTAJIIO 6 OYKOB» —OJIArONIpPH-

SITCTBYET O4HO cobbiTHe (m,; = 1), a cobbITHIO A — «Buimano ge 6 ou-
KOB» — GJIarONPUATCTBYIOT 5 2jleMeHTapHBIX COObITHi (M, = 5):
1+5=6.

Teopema 1. CymMMa BEepPOATHOCTEI MPOTUBOMOJJOXKHBIX COOBITHIA
paBHa 1.

O IlycTes B pesysnbTaTe HEKOTOPOTrO MCIBITAHUSA MOTYT IPOU3OHTH
1 3JIeMEHTaPHBIX COOBITUH U IIyCTh COOBITHIO A GIarOIPUATCTBYIOT M,
37I€EMEHTaPHBIX COOLITHI, 2 HPOTUBOMOJIOKHOMY eMy coObiTHIO A 61a-

TONPHUATCTBYIOT M, 3JIeMEHTAaPHBIX COObITUM. BepoATHOCTH noaABe-
i Au A : P(A)="" u p(A)="2

HHSA COOBITUIH A U COOTBETCTBEHHO paBHbl: P(A)=— u P(A)=—%,
n n

rae, corsacHo dopmye (1), m;+my=n. Torza

P(A)+P(A)="T1 M2 Mt 1y
n n n n
T.€.
P(A)+P(A)=1. ® (2)

3angaua 1. BeposaTHOCTL MONagaHus B MHUILIEHb CTPEJIKOM PaBHA
0,6. KaxoBa BeposATHOCTb TOI'0, YTO OH, BBICTPEJHB [0 MHIIIEHH, IIPO-
MaxHercA?
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A Ecau cobbiTue A — nomajaHue B MHUIIEHb, TO, IO YCJOBUIO,
P(A) = 0,6. IIpoMax — IPOTHBONIOJIOXKHOE TONaAAaHUIO COOBITHE, U €0
BEPOATHOCTb:

P(A)=1-PA)=1-0,6=0,4. A

3amaua 2. B pore us 100 congar gBOe MMEIOT BhICIIee 06pas3oBa-
une. KakoBa BEpOATHOCTBL TOI'0, UTO B CJAYYaMHBIM 00pa3zoM chopMH-
poBawHOM B3BoZe u3 30 coagar Gyner XoTsa Obl OAUH YeJIOBEK C BBIC-
mM obpasoBaHnemM?

A Ilycers coObiTHE A — BO B3BOJE XOTA ObI OAVH 4YEJIOBEK MMeEeT

BhICIlIee 00pa3oBaHMe, TOTAA cobuiTie A — HU OZMH YeIOBEK BO B3BO-
Jie He UMeeT BhICHIEro o0pasoBaHusa. B JaHHOM CHTyalH¥ IPOLE BbI-

uncauts P(A), uem P(A). Haiinem P(A).
Yucao cnoco6oB cocraBiaeHusa B3Boga B 30 yenosek us 100 coagar

POTHI PaBHO Cfgo. Yucso conpaTt, He MMEIOIUX BBICIIIEro 00pa3oBaHUs,
paBuo 100 — 2 = 98. U3 98 uenosex cocTaBuTh B3BoL U3 30 uesoBeK

MOXHO ng cunocobamMu. BepoATHOCTE TOTO, UTO CpeAr OTOOPaHHBIX
30 yesIOBEK HET HU OGHOTO C BHICIIHUM 06pa3oBaHUeM:

98!
C® 3068 98700 6970 161

A= =00 = sar100 ~99.100 ~ 330°
30170
Orcroza HaX0ANM
P(A)=1—P(Z)=1—%=%zo,512. A
YnpaxHeHus

386. Uto ABnsiercsa coGbITHEM, TIPOTUBOIOJ0XKHBIM COOBITHIO:
1) ceropHa nepsrlit ypok — Dus3uKa;
2) sK3aMeH CIaH Ha «OTJIHYHO»;
3) Ha UTPAJILHOM KOCTH BHIIIAJIO MEHbIIEe 5 OUKOB;
4) xoTs1 ObI OAHA IYJISA IPY TPEX BHICTPEJIAX MONajia B Ielb?

387. BepoATHOCTb BHIUTPHIIIA IJIABHOTO IIPHU3a PaBHA 10°®. Kaxosa Be-
POATHOCTD He BBIUI'PATh I'JIaBHBIM MpU3?

388. HaiiTi BepOATHOCTH TOTO, YTO HAYTAJ BRIHYTAaA U3 MOJHOTo Habopa
JOMUHO (28 KocTeil) 0HA KOCTh JJOMUHO He 6yeT «Ay0aeM».

389. B ammuke jeaxar 5 6ebix, 10 yepHBIX ¥ 15 KpacHbIX mapos. Kakosa
BePOATHOCTE TOT'0, UTO HayFaJ BEHIHYTHI 11ap He 6yaeT 6ennsim? (Pe-
LIUTH 33J1a4y ABYMA crrocobamu. )
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390. B crynenueckoii rpymnmne 22 yeJ., cpeay KOTOpsIxX 4 nqesymku. Kako-
Ba BEePOATHOCTH TOT'O, UTO CPEAH TPOUX CAYyUaiHBIM 00pasoM BbIO-
PaHHBIX M3 9TOH IPyNIbI CTYJEHTOB OKaXKeTCA 110 KpaiiHell Mepe
OJIHA AeByILIKa?

§ 35. YcnoBHast BepOSITHOCTDb

ITpoussedernuem coboimuiir A u B nHasvieaemcs cobbumue AB, co-
cmosawee 6 noagnenuu u cobbimus A u cobbtmuas B.

Hamnpuwmep, ecnu co6biTe A — monajaHue B MUIIEHD IIPH II€PBOM
BBICTDeJIE, a coObITHE B — momazaHue B MUIIIeHb IIPX BTOPOM BBICTpe-
Je, To co0biTHe AB — monasaHue B MUIIIEHb MPH O0OMX BHICTpEJaX.
Eciu A — cobeiTHe, COCTOsAIEee B TOM, UTO U3 KOJOABI KapPT Haygauy
BBIHMMAeTCA KapTa KPacHO# MacTH, a coObiTue B — BBIHMMAeTCA TYy3,
TO coObITUE AB — M3 KOJIOABI KapT BHIHYT Ty3 KPacHOI MacTH.

IIpu coBMeCTHOM PacCMOTPEHUM ABYX CJHYUYAHHBIX COOBITHI BO3ZHU-
KaeT BOIIPOC O BJIMAHHUU HACTYIJIEHUS OJHOTO COOBLITUS HAa IIOABJIEHUE
Apyroro.

Ilyers, Hanpumep, oANH pa3 Gpocaercd UrpajbHas KocTh. Cobbl-
THe A — BhINaJaHue HedeTHoro umcja oukoB (1, 3 uau 5), cobbiTue
B — Bmimaganue umncjia OYKOB, MEHbLIEro deThipex (T.e. 1, 2 unu 3).
Ecan cunrarh, 4TO HacTynuiao cobpiTie B (Tpu 3jieMeHTapHBIX UCXO-
Za), To B HEM COOBITHIO A GJIaronpUsATCTBYIOT JBa 3JeMeHTapHbIX HC-
xoga (1 u 3). Torza BepOATHOCTE MOABJAECHUA COOLITHS A IIPH YCJIOBUH

2
HacCTyIlJIeH!A coObITuA B paBHa 3° Ecsin 651 He GbIJIO U3BECTHO O Ha-

CTYIJIEHUU COOBITHSA B, TO BEPOATHOCTh HACTYIIJIEHUA COOBITHA A

1 2_1
6bL1a OBl paBHA 5" Tak kak 3”3 » TO ClIe/lyeT MPU3HATE, YTO HACTYI-

JieHue coObITHA B yBeTMUNBaAET BEPOSITHOCTH HACTYIJIEHUA COObITHA A.
1A KoNWYeCTBEHHOH XapaKTEePHCTUKU 3aBHCUMOCTH ORHOTO CO-
OBITUA OT APYTrOro BBOJUTCS IIOHATHE YCAOBHOIL 86POAMHOCTU.

Ecau A u B — 0sa cay4aiiHbLx co6bimus, Komopbie Mo2ym npousoil-
P(AB)
P(B)
10m YCA0BHOIL 8ePOAMHOCMBIO COObLMUSL A NPU YCI08UU, YIMO HACMYNU-

210 coBbimue B, uau npocmo ycio6Hoil 86epOAMHOCTMbIO COObLMus A.

mu 6 00noMm ucnstmaruu, npuvem P(B) # 0, mo wucao Ha3vi8a-

BeposTHOCTHL COOBITUS A NpM YCJIOBMH HACTyIJIeHHs coObiTUs B
obosnauaerca P(A/B). Takum o0pa3oM, COPJIaCHO OIIPeAEeJeHUIO
P(AB) 1)

P(B)

3amaua 1. KakoBa BepOATHOCTBH TOTO, YTO HAayraj BHIHyTad U3
OJIHOT'O HAabopa KOCTh ZOMHHO OKaKeTcs «Ay0jeM», eClIH M3BECTHO,
YTO CyMMa OYKOB Ha 9TOi KOCTH MeHbIIIe, 4eM 57

PA/B)=
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A B mabope momuHo 28 KocTeil, us Hux 7 «aybuaeit». Ha nesartu
KOCTSIX CYyMMa OYKOB MeHbIe, uem 5 (0-0, 0-1, 0-2, 0-3, 0-4, 1-1,
1-2,1-3, 2-2).

IIycTs cobbiTe B — cyMMa OYKOB Ha BHIHYTOH KOCTH — MeHbIlle
naTH, a cobbiTHe A — BBIHYTas KOCTb €CThb «Ay0Jib», TOTJa COOBITHE
AB — Ha BBIHYTOH KOCTH, ABJAIOLIEHCA «AybIeM», CYMMa OYKOB
MeHblle natu (tTakux Kocreit 3: 0—0, 1—1, 2—2).

3
P(AB) 28 1
P(A/B):—IS(—B)—)=%=—3. A
28

3nauenue P(A/B) M0oXHO ObIJIO HAAITH ¥ IPU UCNOJb30BAHUH
KJIaCCHYECKOTO OINpe/eIeHUs BePOATHOCTH: U3 Tex 9 ciaydaes, K KOTO-

PBIM CBOAUTCA COObITUE B, COOBITNIO A 6IATONPUATCTBYIOT TPU: % = %

3amaua 2. B amuxe aexar 3 6eabix u 2 uepHbIX mapa. W3 amu-
Ka 2 pasa BHIHMMAIOT II0 OAHOMY LIApy, He BO3Bpamad uX o0paTHO.
HaiiTu BepOATHOCTH TOTO, YTO: 1) mepBHIM OBl U3BJeYeH Oesblii map,
a BTOPLIM — YEepHBIH; 2) BTOpPbIM OblJI BEIHYT YEPHBIN LIAP IPH YCJO-
BUH, UTO MEPBLIM y2Ke ObLI N3BJiedYeH GeJIbIi.

A Ilpu pellleHuN 32841 PACCMOTPHUM COOBITHSA:

A — nepBbIM BHIHYT OeJiblil map;

B — BTOpBLIM BBIHYT Y€PHBII I1AP;

AB — nocjefoBaTeJIbHO U3BJIedeHb! Oesblil, 3aTe€M YepHBIi IaphI;

B/A — BTOpBIM BHIHYT YE€pHBIil 1HIap IPHU YCJIOBUH, YTO IEPBLIM
GBI U3BJIEUEH GesIbIi.

1) Uncuo Bcex BO3MOYKHBIX BAPDHAHTOB U3BJIEUEHUSA JBYX I1apOB U3
ANMKA C OATHIO MapaMu (C yIeToM MOPAAKA UX NMOABJIEHHUS) PaBHO

A52 =5.4=20, T.e. n = 20. BiaaronpuaTrcTBywouumMu cobpiTuio AB 6y-
OYT BCe BO3MOYKHLIE YIIOPAAOYEHHBIE Maphl Oeablil wap, weprslil wap,
COCTaBJIeHHBIE U3 HMEIOIMXCS TPeX GeJIbIX U ABYX 4epHbIX mapos. Ta-
KMX COeAMHEHHUH, COrJIaCHO MPaBUIy YMHOXeHuU, Oyaer 3 - 2 =6 (m = 6).
Taxum o6pazom, 6 3
P(AB)=—=—.
(AB) 20 10
2) ITocsie usBIeYeHNA U3 ANTUKA NepBbIM Oesioro mapa (Ipou3oLI-
J10 coObITHE A) TaM ocTaHyTcA 2 6enblXx U 2 uepHuIX Iapa. IlosBaenuio

YepHOro IIapa BTOPHIM U3 4YeThbipex ocraBiinxcd (n = 4) 6aaronpudar-
CTBYIOT ABa coObITHA (M = 2), mO3TOMY
2 1
PB/A)Y=—==.
(B/A)=%=3
3uauenne P(B/A) MOXXHO MOJIy4uTh U 110 hopmy.e (1)

HB/A):%.
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HeficrBurensuo, P(A)= ", Tak Kak n = 5 (B AlLMKe NePBOHAYATILHO

ov W

HaXOAMJIOCH 5 mapos) u m = 3 (6enbix 6e1i10 3). ITogcrasus B hopmyay

(1) P(AB)= “1‘36 n P(4)= g nonyunM

3
P(B/A)=10=—"=
5

Ha ocnoBanuu dopmyss: (1) 3anuceiBaercs TaKk Ha3biBaeMas meo-
PeMa YmHOMEeHUA:

P(AB)=P(A/B) - P(B) = P(B/A) - P(A), (2)
TaK KaK coObITusA AB u BA — OAHO U TO e cOOBITHE.

3anmava 3. BnaGopatopuu 7 :xeHIINH U 3 MyKuuH. CilydaiiHeIM
06pasoM K3 YHCJIa 3TUX COTPYAHHKOB JJIs1 HAYYHON KOH(EepeHI NN BhI-
OupaloTca OAMH AOKJAAYMK U OZWUH COLOKJaguyuK. Kakosa BeposT-
HOCTE TOI'0, UYTO JOKJIaAUMKOM OyneT BoIOpaHaA *KEHIIUHA, a COAOKIag-
YUKOM — MYyKuuHa?

A IlycTe cobpiTHe A — ZOKJIAZYMKOM BBIOpaHA JKEHIIMHA, COOLI-
THe B — COZOKJafuYUK — MYy’KUMHA.

1-i1 cnocob6 pewenus. BepoaTHOCTE TOTO, YTO CHauasia BeIGMpasica
OCHOBHO¥ JNOKJAAYMK U UM OKasaJlach dKeHIMHA (HacTynujo cobbl-
THe A), paBHA

7
P(A)=—.
A)=1
BepOﬂTHOCTL TOr0, 4TO BTOPBIM BH6HpaHCH COAOKJIAAYHUK U UM

OKasaJicAd My XKUMHa (IIpou30ouLao cobeiTre B), BRIUMCIAETCA IPH YCJIO-
BHM, YTO NEePBOii yiKe ObLiIa Bmﬁpana SKEHILWHA, T.e.

1
P(B/A)= 5 =3
Coraacuo dopmyire (2) umeem
71 7
P(AB)=P(A) - P(B/A) = 103" 30"

2-ii cnocob pewerus. BeposTHOCTE TOr0, YTO EPBBIM BHIGUPAJICSA CO-
JOKJAAYWK U UM OKasaJsic MyKUMHA (Iponsoiio cobbiTue B), paBHa

P(B)==

BepoATHOCTH TOTO, YTO BTOPHIM BHIOMPAJICH AOKJIAXYUK U UM OKa-
3ajach KeHmuHa (cobbiTe A), BLIYNCIIAETCA IPU YCJIOBUH, YTO MEP-
BBIM y2K€ BBIOpaH MYyXKYUHA, T.€.

P(A/B)=%

152



IIpumenss dopmyay (2), nosydaem
3 7 7
P(BA)=P(B)- P(A/B)= 1/ 5=30
CpaBHMBasA pe3yJbTAThI ABYX CIOCO00B pellleHud 3afaun 2, y6ex-
IlaeMcsA B CIIpaBeAJIMBOCTH (Popmy.is! (2).

YnpaxHeHus

391. Ha crosie ieskaT 4 CHHUX U 3 KpaCHBIX KapaHjama. PezjaKTop ABask-
Abl Hayrazg 6epeT Mo OAHOMY KapaHjaly M 00paTHO X He KJaJeT.
HaitTu BepoATHOCTH TOro, 4TO: 1) BTOPHIM OBLLI B3AT KPACHBIHN Ka-
pPaHAAII IPU YCJIOBHH, YTO MEPBBLIM OBbLJ CUHUIL; 2) BTOPHIM B3AT
CHHMI KapaHAAII NPH YCIOBMH, YTO MEPBLIM OKa3aJiCd CUHMIL;
3) BTOPBIM B3AT CHHUH KapaHAAlll [IPU YCIOBHUH, UTO II€PBBIM ObLI
KPAaCHBIf; 4) BTOPBIM B3AT KPACHBIN KapaHAalll IPHU yCIAOBUH, YTO
MEPBBIM TaKsKe 0Ka3aJICA KpACHBII KapaHAalll.

392. B 6apabane naxogurca 10 jJoTepeiiHBIX GUIeTOB, M3 HUX 2 BBIUT-
puiuHBIX. 3 6apabana 2 pasa BBIHIMAIOT IO OZHOMY OueTy, He
BO3Bpallasa ux ooparHo. Kaxosa BeposiTHOCTBb TOTO, 4TO: 1) BTOpOIt
pas GbLJ1 n3BJe4YeH OGuieT 6e3 BHINTPLIIIA IIPH YCJAOBUH, YTO IEPBBIM
0KAa3aJICs BRINTPHIIHEIN OuiIeT; 2) nepBuiil pa3d ObL BHIHYT BRINT-
PHILIHGIH GHJIEeT, 2 BTOPOi pa3 — Guiier 6e3 BRIMIphilna?

393. U3 amuka, coaepxaiero 4 6easIX 1 5 KpaCHBIX IIapoB, 2 pa3a Ha-
yraj u3BJIEKAaIOT 110 OJHOMY I11apy, He Bo3Bpaluasa ux ooparso. Haiitu
BEpPOATHOCTDL TOT'O, UTO: 1) BTOPLIM M3BJIeUEH KPACHBIN map npu
YCJIOBHM, YTO IIEPBLIM TaKsKe OKa3aJICa KpacHsIi map; 2) o6a pasa
U3BJIEKAJINCH KPACHBIE LIaDHI.

394. 113 kosoap! B 36 KapT nociiefoBaTeIbHO HAYraJ BBIHUMAIOTCA U He
BO3BpalawTca 2 Kaprel. KakoBa BepoaATHOCTH TOrO, uTo: 1) 06a
pa3sa U3BJIEKAIIKCH KaPThHI KPACHOU Macmu; 2) mepBo¥ Obljia BLIHYTA
KapTa KPAcHOl Macmu, a BTOpPoiil — yepHoil macmu; 3) BTOpOil BhI-
HyTa KapTa YepHoil Macmu npHu yCJIOBUH, YTO IIePBO ObLjIa KapTa
Kpacroit macmu?

395. B ypue Haxoautca 10 6enbix u 10 uepHbix mapos. VI3 Hee nmocieno-
BaTeJHFHO BRIHMMAIOTCA 2 Iiapa ¥ He Bo3Bpamalorcs obparHo. Ka-
KOBa BEPOATHOCTH TOT'0, 4TO: 1) 06a pa3a N3BJIEKaJHUCH IIIADEI YepP-
HOTO I1BETa; 2) NePBLIM BHIHYT GEJIBIH IAD, & BTOPLIM — YePHBIH;
3) BTOPHIM U3BJICYEH YEPHBIH LIAD IPU YCIOBUH, YTO IEPBBIM GBLI
BBIHYT OeJblii map?

396. B niexe paboraior 10 my:xuun u 3 :xeniunsl. ITo TabebHBIM HOME-
paM 1nocJieJoBaTeJbHO Hayrag BeIOMpaloTca 2 yesioBeKa AJid AeJie-
THpOBaHus Ha Mpodcor03HYI0 KoHpepenuo. KakoBa BeposaTHOCTH
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TOTO, YTO: 1) BLIOpPAHHBIMHY OKAKYTCA ABE YKEHIIUHEI; 2) BLIOpAH-
HBIMU OKaXXYTCA JBOE MYJKUUH; 3) MEePBbIM BbBIOpAH MyK4YHHA,
a BTOPO¥H — »KEeHIUWHA; 4) BTOPHIM BEIOPAaH MY K4YHHA [IPH YCJIOBUH,
YTO IIEPBBIM TaKJKe ObLT My»KUMHAa?

397. YueHuK, ua HA 3K3aMeH, 3HaJ OTBeTHI Ha 25 6useros us 30, mpea-
JlaraeMbIX 3K3aMeHaTopoM. Ha nmepBel1il GujieT yYeHHUK He 3HaJI OT-
BeTa U, He BO3BpAlllas ero 9K3aMeHaTOPY, BLITAHYJI BTOPOI 6ujeT.
KakoBa BepoOATHOCTB TOrO, 4TO: 1) BTOPEIM eMy AocTaJjcsa GuJer,
Ha KOTODBIH OH 3HAJ OTBET; 2) BTOPBLIM €My JOCTajicA Ouier, Ha
KOTOPBIN OH He 3HAJ OoTBeTa?

398. CTyzeHT, KOTOPOMY IIPEACTOSANO CAABATh 3aUeT, 3HAJ OTBETHI HA
70 BonipocoB u3 90. KaxoBa BepOsATHOCTDL TOTO, UTO OH: 1) BepHO
OTBETHUT Ha JBa BOIpoca; 2) OTBETHUT Ha BTOPOI1 BOIIPOC IIPH YCJIO-
BHUM, 4YTO OH He 3HAJ OTBETA HA IEePBLIi BOIpoc?

§ 36. HezaBucumbie codObiTUNR

Cob6uiTuA A 1 B Ha3LIBAIOTCA HE3aBHUCHMMBIMM, €CJIM BBINTOJIHAETCA
paBeHCTBO

P(AB) = P(A) - P(B). (1)

OnpepesieHe HE3aBUCUMOCTH COOBITHII COTJIaCyeTCs C BBEJEHHBIM
B § 35 moHATHEM YCIIOBHOI BEPOATHOCTH.

HeiicTrBUTENBHO, COOBITHE A SIBJISETCA HE3aBUCUMBIM OT COOBITHA B
TOrJa ¥ TOJILKO TOTAA, KOTAa HAaCcTyIIeHue coObITIA B He BJINAET HA Be-
POSITHOCTD HACTYILJIIEHUS COOBITUA A, T. €. Korga

P(B/A) = P(A).

3amava 1. HaiiTu BepoATHOCTH TOI'O, YTO IPU IIepBOM OpocaHUM
UTPAJBLHOM KOCTH MOABATCA 6 0OYKOB, a IPU BTOPOM — HEUYeTHOe YUCJIIO
OYKOB.

A CobriTrie A — mosiBJIeHUe 6 OUKOB IpU epBoM 6pocaBuu KOCTH,
coObiTHe B — MOSIBJIGHHE YeTHOrO 4ucJia OYKOB IIpU BTOpoM Opoca-

1 1

HUU — He3aBUCUMbIE COOBITHUA. YUHUTHIBafA, uTo P(A)= e P(B)= PL no
dopwmyae (1) naiinem P(AB):

3anmaua 2. B u3rorosjieHHOI NapTUM AETCKUX MaYeill BepOAT-
HOCTBb HOABJEeHUs 6pakoBanHoro maya pasua 0,004. B kpacHbiil nser
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3

OKpAalleHbI Z BCex MsfA4eil, a oOCTaJIbHble — B CHHUM. Kaxopa BEPOATHOCTD

TOT'O, YTO HAYTaA BEIHYThIN MAY OyeT HeOpaKOBAaHHBIM M KPaCHBIM?
A Ilyctb cobbiTe A — mosBieHue 6pakoBanHoro Maua. Ilo yeio-

Buio P(A) = 0,004. Ilosinenue HeGPAaKOBAHHOrO MAYa — COOBITHE Ay
P(A) =1- P(A)=1 - 0,004 = 0,996.
IIycTe cobbiTue B — mosiBJeHWe KPACHOIO MAYA, TOrAa, COrJIACHO
yenosuro, P(B)= ‘—::
3ajaya CBOAUTCA K HAXOXKAEHUIO BEPOATHOCTH COBMECTHOIO IIOSB-

JIeHUS He3aBUCUMBIX COObiTHH A u B, T.e. K HAX0XACHUIO BEPOATHOC-

T cobrTuii A B. CornacHo dopmyre (1) mmeem

P(AB)= P(A)- P(B)= 0,996-§=O,747. A

YnpaxHeHus

399. BuIACHUTD, ABIAIOTCS U He3aBUCUMBIMU co6bITNA A 1 B, eciu:

1) urpaspHas KocTh 6pocaeTcs ABaXKAbl; COObITHE A — IIPU IIEPBOM
6pocanuy BhINa0 2 04Ka, cobbITHE B — 1pu BTOPOM GPOCAHMH BbI-
TaJjIo 5 OYKOB;

2) 6poleHH! ABE UTDAJIbHbIE KOCTH; A — Ha IEepBOil KOCTH IOSBU-
J0ch 6 04KOB, B — Ha BTOPOM KOCTH TaKKe 6 0UYKOB;

3) U3 KOJIOABI KAPT ABAKABI BLIHUMAIOT IO OAHOM KapTe, BO3Bpa-
11aA BBIHYTYIO KapTy B KOJIOAY; A — NEpBOii BEIHYTa Jdama nuk,
B — Bropoii TakiKe BEIHYTa dama nukK;

4) 13 KOJIOABI KapPT ABaMK/Abl BLIHUMAIOT 110 OZIHOM KapTe, He BO3Bpa-
jas MX B KOJOAY; coGbITHEe A — IEepBOii BHIHYTA WecmepKa mpeg,
cobbIiTie B — BTOPHIM BBIHYT KOPOIb NUK.

400. Bpommensl fBe urpasbHble KocTu. KakoBa BepoATHOCTB TOTO, YUTO Ha
obeux KOCTAX MOABATCA 10 2 oyka?

401. BpoieHs fBe UrpajbHbie KocTH. KakoBa BepOSITHOCTB TOTO, YTO HA
NepBOM KOCTH BBIIAJET YeTHOE YHMCJIO 0YKOB, & HA BTOPOi — HeueT-
Hoe?

402, BeposaTHoCTh IONaAaHUA B MUIlleHs paBHa 0,6. Kakxosa BeposaTHOCTE
TOT0, YTO CTPEJIOK IToNaeT 110 MUILIEHU B KayKAOM M3 ABYX II0CJIeL0-
BaTeJbHBIX BEICTPEJIOB?

403. BepoaTHOCTE MOPaXKEHNA 1eJTH U3 TIePBOTo opyaud pasHa 0,7, a us
Broporo — 0,6. HaiiTu BeposiTHOCTD IIOPAXKEHUS LeJH U3 000UX
OpPYAMii, BBICTPEIUBIINX HE3ABUCHUMO JAPYT OT APYTA.
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404. B ypHe nexxar 2 6es1bIx, 3 KDACHBIX M 5 YePHBIX I1apoB. JIBaXKAbI BLIHU-
MaloT 10 OTHOMY LIapy W BO3BPAII[AlOT uX 06paTHO B ypHY. Kakosa
BEPOATHOCTDH TOr'0, YTO: 1) TepBBIM BBIHYT KPACHBIH IT1ap, 8 BTOPHIM ——
YEePHBIi; 2) TepBHIM BHIHYT YEPHBIH I1ap, 4 BTOPEIM — OeJIbIii?

405. [IBaxxabl 6pocaeTcs UrpaabHas KocTh. CoOriTie A — IpH IEPBOM
6pocaHun NOABUIIOCH 6 0UKOB, COGLITHE B — B pe3yJIbTaTe BTOPOro
6pocanus NOABUIIOCH YHUCJIO 0YKOB, KpaTHOe TpeM. Haiitu BeposT-

HOCTb COOBITUS A B.

406. [Ipaxas 6pocaeTca urpaabHas KocTb. Co6biTue A — Nepsblit pas
BBINAJIO YETHOE YMCJIO OYKOB, COGbITHE B — BTOPOIi pa3 BHIIAIO

YKCJIO OYKOB MeHbIle Tpex. HaiiTu ReposaTHOCT cobbITHA A B .

407. BepoarHocTs nonajanusa B muilenb pasua 0,7. Kakosa Bepoart-
HOCTB TOTO, UTO CTPEJIOK XOTA OBbI OHAYK/AbI [TONAAET 10 MUILIEHH B
pe3yJibTaTe ABYX BBICTPEJIOB?

408. BepoATHOCTS NONAJAHUSA B MUIIEHb JJIs [IEPBOrO CTPEJIKA paBHA
0,2, a gz Broporo — 0,3. KakoBa BepOATHOCTH TOI0, UTO MUIIIEHD
Oyaer nopakeHa XOTs GbI OHHUM BBICTPEJIOM, ecju 06a CTpejKa
HEe3aBHUCHUMO JPYT OT APYTa BbICTPEJIUJIH 10 Hel?

409. B spinyuieHHoM 3aBoioM apTum geraneit 2% 6paka u 0,3 oT uuc-
Jla Bcex JeTaJjieli OKpallleHbl B 3eJIeHbIi 11BeT. KakoBa BepoOATHOCTD
TOTrO, YTO CJy4YalHbIM 00pa3oM BBIHYTas U3 NAPTUH AETaJb OKa-
JKeTcs HeOKpallleHHON HeOpaKOoBaHHOM JeTayibio?

YnpaxHeHus Kk rnase V

410. KaxoBa BEepOATHOCTb TOr'0, YTO IPH OAHOM OPOCAHUM HUTPAJIBHOM
KOCTH BbINAAET JINOO HMATh, IUOO IHIECTh OUKOB?

411, U3 ypHEI, cogepsxaeii 15 6ennix, 10 KpacHbIX ¥ 5 CHHHX IIAPOB,
HayraJ usBjieKaeTcsa oAnH Iuap. KakoBa BepOATHOCTD MOABIEHUA
GeJsioro mapa?

412, OgHoBpeMeHHO GPOCaloT ABe UrpajibHble KocTu. HaiiTn BepoATHOCTD
TOTO0, UTO CYMMa BBINABIINX OYKOB paBHAa 8.

413. Bpomena urpaabHas KocThb. KakoBa BepoATHOCTh TOT'O, YTO He
BhINARYT 3 ouKa?

414, BpouieHb! MOHETA U UrPaJIbHAdA KOCTh. KakoBa BEpPOATHOCTH TOTrO,
YTO MOABUTCA «Tepd» U MoABATCA 6 OUKOB?

415. ITo muniesy cTpenasAoT 2 pa3a. BepoATHOCTS IONIaJaHUA B MUIIIEHD
npu nepBoM BelcTpesie paBHa 0,8, mpu Bropom BhicTpesne — 0,9.
KakoBa BepOATHOCTS TOrO, YTO MHUIIIEHb He OYyAET MOpakKeHa HU
OAHMM BBICTpEJIOM?

416. U3 xonoas! B 36 KapT moceoBaTeJbHO HAyraZ BRBIHUMAIOTCA 2 Kap-
THI ¥ He BO3BpaIawTca o6paTHo. HailTu BepoATHOCTH TOTO, YTO:
1) BBIHYTHI 08a my3a; 2) cHa4aJa U3BJeYeH my3, a 3aTeM 0ama;
3) BeIHYTHI 2 KapThl 6y0H0600 macmu; 4) BTOPBIM U3BJIEYEH my3
pHU YCJIOBUH, YTO IE€pBOI Obljia BEIHYTA dama.

156



NPOBEPDL CEBSi!

1. Bpocator 2 MoreTsl. KakoBa BEPOATHOCTB TOTO, UTO Ha 06eux
MOHETaX BBINIaZeT «Opes»?

2. BepoATHOCTE [IOABJIEHUSA B IapTUH GPaKOBaHHON JeTalu paB-
Ha 0,05. KakoBa BEepOSATHOCTL TOrO, UTO HAYyraj MU3BJeYEeHHAA Je-
TaJIb OKaYKeTcs HeOpaKOBaHHOM?

3. B amuke nexar 2 yepHbIX, 3 Oenbix u 10 KpacHBIX HIIApOB.
KaxoBa BeposATHOCTB TOr0, UTO HAYTaJ BBIHYTHIN OAUH LIaD OKAXKeT-
¢cA WU YepHOro, miu Gesoro usera?

4. B Base sekaT 3 anenscuHa U 5 A6g0K. Manbunk He rasaas Ge-
peT 13 Baadsl OAMH ILIOJ, 3aTeM, He BO3Bpallas ero, 6eper BTOpOil.
HaiiTi BepOATHOCTL TOrO, YTO MEPBLHIM OBIJI B3AT alledbCUH, & BTO-
priM — A0JIOKO.

5. BepoaTHocTh Tonafanusa B MuiieHb paBHa 0,8. Kakosa Bepo-
ATHOCTDH IIOMAJAaHUA AJIA CTPEJKA 110 MHUIIEHN B KAXKAOM M3 ABYX
NPOM3BEeCHHKIX BLICTpEIax?

6. YueHUK 3HaJ oTBeTH! Ha 15 Bompocos u3 20, KOTOpkIe IpejJia-
rajuch K sauery. OTBeTa Ha IepBBIi IOMAaBIINICA HA 3a4€Te BOIPOC
OH He 3HaJ. KakoBa BepOATHOCTb TOr0, YTO YYEHUK OTBETUT Ha BTO-
poii U3 IpPeAJIOKeHHbIX éMy BOIIPOCOB?

7. BepoATHOCTE HONAafaHKA IO MUIIEHH IJIsA CTpesiKa paBHa 0,9.
KakoBa BepOATHOCTH TOr0, YTO IIOCJE€ JBYX BBICTPEJIOB B MHIIEHH
OKaKEeTCA OHA MyJIa?

417. Bpoitessl ABe urpajbHble KocTu. HaliT BepOATHOCTH TOTO, UTO
3 ouKa NoABATCA XOTsA OBl Ha OAHOM U3 KOCTeH.

418. UrpanbHasa KocTh 6pocaercs 2 pasa. HaliTu BepoaATHOCTE TOTO, YTO
00a pasa MOSABUTCSA OLMHAKOBOE YHCJIO OYKOB.

419%, TlonHasa konofa KaprT (52 1ucTa) AeTuTca Hayraj Ha ABe CTOIIKH IO
26 nucToB B Kaskgoi1. HaiiTu BeposTHOCTH TOTO, UTO B KaYK[01 CTOII-
Ke OKa’XeTcs 110 /IBa my3a.

420*. B posbirpeliiie IepBeHCTBA CTPAHBI [10 BOJIe00J1y y4acTBYIOT 18 Ko-
MaH/[, 13 KOTOPHIX CIYYaiHbIM 00pa3oM GOpMUPYIOTCA JBe IPYIIIBI
10 9 KoMaH B KaXKaoi. Cpey y4aCTHMKOB II€PBEHCTBA UMEETCA O
KOMaH/J BbICcLIEro KJjacca. HaliTu BepOSITHOCTb TOT'O, YTO BCE KO-
MAaHJAbI BBICILIET'O KJjiacca nonaayT B O4HY U Ty )Ke Irpynny.

MCTOPUYECKAS CNPABKA

Teopusa BepoATHOCTel Kak HayKa 3apoauiachk B XVII B. us norped-
HOCTeIt CTPaxoBOro Aeja, AeMorpaduy 1 B CBA3U C 3aIIPOCAMHU PacIpo-
crpaHuBIINXCcA B EBpone asapTHeix urp. B asapTHBIX uUrpax (kaprax,
JOMUHO, KOCTAX ¥ 1P.) BEIUTPHIII B OCHOBHOM 3aBHCEJ HE OT UCKYCCTB UT-
pOKa, a oT ciy4atinoctu. CI0oBO «asapT» ¥ HPOU3OHLIO OT (HPAHIIY3CKOTO
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cJoBa hasard, 03HAYAIOIIETO «CayYaii», «pUCK». Borarele monu, yBie-
YeHHbIe a3apTHBIMU UTDaMH, NIOPOI npuderaiu K MOMOIIK MATEMAaTH-
KOB JIJIf pellleHud 1IpodJyieM, BOSHHUKAKOIINX BO BpeMs UIrpel. B cBA3u
C 3TUM POXKAEHHEM TEOPDHHU BEePOATHOCTEH MHOTHE y4YeHEIe CUUTAIOT
1654 r., B KOTOPOM NPOMCXOUJIA MEePENHUCKA JBYX BEIUKUX (DPaHILy3-
cKux yuensnIx B. ITackansa u I1. Pepma B CBA3M C PELIEHUEM 3a4adl, BO3-
HUKAaIoIleil Ipu urpe B KOCTH.

Yuensle XVII B. Haya/iu MCIOJAL30BATh a3apTHLIE UTPHI KaK ya006-
Hble ¥ HarJsaAHble MOAEJIH AJA UCCIELOBAHUSA IIOHATHI TEOPHUH BEpO-
ATHocTel. [lepBas KHUra o TeOPUH BEPOATHOCTEH HassiBasach «O pac-
yeTax B a3apTHOH urpe» u Obljaa onyb6iauroBaHa B 1657 r. Ee asrop,
rojnaHicku yuensiit X. I'oilzenc, mucast: «...lIpy BHUMATEIHHOM U3Y-
4YeHHH IIpeJMeTa YUTATEIb 3aMETHUT, YTO OH 3aHMMAETCH He TOJbKO UT-
poii, a 4TO 37eCh JAIOTCS OCHOBEI TEOPUH BEPOATHOCTEM IIyOOKOH u
BeCbMAa MHTEPECHOM » .

B 1713 r. Obiia onyGIMKOBaHA KHUMA M3BECTHOTO IIBEHIAPCKOTO
maremMaTuka . Bepuyaau «VICKYCCTBO IIPEAIONOMKEHHH », B KOTOPO
aBTOP M3JI0KUJ OCHOBbI KOMOMHATOPMKHU U allllapaTa BLIYUCJIEHUS Be-
POATHOCTeH, a TaKKe JOKa3aj OAHY M3 3aMeUaTeJbHBIX TEOpEeM Teo-
pHH BepPOATHOCTEH, HA3BAHHYIO BIIOCJEJCTBUU meopemoil Bepuyaau.
Ha goxasarenbcTBO 9TO0M TeopeMbl yueHbli morpatui 20 JeT XuU3HH, a
caMoO AOKAa3aTeJbCTBO 3aHAJNO 12 cTpaHUI Texkcra. dTa TeopeMa —
BRYKHBIH YaCTHEIN cayyail O4HOro U3 OCHOBHBIX 3aKOHOB TEOPHUH BEPO-
SAATHOCTEH — «3aKO0HA 60JbWUX YUCeA», OTKPBLITOrO B cepeaune XIX B.
pycckum yueHbsIM 1. JI. Hebvtuiesvim. 3aKOH GONBIINX YUCES UMeeT IIIH-
POKO€ MPaKTUYeCKOe IPXMeHeHe B BOIIPOCaX, CBA3aHHLIX C ONpeAesIeHu-
€M BepOATHOCTEH COOBITHH, JJI1 KOTOPBIX PACCYUTATh TOYHOE 3HaAUEHHUE
BEPOATHOCTH (B €€ KJIaCCHYeCKOM IIOHUMAaHWK) HEBO3MOYKHO.

HanbHellllee pa3BUTHE TEOPUH BEPOATHOCTEH CBSI3aHO ¢ paboTaMu
¢pannysckoro mareMaTukKa u actporoma I1. JIanzaca (1749—1827),
HeMelnkoro matematuxa K. I'aycca, poccuiickux mateMatukoB A. A. Map-
rwosa (1856—1920), A. M. JIanynosa (1857—1918) u ap. 3Haunrenn-
HBIHA BKJIAJ B TEOPHIO BEPOATHOCTEI BHECIH OTeUeCTBEHHbIE YUeHbIe Ha-
mero Bpemenu A. H. Koamozopos (1903—1987), A. A. Xunuun (1894—
1959), B. B. I'nedenro (1912—1996) u ap.

B HacTosillee BpeMs TeOpUA BEPOATHOCTEH IPOAOJIKAeT pas3Bh-
BAThCA M HAXOAHUT LIMPOKOE NPUMEHEHHUEe B eCTeCTBO3HAHUHU, SKOHO-
MHUKe, B IDOU3BOJCTBE U 'YMAHUTAPHBLIX HAYKaX.



AEJTIMMOCTDb LLEJIbIX YNCE.
LLENOYUCNEHHbLIE PELUEHUSA
FNABA V|J YPABHEHUMA

§ 37. MoHaTue AenUMoOCTH.
AenuMocTb CyMMbl U NPOU3BEeAEHUN

IIycts a — nenoe yucao (a € Z), m — HaTypajbHOe uucio (m € N).
Torza roBopar, 4To a deaumcs Ha m, €CJU CYILIECTBYeT I1ejI0e YHCJIIO
p (p € Z) raxoe, uro

a=mp.

Unesmo m HaA3BIBAIOT Oeaumeiem YUCia a, p — YACMHbLM OT geJle-
HUSA @ HA m.

JBa HaTypaJbHBIX YKUCJIA M U N HA3LIBAIOT 83AUMHO NPOCMbIMU A
nuityT (m, n) = 1, ecM eIUHCTBEHHLIM OOLIMM HATYPAJbLHBIM JEJH-
TeJIEM 3THUX YMCeJ SBAAETCA YMCJIO eAUHUIA.

Hanpumep, uucna 10 u 51 B3amMHO IpPOCTHI, TAK KaK HaTypaJb-
HBIMH genuTensamu umncia 10 asasaioreda uucaa 1, 2, 5, 10, a HaTypaib-
HEIMU AeJINTENAMM Yncia 51 asasiorea uucaa 1, 3, 17, 51.

HauGosnbillee HATYpPaJIbLHOE YHCJO, ABJAAIOLIEECH NEJUTEIeM KaK-
JOr0 U3 HATYPAJBHEBIX YWCEJ M U N, HA3LIBAIOT HAUGOAbWUM OCULUM
Oeaumenem atux uucea u obosuauaror HOI(m, n).

Hanpumep, ecniu m = 80, n = 72, o HOII(m, n) = 8.

ITepeuncauM CBOMCTBA AEJIUMOCTH CYMMBI (DA3HOCTH) M IIPOU3BE-
JeHNs 4uces, cunrtad, yuroa € Z, bec Z, me N, n € N.

1. Ecau a nenurcss Ha m v b fesmurca Ha m, Touucaaa +bua — b
TaKKe AeJIATCA Ha M.

2, Ecnun a u b gensatca Ha m, TO HpH JIOOLIX IeJbIX kB ¥ | 4ucio
ka + lb npeaurca Ha m.

3. Ecoin a menurcsa ma m, a b He HeJUTCS Ha m, TO 4uciaa a + b
u a — b He gendarca Ha m.

4. Ecam a penurca Ha m, a m jgenurcsa Ha kB € N, 10 a Jenurcsa
Ha k.

5. Ecau @ genwmrca Ha m, a b He AejauTea Ha 1, TO ab HeJIUTCA Ha mn.

6. Eciiu @ genuTca Ha Kaskioe M3 4uces m, n, IpudeM m, n — B3a-
MMHO IIPOCTHIE YHCJa, TO @ AEJIUTCA Ha UX IIPDOMU3BeAeHNe mn.

7. Ecau a menurcs Ha m, To a” JAeJINTCA Ha m* ans nwoboro £ € N,

OrpaHuuuMcs JOKas3aTeNbCTBOM cBoiicTBa 1. Eciu mesble uucia a
u b gensarca Ha m € N, T0 CyLIeCTBYIOT uuciaa p € Z, q € Z takue, 4to
a = mp, b = mq, orkyza caepyer, utro a + b=m(p + q), a — b =
=m{P —-q), T.e.uncna a + b u a — b genarcsa "Ha m.
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3ameuanue 1. Ycnosue (m, n) = 1 B cBOMicTBe 6 siBIsieTcd cylie-
CTBEHHBIM: 4ucio 24 genutcs Ha 6 u 8, HO He AeJUTCA Ha TIpou3Befe-
Hue 6 - 8 (yucsaa 6 u 8 He ABIAIOTCA B3AUMHO MPOCTHIMH).

3amaua 1. JoxasaTk, 4TO YHCJO G AEJUTCHA HA M, €CJIH:

1) a = 555", m = 37;

2) a = 68 + 2162, m = 37;

3)a=47+ 70" + 21, m = 23;

4)a=10°%+ 10, m = 11.

A 1) Tak kak uucao 111 geaurcs Ha 37, To u uncjao 555 genurca
Ha 37 (cBoiicTBO 2), OTKy/AAa CAEAYyeT, UTO YHUCJIO a AeauTcs Ha 37 (cBoii-
cTBO 7).

2) Banumem uucio a B Buge a = 6° + 6% = 6° (62 + 1), roe 62+1=
= 37. CnemoBarTesLHO, YUCJIO @ geauTtca Ha 37.

3) Banumem uucso a B Buge a = 47 — 1 + 70* — 1 + 23 u BocHoub-
ayeMca GopMyJaaMu ¥ -1= (x - 1)(x2 + x4+ 1), x*-1=
= (x — 1)(x + 1)(x®> + 1). Torza 47% - 1 genntca Ha 47 — 1 = 46,
70* -1 nenurcs Ha 69. Orcioza caeayeT, 4To KaKaoe U3 Yuces 473 - 1,
70* — 1 genurcs Ha 23 u 1o cBoiicTBy 1 umcio a gesurca Ha 23.

4) 3anuiieM 4uCJO @ B BUJAE 4 = 10-1+ 11w 3aMeTHM, 4TO
b=10° - 1 — mecrusnaunoe KO, Bee u(PBI KOTOPOrO — JEBATKU.
Takoe umcyio genutrca Ha 99, a 3mauwmrt, u Ha 11. CaemoBarennHo,
a=b+ 11 genurca Ha 11. A

3amaua 2. Jokasars, uTo mpu Jjaiobom n € N yucio a = n®—-n

OenuTca Ha 6.

A Eciu n = 1, to yncao a = 0 geaurcs Ha 6. Ilyets n > 1, Torza
a =(n - 1n(n + 1) — npousseseHne Tpex IIOCJHEAOBATEJIbHBIX HATY-
PAJILHBIX YMCeJl, U3 KOTOPBIX OJHO AEJUTCA Ha 3 M, 10 KpaliHeil Mmepe,
oxaHo aenuTca Ha 2. Urak, a meanrtea Ha 2 u 3. Tak kax aTu yuciaa
ABJAIOTCA B3aUMHO IIPOCTEIMM, TO MO CBOMCTBY 6 uucio a geauTcsa
Ha 6. A

3agaua 3. Ilycts @ u b — TakHe UeJble YHCJIA, YTO YHUCJIIO
¢ = 4a + 3b peautcsa Ha 17. JlokasaTb, uto U unciao d = 20a + 496
neauTca Ha 17.

A Bocmonb3yeMcsa paBeHCTBOM

d = 5(4a + 3b) + 34b.

Tak xak 4a + 3b meautcs na 17, To 5(4a + 3b) menurtca Ha 17
(cBoiicrBo 2). Ilo cpoiictBy 1 uucmo d genurca Ha 17 (34 gemutca
Ha 17). A

3amaua 4. [lokasaTs, UTO IIpH JIIOGLIX HATYPAJIbHBIX M U 11 YUCJIO
a=(m+ 5n + 3)°@Bm + Tn + 2)! geaurca na 16.

A Ecau uucna m u n 1160 oba yeTHsble, 160 06a HeUeTHBIE, TO 3m +
+ 7n + 2 — yerHOe YKCIO, U mOdTOMY (3m + Tn + 2)* nesurca na 16.
Ecu oqHO U3 YKces m, n 4eTHoe, a APyroe He4eTHoe, To m + dn + 3 —
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YEeTHOEe YMCJIO, U oaTomy (m + 5n + 3)5 menurcs Ha 32. CiegoBaTeNbHO,
uucs0 a aenaunTca Ha 16 npu awobeix m € N,n € N. A

3amevanue 2. IIpUHATO CUMUTATH, UTO I[eJI0€ YHUCJIO a4 ABIAETCA
YeTHBLIM, €CJIM OHO JeJUTCcA Ha 2, T. e. uMeeT Bug a = 2k, rae k € Z.
AHaJIOrMYHO, LleJI0e YHNCJ/I0 HA3bIBAIOT HEUETHBIM, €CJIM OHO He JEJHTCH
Ha 2, T.e.umeer BUA a =2k - 1mma=2k + 1, roe k€ Z.

3amaua 5. [loxasaTh, UTO KBAAPAT YETHOIO YUCJa ACJIUTCA Ha 4,
a KBaJpaT HeYeTHOro uucia umeer Buf 4p + 1, rae p € Z.

A 1) Ecnu a — 4eTHOe 4ucyo, 70 a = 2k, rae k € Z, oTKyja cie-
JAYeT, YTO YHCJIO a® = 4k? Jeautcsa Ha 4.

2) Ecamn @ — HedeTHOe 4mucio, To a = 2k — 1, rae k € Z, oTKynda
monyuaem a’ = 4(k2 - k) + 1=4p+ 1, rnep € Z. A

3axgaua 6. [Iyerb uncnaa=10n +3ub=79n+ 1, rme n € N,
nensitca Ha m, rge m € N, m # 1. Haiitu m.

A Tax Kak a u b genarca ma m, To yncyo ¢ = 7a — 10b = 7(10n +
+ 3) - 10(7n + 1) = 11 goMKHO AEIUTHLCSA HA M.

Ho enuHCTBEHHOE HATypaJibHOE YHMCJIO, HE paBHOe efUHHIlE, Ha
KoTopoe aenaurca 11, pasuo 11. CnegoBarensuo, m = 11. A

YnpaxHeHus
421. Ioxasars, uro uuciao 2% + 16!° nenurca ma 17.
422. [oxasaTb, YTO UHCJIO 39 + 77" + 36 meaurca Ha 19.
423. oxasaThb, YTO UHMCJIO 4448 4 ggg#t JeautcAa Ha 148.
425. Joxasars, uto uncao 102° + 373 — 2 gesmurcs na 9.
426. Iloxasars, uro unciao 10'° + 10 gexurcs ma 11.

427. JoxasaTh, 4TO npu Jobom n € N unciao n® + 11n JeJINTCA
Ha 6.

428. Tlycts @ u b — Takue LeJsble uucjaa, 4TO 4yucyao Ha + 3b
peautcs Ha 19. Iokasars, uTo yucio 35a + 59b aennrcs Ha 19.

429. NoxasaTb, YTO MPH JIOOBIX HATYPAIbHLIX M U 1 uuciao (3m +
+n+ 5)6(5m + Tn + 2)5 Jenutcda Ha 32.

430. Ilycrs uucna 5n + 1 u 8n + 3, rae n € N, genarca Ha m, The
m €N, m= 1, Hatitu m.

§ 38. Alenenne c ocrarkom. MpusHakn aenumocTu

He Bcsikoe 1estoe 4uciIo @ AeuTCs HA JaHHOE HATypaidbHOe YHCIIO M.
Hanpumep, aucno 938 ue genurca na 3, tax xKak 938 = 936 + 2, rae
yucyo 936 mennrcs Ha 3, a uucao 2 He AeJUTCA HA 3.
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HyCTb a 1 m — HaTypaJjbHbl€ UKCJja Takue, 4To @ > m, U NYCTh

a=km+r, 1)
rae k € N, a r npuHuMaer oaHo u3 3gavenuii 0, 1, ..., m — 1. Torxa
roBOPAT, YTO B — uwacmuoe, r — ocmamok om OeleHus a HA m, a

paBeHCTBO (1) Ha3bIBaIOT PoOpPMy.0il Jenerus a Ha m.

MoxxHO ITOKasarh, YTO AJA JIOOBIX HATYpPaJbHBIX YMCeJ a U M,
Tae a > m, OCTaTOK ' U YaCTHOE Rk CYIIECTBYIOT U ONPEAEJAOTCA OJHO-
3HAYHO.

3ameuanue. IHOrga B KauecTBe OCTATKA OT JejleHUdA yIo6HO 6paTh
orpuilarenbHoe yucno. Hanpumep, ecim a = 120, m =11, toa = 11 x
X 10+ 10uma =11 11 - 1, 7. e. B KauecTBe OCTATKA OT JeJEHUSA
MOKHO B3:ATH Jubo 10, gubo —1.

s m060r0 a € Z fejenve Ha HATYPAJIBHOE YHCJIO /M ONpPeAeJIseTcs
paBeHcTBOM (1), B KoTopom k € Z, a r IpUHUMAET OAHO U3 3HAUYEHUI
0,1,...,m-1.

Hanpuwmep, ecau a = -39, m = 5, to -39 = 5(-8) + 1.

3anauva 1. Haiitn ocraTok oT menenus uucia 92° ma 7.

A Tak kak 92 =7 - 13 + 1, To ocTaTok oT genenus 92 na 7 paseH 1.
Amnanornuso us paseHctBa 92% = (7-13+1)2= Tp+1m92%=(Tp +
+1)7-13+1)=7¢+ 1, tme p € N, q € N, caenyer, uro 92° = 7r + 1,
rae r € N. CiegoBaTenbHO, UCKOMBIHM OCTATOK paBeH 1.

Boobuie ana mao6oro n € N ocTaTok oT AedeHusa umucaa 92" ma 13
paseH 1. A

3amaua 2. Haiitu ocTaToK oT AeneHuda uucia a = 10 - 5% ua 4.

A Tak kax uucyo 5%° oxamuupaercs uu@dpoit 5, TO YUCIO @ MOMKHO
3anucath B Buje a = b + 50, rae unciao b genurca Ha 100, a 3sHauur,
Jeautca Ha 4. IloaTromy ocraTok or AeneHus a Ha 4 paBeH OCTaTKy OT
JeseHus yuciaa 50 Ha 4, T. e. paBeH ABYM. A

3apgaua 3. IlycTe HaTypaJbHBIE YKCIA @, b U ¢ He AeadTcs Ha 3.
IlokasaTs, uto uncio d = a® + b2 + ¢ genurcsa Ha 3.

A Ecnn yucsio a He genurest Ha 3, To @ = 3p = 1, oTKyza a’ = 3¢g+1,
rAae ¢ — IeJjoe 4ucJIo.

Orcrona cnenyet, uto d = 3s + 3, rue s € Z, u noaToMy d JeIUTCA
Ha 3. A

3amaua 4. Haiitn ocraTtok ot gesnenuda Ha 10 uuena a = 2187 4
+ 3372 4 7258

A 3ajauy MOKHO chopMyJIMpPOBATh TaK: HAHTH IOCJIEAHION Lud-
py uucia a. Haiigem nocnegnue uudps! yucen 2187, 3372, 7258 Bpimu-
IIeM IIOCJIEJOBATEJIbHO CTEMEeHU ABOMKH:

2'=2,22=4,2%=8,2'=-16,2°=32,2=64 u . 1.
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Orciona cienyer, 4TO mocjaefHNe HUGPHI CTeIeHel IBOMKH IIOBTO-
pAooTca yeped yerwipe. Ilosromy, ecnu k =4p + r, rae p € N, r — ogHO
us uncen 1, 2, 3, 4, To mocaeaHas uudpa UncIa 2k COBIIQIaeT C Ioc-
JNepHel nuppoit uucna 2,

Tak kax 187 =4¢ + 3, roe t € N, T. e. oCTaTOK OT gejenus 187 Ha 4
paBeH 3, TO mocJieRHAA Ludpa yKucia 2187 coBnagaer c nociaegHe
uudpoit uncaa 2% — ato nudpa 8.

Herpyano mpoeeputs, uTo nociaeguue Hudphl creneneil yucen 3 u 7
TIOBTOPAIOTCA Yepes UeThIpe.

Tax kak 372 genurcst Ha 4, TO NOCHeAHAA Iubpa YUCIa 3372 ra-
Kas e, Kak u y unciaa 3 — sro mudpa 1.

AnajoruyHo, nojab3ysach TEM, 4TO OCTATOK OT JAeJeHHA uyuciaa 258
Ha 4 paBeH ABYM U 72 okaHYHMBaercs uucdpoit 9, HaxoaUM: IOCHAEAHAA
nudpa uyucaa 7 258 _ JEeBATKA.

Hrak, ciaraeMele 4ucjia ¢ MMEIOT mocjaenHue mudps 8, 1 u 9
coorBeTcTBeHHO. ITosToMy ocTaTOK OT Zesnenus a Ha 10 paBeH OCTaTRy
ot aenenus Ha 10 cymmer 8 + 1 + 9, T. e. paBeH BoceMHu. A

3amaua 5. Haiitu Bce wmesrle n, Ipu KOTOPEIX APO6bL a =
n®+38n%+3n+3
n?+1

A TlpencraBuM 4YHCIIO @ B BHAE CYMMBI MHOrOYJIeHa OT 1L U ApobH,
YHCJUTENb KOTOPOl -— MHOrOYJIEeH IepBoi cremeHu. C aTofl Lesbio

3aluIIeM a B CJHEAYIOIIEeM BUe:
@+ D)+ 2n(n?+ D) +n+ 3

a= n?+1

ABJIAETCA OEJIbIM YHCJIOM.

Ilpousseas nenenue, noayiaem

n+3

n?+1

Tak xak n® + 2n — nenoe YHCJIO, TO YHUCJIO @ OYHeT LEeJLIM TOrAa

a=n®+2n+

3
L2 ] — Lexoe uucio. ITOMY YCJIOBUIO

YAOBJIETBOPAIOT TOJIBKO LeJble uneaa —3, —=1, 0, 1, 2. 4

U TOJIBKO TOraa, Korga I[pOGL

O6paTuMcsa K NPU3HAKAM AeJIMMOCTH.

Hanomuum npusHaku aenumoctu Ha 10, 5, 4, 3 u 9.

1) Hatypanbroe uucio neautes Ha 10 Torga ¥ TOJIBKO TOT/A, KOTAA
ero mocjaeanad nudpa 0.

2) HarypanbHoe 4uciIo JesiuTca Ha 5 Torja M TOJIBKO TOTAa, KOTAA
ero nocjaegHsaa uudpa 0 uau 5.

3) HarypaneHoe uucio a > 9 fenuTca Ha 4 TOrma M TOJALKO TOTAA,
KOrja JBy3HAaYHOE YUCJO, MOJYy4YeHHOe M3 JAHHOr0 OTOPACHIBAHHEM
BCex ero uudp, KpoMe ABYX IMOCIEAHUX, AeJUTCA Ha 4.

4) HarypanbHoe YHCIO feuTCs Ha 3 TOrAa M TOJBKO TOTAa, KOTAA
cymMMa ero nudp Aeaurca Ha 3.
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5) HatypanbHoe uucso genutcsa va 9 Toraa U TOJILKO TOTAa, KOrAa
cyMMa ero uucdp aeaurca Ha 9.

3anmaua 6. [JoxkasaTh IpU3HAK JeJUMOCTH Ha 9.

A IlycTe HaTypajbHOE YHCJIO @ ABJAETCA N-3HAYHbIM. TOria ero
MOKHO 3allCaTh B BUAE

a=ay+ 10a; + 10%a, + ... + 10" " a, _,,
rme ag, @y, ..., G, -1 — LUPPBHI COOTBETCTBYIOLINX PA3PALOB.

IMyers S=a9g+ ay + ... + a,-, T. . S — cymma uudp uucia a.
PaccMoTpuM pasHocTs @ — S = (ag + 10a; + 10%a, + ... + 10"~ la,_1) -
-(ay+ay+..+a, ;). Tormzaa—-S=9a; +99a, + ... + (10"~ -
- l)an —1-

Tak Kak umucaa 9, 99, ..., 10" ! — 1 cocraBneHsl U3 OHUX HeBSA-
TOK, TO 3TH YHCJa JeasaTcs Ha 9.

ITosTomy u3 paBeHnctBa a = S + 9k, rae k € Z, cirepyer, 4To a ne-
JuTca Ha 9 Torga u TOJIBKO TOTJA, Korjga S geaurtca Ha 9. A

3amaua 7. [JokasaTb, YTO YMCJIO @ = n° — n JeJHUTCA HA 5 IpHU
Jwbom n € N.

A Ecnu n =1, To yncao a = 0 genurcsa Ha 5.

ITycts n > 1, Toraa a = n(n? — 1)(n2 + 1). Eciu n genutcd Ha 5, To a
JeJINTCA Ha 5, a ecau n He AeJUTCA HA 5, To qubo n = 5p £ 1, aubo
n=5q+2, raepcZ, q¢c Z. Ilycts n = 5p + 1, Trorga n® — 1 geaurcsa
Ha 5, a ecu n = 5g * 2, To n? + 1 geaurca Ha 5. Takum o6pasom,
YHNCJO @ JeJUTCA Ha S npu jaoboMm n € N. A

3amaua 8. JlokaszaTh, 4To umciao a = 6n° + 150 + 100 — n
Jeaurcs Ha 30 nmpu snro6om n € N,

A Hy:xHo foKa3aTh, 4TO UMCJIO @ AeJUTCHa Ha 2, 3 u 5.

a) Ecau n — yeTHOe 4HCII0, TO @ AEJUTCA Ha 2, a eCJu 1 — Heder-
HOe YHCJO0, TO 4 TaKsKe AejuTcd Ha 2, Tak Kak 6n% + 10n3 geaurca na
2 u 15n* — n genuTca Ha 2 (Pa3HOCTHL ABYX HEYETHBIX YHCEN).

6) Tax kak 6n° + 15n? + 9n3 = b genurcsa Ha 3, ¢ = n® — n genurcs
Ha 3 (§ 37, 3agaua 2), To uucygo a = b + ¢ genurcsa Ha 3.

B) Bamerum, uro uucao 5n° + 15n% + 10n3 = d genmrcs Ha 5,
a umueso n® — n rakke gemutcs Ha 5 (npumep 7). IosTomy umcio
a=d + n® - n gequrcs Ha 5 mpu aobom n € N,

WUrak, uucao a geaurca Ha 2, 3 u 5. Tak Kak 3TH yKcJa He UMEIOT
o0mux gesnuTesneil (KpoMe eUHUIIBI), TO YUCJO 4 JeJUTCA HA UX IPO-
u3BejeHue, T. e. geautcsa Ha 30. A

YnpaxHeHus

431. Jloxasarb, uto uucio n3 + 20n + 10° + 2 genutes Ha 3 npu
ao0om n € N,

432. Haiitu ocTaToK OT AeaeHus Ha 10 dmcaa 287 + 3™ 4+ 757,
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433.

434.
435.
436.

437.

438.

439.

440.

441.

442,

443.

JlokasaTs, YTO HaTypaJbHBIE YACJIA M U N AeJATCA Ha 3, ecau
uncno m? + n? genures Ha 3.

TlokasaTk, uto umcao 962 — 32° — 485 genurcs na 10.
Ioxasats, uyto uncao 786!° + 567° menurcsa na 3.

Iloxasats, uTo uncio n® + 1512 + 8n + 3 genurca Ha 3 mpu
Jwbom n € N,

HoxasaTb, YTO YHCJIO 2n® - 8n% + Tn AenuTcA Ha 6 mpwu Jo-
6om n € N.

HaiiTu Bce 1esbie uucjaa, KOTOpHle IPH JeJIEHMW HA Mm U 1
JaloT OCTaTKU, COOTBETCTBEHHO PaBHbBIE I'y U I'y, €CJU:
IYm=12,n=33,ri =7, ry=8;
2Ym=15,n=24,r;=8,rs=9.

ITycrp 1mesnle uucaa x u y He geaarca Ha 3. JlokasaTk, 4TO
YHCJIO 4 AEJIUTCA Ha 3, eCJIN:

1)a=x6—y6; 2)a=x4+y4+4.

BelsicHUTD, OeJIUTCA AU Ha 8 UHCIO0 a, eciu:
1) a = 257431 608; 2)a=6443127900.

HaiiTu Bce n € Z, Ipu KOTOPBIX YUCJIO @ ABJAAETCS IEJbIM,
ecJIu:
4 4

n*+ 8 n*+ 7
a=5——; 2)a=—5—5.

né + 2 ne + 2
Hoxrasarpb, uTo mpu Jgo6oM n € N, uncio a genurca Ha 30,
ecJIu:

1) a = 36n° + 15n* + 40n® — n; 2) a =660 + 45n* + 10n® - n.

HafiTu Bce Takue uejible YuCJa X M Y, YTOOBI IIpu JioOoM
n € N, uncyio a 66110 GBI IIeJbIM, €CJIH:
3 3
n° + nx + n°+n(x -1 +
VDa="—5-"Y 2a= E-Dry
nc+1 n“+1

§ 39. CpaBHeHus

Ecau uesnsle yucna a u b npu AejIeHMH Ha HATypaJbHOE YUCJIO M
JAIOT PaBHBIE OCTATKHM, TO T'OBOPAT, YTO ITH YMCJA CPABHUMbL NO
MOOyYnI0 m, U MALIYT

a = b (mod m).

HMHaue rosops, 3anuce a = b (mod m) o3Hauaer, 4TO pasHOCTL @ — b
Aeautca Ha m. B yacTHocTH, ecau a = 0 (mod m), To uMCHO @ AEIUTCA

Ha m.
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Hanpumep, 96 = 6 (mod 10), 42 = 3 (mod 13), 32 = -1 (mod 11),
90 = -2 (mod 23).
IlepeuncaumM OCHOBHEIE CBOICTBA CPaBHEHUIA.
1. Ecau a = b (mod m) u b = ¢ (mod m), To a = ¢ (mod m).
2. Ecau a = b (mod m) u ¢ = d (mod m), To
a+c=b+ d(@modm),
a-—-c=b-d(modm),
ac = bd (mod m),
T. €. CPAaBHEHUS MOJKHO CKJIaALIBAThH, BEIYUTATh U IEPEMHOKATh, KaK
U BepHbIe YMCJIOBBIE PaBEeHCTBA. B yacTHOCTH, MOYKHO 00e 4acTH cpas-
HEHUSA YMHOXKAaTh HA OJHO M TO K€ I[eJioe YHUCJIO ¥ BO3SBOAUTH B HATY-
PajbHYIO CTEIEHD.
3. Ecnu ak = bk (mod m), m # 1, a uncsna k u m B3aUMHO IIPOCTHI,
TO a = b (mod m), T. e. 06e YaCTHU CPABHEHUA MOMKHO COKDAIATH HA UX
06IIMET MHOXKUTEJIb, €CJIX OH M MOAYJIb M — B3aHMHO IIPOCThIE YHCJIA.
OrpaHuYnMCs JOKA3aTeIbLCTBOM CBoOiicTBa 3.
O Ilo ycnoButo yncio ak — bk = k(a — b) genurca Ha m. Tak Kak &
He JeauTcs Ha m (kK ¥ m — B3aMMHO IIPOCThIe Yucaa, m # 1), roa — b
JejuTcA HA M, T. €. @ = b(mod m). @

3agaua 1. JoxasaTb, UTO UHCJIO @ AEJUTCHA HA M, €CJIA:

1) a = 7621 + 4217 — 8 . 2316, ;. = 10;

2)a="718%+5519 m="7.

A 1) Tak xak 76 = 6 (mod 10), To 76! = 6! = 6 (mod 10).

Wcnonbayda pesyabrar 3agaum 4 us § 38, noayuyaem, 4217 = 217 =
= 2 (mod 10), 23'% = 3¢ = 3* = 1 (mod 10).

Ilo cBoiicTBaM cpaBHeHMit a =6 + 2 — 8, T. e. a = 0 (mod 10). 9ro
O3HavaeT, 4To a geaurtcd Ha 10.

2) ITonws3ysace TeMm, uro 78 = 1 (mod 7), 55 = -1 (mod 7), nonyuyaem
783° = 1 (mod 7), 55'° = (-1)!° (nod 7), . e. 55'° = —1 (mod 7). Caezno-
BaTeJibHO, a =1 — 1 (mod 7), T. e. a genurcsa Ha 7. A

3amgaua 2. HaiiTu oCTaTOK OT AeJIeHUS 4YMCJIa @ HA M, €CJu:

1) a = 234 . 3721 . 4925 ;m = 3;

2a=5-2+7.44% m=15.

A 1) Yucna 23, 37 u 49 "e gensarca Ha 3. ITosToMy nx KBagpaThl
IIpH AeJIeHUX Ha 3 NaloT B OCTATKEe eSUHMUILY, T. €. 232 =372=49%=
= 1 (mod 3), orkyzaa caeayer, 4TO 2316 = 3790 = 49% =1 (mod 3).

Ilo cBoiicrBaM cpaBHeHUH

a=23-37-49=2-1-1, 1. e. a=2(mod 3).

Cnenosa're.nbao, nc}commﬁ OCTATOK paBeH 2.

2) Tak kak 2* = 1 (mod 15), a 44 = -1 (mod 15), o 2% =
=2 (2%'® = 2 (mod 15), 44° = -1 (mod 15). CnenoBarensto, a =95 - 2 +
+ 7-(-1), T. e. a = 3 (mod 15).

IToaToMy MCKOMBIiI OCTATOK paBeH 3. A
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3apmaua 3. JlokasaTe, 4TO HaTypaJbHOe 4uCIO @ = ag + 10a, +
+ 102a2 + ... + 10"a, nenutca ma 11 Torza M TOJBKO TOrAa, KOTAA HA
11 genurca cymma

S=ay-a; +ay+ ..+ (-1)a,.

A Tak xrax 10 = -1 (mod 11), To

102=10* = ... = 10% = 1 (od 11) npu m1060M & € N,

10=103=... =10%*"! = -1 (mod 11) npu moGom k € N.

IIo cBoiicTBaM cpaBHeHMIt

a=ay—a; +ay+ ... + (-1)"a, (mod 11).
Orcroga ciaenyer, 4YToO YUCI0 @ AeauTcsa Ha 11 Torga 1 TOJBLKO TOTAA,

Korza Ha 11 zenurca cymMma S, cocTaB/IeHHAA U3 Hudp COOTBETCTBYIO-
WX Pas3pAROB, B3ATHIX C YePEAYIOINUMUC 3HAKAMU. A

3agaua 4. Hailtu Bce HaTypaJbHBlEe UHCJA 7, IDH KOTODHIX
yuciao a = 24n + 9 genurcs #a 13.

A Tlonb3ysack cBoficTBAMM CpaBHEHUI, 3alIMIIIeM ILEIIOYKY COOTHO-
LIeHWH:

24n + 9 =0 (mod 13), 8n + 3 = 0(mod 13),
64n = -24 (mod 13), —n = —24 = -11 (mod 13),
n =11 (mod 13).

Takum oGpasom, umcI0 @ geanTcda Ha 13 Toraa u TOJBKO TOrAa,
korgan — 11 =13k, rae k€ N, r. e. ipu n = 11 + 13%.

OTrBer.n=11+ 13k, K€ N.

YnpaxHeHua

Jokazatb, UTO UMCIO a AeauTcd Ha uucao m (444—445).
444. 1)a = (51 - 40)1% + (563 - 73, m = 183;
2)a=2-5"+9.6" m=19.

445. 1)a =5 7 + 16% + 3130 1 = 10;
Da=3-5%+4"7.9% m=19.

HatiTu ocraTok oT sesnenus uncia a Ha unuciao m (446—447).

446. 1)a=5-431+7.18" m=17;
2)a =12%% m =19,

447. 1) a =8 + 5. 10°% m = 3;
2)a=2%" 440, m=17.

448. IoxasaTs, uro umcao 28 - 10'° - 10 - 182 gesurca na 19.
449. [okasaTb, YTO YMCJIO 100%° - 50 - 16° JeanTtcsa Ha 49.

450. JlokasaTk, YTO YUCJIIO 42365 4 53241 JeJuTCca Ha 5.
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§ 40. PeweHune ypaBHeHMid B uenbix yucnax

OGpaTuMcsa K JIMHEMHBIM ypaBHEHHMAM C JBYMA HEM3BECTHHIMH, T. €.
K YpaBHEHUAM BHIA

ax + by =c. (1)

IIpexmonoxkum, uto a, b, ¢ — Lenblie Yncia, U MOCTABUM 3344y —
HaUTH IeJo4YuCciIeHHble pelleHus ypaBHeHusa (1), T. e. Bce maphsl me-
JIBIX YMCeN X, Y, IPH KOTOphIXx ypaBHeHue (1) obpamjaercs B BepHOe
4YHCJI0BOE PaBEeHCTBO, WJHY IIOKA3aTh, YTO TAKHUX UHCEJ] HET.

Bynem cuurars, uro KoadbuiuenTs! a, b, ¢ ypapuenus (1) He umeroT
o0I11ero neuTeNss, OTJIMYHOTO OT €AUHUNL] (B IPOTUBHOM CJIydae pas-
Jeaum ofe YacTu ypaBHEHUS Ha 3TOT OGLIHI AeJIUTeJb).

IIycts d — HauGoabIiuit 06U AenuTeNh Uvicea a, b. BoaMoxKHEI
nBa cayvad: d =1, d # 1.

B neproM ciyuae ypapHenue (1) uMeeT LesiouMcIeHHbIE PellleHus,
BO BTOPOM He uMeeT. CpaBeJIMBLI CAeLYIOUME YTBEDPKIACHHUA.

1. Ecnu xoapduiuenTs! a u b ypaBHeHus ax + by = ¢ SABAAOTCA
B3aMMHO IpocThiMU uuciaMu (d = 1), To 3TO ypaBHEHHE KMMEET, HO
KpaliHell Mepe, OQHO IIeJIOYHCJIEHHOE pelleHue.

2. Ecnu d # 1, To ypaBHeHHne ax + by = ¢ He UMeeT LEJIOUYHUCIIEH-
HBIX DelleHUH.

3. Eciu d = 1, To ypaBHeHue ax + by = ¢ uMmeeT 6eCKOHEUHOEe MHO-
JKEeCTBO IIeJIOUUCJIeHHBIX DelIeHU, KOTOpble 3afaioTcss popmyiaMmu

x=o+bt,y=p - at, (2)

rae (o; B) — HEeKOTOPOE LEeOUKCIIeHHOE pellleHre ypaBHeHus ax + by = c,
a t — TIPOM3BOJILHOE IIeJI0e UHCJIO.

O Orpannyumcsa J0Ka3aTeJbCTBOM yTBepKJaeHuit 2 u 3.

a) Hokaxxkem yteepskaenne 2. Ilycte ypaBHenue (1) umeer 1eo-
yucjaenHoe peineHue. Torga cyliecTBYIOT lLiejible Yucja X U Y, KOTO-
pele obpamialoT ypaBHeHue (1) B BepHOe YUCJIOBOE PABEHCTBO.

Tak kak d — HaubOONBIMIKIT OGN AEJIUTEb YKCeNn a U b, npuyem
d#1,T0a=md, b=nd, rThe m u n — 1eJble YUCJa, HEe UMEIOIINe
0o6IIMX HATYpPaJbHBIX JeJuTeseil, OTJIMYHBIX OT €JUHHUILI (m U n —
B3aMMHO IIPOCThIE YHCJIA).

Torpa paBeHcTBo (1) npumer Bug dmx + dny = ¢, uiun

d(mx + ny) =c. 3)

ITo npenmonokenuio uuciaa a, b, ¢ He UMeIOT O0IETro JeJuTesd,
oTanyHoOro or egunaunsl. Ho us pasencra (3) caenyer, 4To ¢ AeJIHUTCA
Had, roned # 1, 1. e. a, b u ¢ umeror obuit geauteab d # 1.

ITonyuenuoe mpoTuBOpeUne O3HAYAET, YTO ypaBHeHUe (1) npu d # 1
He MOYKeT MMETh IeJIOUYHCJIEeHHBIX PellleHMni.
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6) JokaskeM yTeepxienue 3, onupasich Ha yrBepkaenue 1. Ilycrs
(o; B) — wmesoumciieHHOe pemieHue ypaBHeHud (1), Torga ABjsAeTcH
BEepPHBIM PaBEHCTBO
ao + bp =c. 4)
Ecam (x; y) — HOPOU3BOJBHOE LEJOYUCICHHOE pellleHHe ypaBHe-
Hua (1), To paBeHcTBO (1) siBAseTCA BePHBIM. BrIunTad MOUJEHHO U3
paBenctBa (1) paBeHcTBO (4), moay4yaeM

a(x - a)+ by -P)=0,
OTKYZa CJIeLYyeT, UTO

x=a+ a

Yucao o — 1ejioe H, KpOMe TOro, @ ¥ b — B3aHMHO IPOCThIE YUCIA.
Iloaromy umcio x, onpegeasemoe dopmyioii (5), OyaeT HmeabIM TOrAa
U TOJILKO TOTAA, Korxa P — y menutcs Ha a. O603HAYNM

TOrAa ¢ — IeJIoe YMCJO, ¥ PaBeHCTBO (5) mpuMeT BHUA
x =0 + bt,

a u3 (6) caeayer, uTo
y=p - at.

Taxum oOpa3oM, AO0Ka3aHo, uto ecau (o; B) — xaxoe-aubo ueso-
YKMCJIeHHOEe pelleHue ypaBHeHus (1), TO Bce pellleHHA 3TOro ypaBHe-
HuA 3agaoTcsa Gopmyaamu (2), ranet € Z. @

3amevanue. Eciu (x1; y1) — LEJOYNCIEHHOE PeLIeHNE YPaBHEHUA
ax + by =1, 10 (cxy; cy;) ABIAETCS IeJIOYNCICHHBIM PellIeHNEeM ypas-
HeHusd (1), Tak KaK U3 BepHOro paBeHCTBa ax; + by, = 1 cmegyer Bep-
HOEe DaBEHCTBO
a(cxy) + blcy,y) = c.
9T0 yTBEPXKAEHNE YaCTO OKA3LIBAETCA NOJIE3HBIM IPH OTHICKAHUH
penrenns ypasaenus (1).

3agaua 1. [lokasaTs, uto ypaBueHue 32x + 56y = 17 He umeer
eJIOYUCIEHHBIX DEmeHUH.

A JleBas uacTb ypaBHEHMS NPH JIOOBIX LEJNBIX X U Yy ABAAETCA YeT-
HEIM YMCJIOM, & IpaBasi — HedeTHHIM. [109TOMY ypaBHeHUE He MOKET
MMeTh LEJOYHUCIEHHBIX petenuit, K aromy ke BHIBOLY MOXKHO IIPHIITH,
NpUMEHAA yTBepxaeHue 2. A

3amaua 2. HaéiTu Bce 1esJOYMCICHHBIE DelIeHUA ypDaBHEHUA
Tx + 11y = 4.

A Paccmorpum ypaBHeHue 7x + 11y = 1. OHO uMeeT LeJI0YUCIEHHOE
pemrerune (—3; 2). ITosTomy (cM. 3aMeuaHue K yTBep:KAeHHAM 1-3)
HCXOAHOE YpaBHEeHHe MMeeT lieJouucjeHHoe pemenue (—12; 8), a Bce
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LieJIOYXC/IEHHbIE PeIlIeHUA 3TOT0 YpaBHeHus 3aaatoTcsa Gopmyaamu (2),
T. €.
x=-12+11t, y=8 - Tt, t € Z.

OrBer. x=-12+11¢t, y=8-Tt,t€Z. A

3agauya 3. HaiiTu Bce IesouMCIeHHBIE pelleHHs yPABHEHHS
x?=y? +11.

A Banuinem ypaBHeHMe B Buge (x — y)x + y) = 11.

Tax Kak AeIUTEJAMU IIPABOM YACTU YPABHEHUS SABJIAIOTCA Maphbl
yucen 1, 11 u -1, —11, TO COBOKYIIHOCTE BCEX IeJIOUYUCACHHBIX pelle-
HUI YypaBHEHUS COBNAZAeT C MHOMKECTBOM BCEX 1I€JIOYMCIIEHHLIX peille-
HUH CIEAYIOIUX CHCTEeM YPaBHEHMIA:

x-—y=1, x -y =11, x-—y=-1, x -y =-11,
{x+y=11; {x+y=l; {x+y=—11; {x+y=—1.
Pemus sTu cucreMsl, HaiileM Bce IeIOYNCIEHHbBIE PEIIEHUA UCXOL-
HOT'O ypaBHEHU.
OrBer. (6; 5), (6; ~5), (—6; —5), (—6; 5). A
3ameuwanue. I3 ypaBHEHHA CIEAYET, YTO €CJH HAHIEHO OFHO €ro

LIeJIOYHCJIEHHOE DelleHNe, TO OCTaJbHbIe TPU PELIeHHUS MOYKHO IMOJy-
YHTH U3 3TOTrO PEILIeHHs, UCIONb3YsA paBeHcTBo (—a)® = a.

3amaua 4. JlokasaTe, 4TO ypaBHeHHe x° — y2 = 2006 He umeeT
LIEJIOYHCJIEHHBIX peIleHui.

A Bammuiiiem ypaBHeHue B Buze (x — y)(x + y) = 2006.

a) Ecnn yucsna x u y ABAAIOTCS OJHOBPEMEHHO YETHBIMH HJIHA
HEYeTHBIMH, TO YHCJIa X — Yy U X + Yy — 4YeTHble, U II03TOMY JieBas
4acThb YpPaBHEeHHA B 3TOM cJjayuae genurcd Ha 4. Ho mpasas wacts
He geautcsa Ha 4. Ilosromy B paccmaTpuBaeMOM CJyuae ypaBHEHHE
He MMeeT LeJIOYHCJIEHHBIX PeIleHui.

6) Ecnu ogHO U3 yucen x, y 4eTHOE, a APYroe HEUETHOE, TO X + Y U
X — Yy — HeuyeTHbIE YHCJA, U IIO3TOMY JieBad YaCTh YPABHEHUS — YHCJIO
HeUYeTHOe, TOTa KaK MpaBasl 4acTh YPaBHEHUs — yeTHoe uucio. Cie-
JIOBaTEeJBbHO, U B 3TOM CJiydyae ypaBHeHMe He HMeeT LeJOYKUCIeHHBIX
pelueHuii. A

3agaua 5. HaiiTi Bce IeJIOUNCICHHbIE DEIICHNUS YPABHEHHUS
3x2 + 8xy — 16y% = 19.
A Paznoxum JIEBYIO YaCTh YPaBHE€HHUA HA MHOXXHUTEJHN:

3x2 + 8xy — 16y% = 3x% — 4xy + 12xy — 16y% =
= x(3x — 4y) + 4y(3x — 4y) = (3x — 4y} x + 4y).

Torma ypaBHeHUE IIpUMET BUJ
(3x — 4y)(x + 4y) = 19.
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Tak Kak geauTeaamu yuciaa 19 asiasaiorca umenaa 1, £19, to uc-
KOMOE MHOKECTBO DEILIEHUN CONePIKUTCH B MHOKECTBE BCEX LeJIOUHC-
JIEHHBIX PelIeHMi CIeAYIOIIUX CHCTEM YPaBHEHHH:

{3x -4y =19, {3x -4y =1, (3x -4y = -19, {3x -4y = -1,
x+4y = 1; x+4y =19 |x+ 4y = -1; x + 4y = -19.

TlepBas u TpeTbd M3 3TUX CHUCTEM HMMEIOT IE€JIOYNCIECHHBIE Delire-
Husa (5; —1) u (-5; 1), ocranpHbie HEe MMEIOT IEJIOYHCJICHHBIX PEIIeHHH.

OrBerT. (5; -1), (-5; 1). A

3anmaua 6. HaiiTu menouncieHHble pellleAna ypasHeHus 2x2y? +
+ x2 = 14y% + 25.

A Brlpakas u3 ypaBHeHHA x2 uepe3 y2, 3amMIIEM ero B Bujie X2 =

18
25 +1°

Eciu y = 0, To x2 = 25, x = 5. Ecomm y2 = 1, to x2 = 13, a ecan

y? =4, to x2 = 9, x = +3. [Ipu Apyrux meaLX 3HAUCHUAX Y 3HAMEHAa-

=7+

TeJb Apodu Ooabie uucaurens. Uraxk, ypaBHeHHe MMeer

18
2y + 1
LIECTh I[€JIOYNCJIEHHBIX DEelIeHu:

(55 0), (=55 0), (3; 2), (-3; 2), (35 —2), (-3; —2). A
Samaua 7. HaiiTu Bce LeJOUNCJ/EHHBIE PEIIEHHUS] CUCTEMBI
Co[17x? + 8xy + y2 = 2,
yPaBHeHHUi | , 9
x*+y -2x+8y+16 = 0.
A Banuiem BTOpoe ypasHeHue B Buge: (x — 1)2 + (y + 4)2 = 1.
U3 sroro ypasuenus ciaeayer, uro (x — 1)2 < 1 mwmm [x - 1| < 1.
Hepasencrsy |x — 1| < 1 yaosiersopsioT Hejnte uucaa x; = 0, xp = 1,
X3 = 2.
Ecou x = 0, To u3 BTOporo ypaBHeHus Haxogum y = —4. Ilapa
uances (1; —4) He YIOBJIETBOPSIET IEPBOMY YPABHEHHUIO CHCTEMEI,
Ecmn x = 1, to |y + 4| = 1, otkyza Haxomum y; = —b, y, = —3. O6e
napse!l uncenx (1; —5) u (1; —3) yZOBJIETBOPAIOT NEPBOMY YPAaBHEHUIO
CHUCTEMBE!,
Haxonen, ecnu x = 2, To y = —4. [lapa uucen (2; —4) He YAOBIETBO-
pHAEeT MepBOMY YPABHEHMIO CUCTEMEI.
OrsBer. (1; -5), (1; -8). A

YnpaxHeHus

Hatitu Bce nenounciennsle petlieAus ypapHenus (451—453).
451. 1) 42x — 16y = 37; 2) 3x + 6y = 17.

452. 1) Tx + 15y = 3; 2) 11x + 16y = 5.
453. 1) 10x + 21y = 1; 2) 21x + 4y = 3.
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172

454.
455.

456.
457,

458.

459.

460.

461.

462.

463.
464.

465.

466.
467,

Joxa3aTh, YTO He MMeeT HEeJIOUMUCJICHHBIX PellleHUull ypaBHe-
Hue (454—455).

1) y? = 3x + 5; 2) x2 = 9y + 8.
1) x% = y? + 1998; 2) x? — 2y% = 204.
HaiiTu Bce 1mesiourciieHHbIe pelieHus ypaBHeHUA (456—457).
1) 5x2 + 8xy — 4y®> = 17T; 2) 5y — 8xy — 4x% = 17.
1) 3xy + 16x + 13y + 61 = 0;
2) 3xy + 19x + 10y + 55 = 0.
HaiiTu Bce mesouncieHHBIE PENIEHUA CUCTEMbI YPABHEHWIA:
1 x? +xy -y =4,
x2+y? —4x -2y +4 = 0
2) x% + 8xy + 17y% = 2,
x2 + y? + 8x - 2y +16 = 0.

YnpaxHenus Kk rnase VI

Jokasarsb, UTO YMCJIO @ AEJUTCA HA M, eCJIU:
1)a=108+283—2, m=9;
2)a=16%+31"- 17, m = 15.

Ilokasats, uto umucio (3n + m + 5)%n + 5m + 2)" genurca
Ha 64 nopu awobeix n € N, m € N.

HJokasaTh, 4TO YHUCJIIO 13n2 - 7n Jenurcsa Ha 6 mpu JTIOGBIX
neN.

Jlokasatb, 4TO cymMMa KyOOB Tpex IOCJIefOBaTeJbHBIX HATY-
pajIbHBIX 4YuCeJ Jejurcs Ha 9.

IoxasaTs, 4TO unca0 n’° — n geauTcs Ha 7 npu maobom n € N.

Haiitu ocTaTok oT gesieHus 4KUCJIa 4 HA M, €CJIM:
1)a=17% 31" . 47% m = 3;

2)a=2%"+ 182, m=17.

IMokasaTb, 4YTO YKUCJIO @ AEJIUTCA HA M, €CIHU:

1) a = 42365 4+ 53241 = 5,

2)a="71% 4+ 41" m=7.

Haiitu uenounciieHHBIE pPellleHuA ypaBHeHUA (466—467).
1) 5x + 3y = 4; 2) 5x + Ty = 2.

1) 8xy + 10x — 13y = 35;

2) 3xy — 10x + 16y = 45.



468. loxasaTb, YTO He MMeeT PelleHHUl B IeJLIX YMCIaX ypaBHe-
Hue:

1) 2001x2 + 2002 = y?; 2) 2002x2 + 2003 = y2.

NPOBEPbL CEBA!
1. Joxasats, uto umcao 47% + 93% + 21 gennrcs Ha 23.
2. HaiiTu ocraTok ot geseHus Ha 10 uucaa 287 4 870 4 757,

3. IoxasaTh, uTo mpu Jiobom n € N uucao 7n® — 13n genntcs
Ha 6.

4. Haitt; ocTaToK OT AeJleHUS Ha 3 umMcgaa 2513 4+ 178,

5. HaiiTu nesounciieHHble pellleHUA ypaBHeHus 7x + 3y = 2.

UCTOPUYHECKAS1 CMPABKA

MosKHO CUMTATh, YTO IPOCTHIE UMCJA SABJAIOTCA OCHOBOH BCEX
LeJIbIX YKCeJI, TaK KaK JIo0oe U3 HUX MOXKHO 3afucaThb B BUJAE IPOM3-
BefleHusa npocTeix yncej. Ocofoe MECTO cpefu IENbIX Yucesl 3aHMMa-
eT eguHuIa. MHOrue Beka umcjo 1 cuMTasNoch 0COBHIM: HEKOTOPBIE
JpeBHHEe MaTeMaTHMKH BoOOlIe He CUUTAIM eJUHMILy YHUCJIOM, MHOTHE
JKe MaTeMaTHKM BILIOTH A0 VIII B. cumranu ee mpocThiM umnciom. Ce-
TOAHSA JJid BBICTDAUBAHUS TEOPUH YHCEJ YHUCJIO0 1 CcUMTAIOT 0COGBIM
YUCJIOM, He OTHOCSIIUMCA HH K IIPOCTBIM, HU K COCTABHBIM YMCJIAM.

OcHOBHOI1 3a/1aueil TeOpUH AEIUMOCTH CUMTAETCA 3a4aya BHIACHE-
HUA JEeJIMMOCTH OZHHX LIeJIbIX YKces Ha APyrue, HaXOXKAEHUS OCTAT-
KOB OT HAEJIEHUsA 3TUX 4Yuces. B ocHOBe TeOpUM JeJIMMOCTH JIEXKHUT
yTBepkKJeHUe, AOKaszaHHOe (paHuysckuM yueHbIM B. IJacka-
ageMm (1623—1662): «Ilyers marypansHOe yucjao n > 1 zamucaHo
B ¢-U4HOH cHCcTeMe:

n= ahq" + ak_lqk‘l + ... + a,q + ao.
OGogHauMM uepes r; OCTATOK OT AeenHuaA ¢ Hap > 1(s=1,2, ..., k)

M COCTABHM UYHCJO
m = Qpry + Ay 1Ty -1 + ...+ ar + Qg,

TOrja YUCjIa M ¥ N UMEIOT OAMHAKOBBLIE OCTATKH IPH AEJIEHNN Ha pP».

PaccMmoTrpeHHyI0 B riiaBe TeopHMIiO CPaBHEHHI (KOTOPYIO TaK)Ke Hasbl-
BaOT apu(pMeTUKOH CPaBHEeHHUi, apuPMETHKONH OCTATKOB UaH apudme-
THKOH BBIUETOB) pasdpaboras Hemenkuii marematur K. ®. Taycc
(1777—1855). Ormerum, uro aAna Pepma u Jitjaepa NOTBITKH CO3LA-
HUA B CBO€ BPEMSA TAKOH TEOPMH He YBEHUYAJINCHh YCIIEXOM.



MHOIOYJ1EHbI
FNABA VIIJ N AITEBPAUHMECKUE YPABHEHUSA

§ 41. MHorouneHbl
n apudmetTnyeckme AevCTBUA Hah HUMM

Muozounenom (norurHomom) oT OGHOI epeMeHHON X Ha3bIBaeTCA

BBIDAKEeHUE BHUIA
Px)=apx"+ a1 x" '+ ... tax""F+ ... +a,_1x+a,, (1)
rae ag, @1, ..., @, — YHUCJOBBIE Ko3thduuueHTsl, ag # 0.

Yucso n HaspIBaeTCsa cmeneHbviww MHorouseHa P(x). Popma (1)
Ha3bIBAETCSH KAHOHUYECKOU NN CMAHOAPMHOL 3anucCsi0 MHO204AeHA
n-# crenenu. Ciaraemoe ayx" Ha3bIBAETCA CMAPWUM 4JIeHOM MHOTrO-
uneHa P(x), ag — cmapwum xosgppuyuenmom, a a, — ero c80600-
Hotm yaenom. MHorounen P(x) = aq, roe ag # 0 — 3amaHHOe uucCioO,
Ha3bIBAIOT MHOZOYJAEHOM HYneaoil cmenenu. Muorounes P(x) = 0 na-
3BIBAIOT HYJAEEbIM MHOZOULIEHOM.

Koaddunmeats! MHOrOUIEHA MOTYT GBITH KaK AeHACTBUTENbLHBIMU,
TaK ¥ KOMILJIEKCHBLIMU 4YMCJIaMU. B manbHeiilieM (ecau He OroBOpPEHO
MIPOTHBHOE) OyJeM pPacCMATPUBAThL TOJBKO MHOI'OYJIEHEI C JeHCTBUTEIb-
HBIMH KoadduLeHTaMu (4Yallle BCETo C IeNbIMH KoadduuueHTamu);
BMecTO x OyzeM HOACTABJATH AEUCTBUTEJbHBIE, & B HEKOTOPHIX CJY-
yagX — KOMILJIEKCHBIE€ YNCJIOBbIE 3HAYEHUS,

ITycTs ¢ — HEKOTOpOE YHCII0 (ZeHCTBUTEbHOE MM KOMILIEKCHOE).,
3navenuem MHorouseHa (1) mpu x = ¢ HasbIBaeTcs uucyo P(c), Koro-
poe moayuyuTcs, ecaud B (1) BMeCTOo x MOACTABHATH YHCJIO C U IPOU3-
BeCTU YKa3aHHBIe AeiicTBuA. Hanmpumep, MHOrouJeH

Qx)=x3-2x2+3x -5
NPUHUMAaET IPU X = 2 3HaueHHne 1, Tak Kak
Q2 =22-2.22+3.2-5=1.

Ormerum, uto P(0) =a,, P(1)=ay + ... + a, + ... + a,, T. e. 3Ha-
YyeHUe IIPOM3BOJILHOrO MHOrouseda P(x) npu x = 0 paBHO cBOGOZHOMY
YJeHy 3TOTO MHOT'OYJIeHA, a 3HaueHue MHOrouJeHa mpu X = 1 paBHO
CyMMe BceX KOd((HUIIMEeHTOB 3TOr0 MHOI'OUYJIeHa.

Buipaxkenus Bugma ax, rae a — peiicTBuTesbHOE, a K — HEOTpH-
LaTeJIbHOe IIeJI0e YHCJIO, Ha3bIBAIOT 00HOoYieHoM. ORHOUIEHBI ONMHA-
KOBOH CTelleHHW Ha3bIBAIOT NOJOOHbLIMU.

JiBa MHOroujeHa CYMTAIOTCA PABHbLIMU, €CIU UX KaHOHWYECKAsd
3aluCh OJMHAKOBA, T. €. KO3MGMUIIUEHTHI 9THX MHOTI'OYJIEHOB COOTBET-
CTBEHHO paBHBI. VIHBIMU CJIOBAMH, €CJIU

P(x)=agx" + a1x" " ' + ... + a,, 2)
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Q(x) = box™ + byx™ "1 + ... + b, (3)

— JABa MHOroYJeHa B KAHOHHYECKON 3alKUCH, TO II0 ONpeAEJIEHUIO
paBeHCTBO P(x) = Q(x) mmMeeT MeCcTO B TOM M TOJLKO B TOM CJydae,
ecau m = n U KO3PUIKIEeHTH MHOTOYJIEHOB COOTBETCTBEHHO DaBHBI,
T.e.ay=bg, a;=byur g

W3 aToro onpeneneHus cieayer, 4To ecau P(x) u Q(x) — paenuie
MHO204eHb. (T. €. MHOTOWIEHBI, UMEIOIIe OAMHAKOBYI0O KaHOHUYe-
CKYIO 3aIIMCh), MO 014 N106020 YUCAA C 3HAYEHUS IMUX MHOZ04IEHO6
npu x = ¢ cognadawm, T. e. P(c) = Q(c).

CupaBegnBo U o6paTHOE YTBEPIKACHUE: €CJIH AN J1000ro yucJsaa
¢ BBITIOJHSETCST paBeHCTBO P(c) = Q(c), To P(x) = Q(x).

MosxHO poxasars (00 aTom OyzaeT ckasaHo B § 44), uTO cupasej-
JIMBA CJeAYIOUIasa TeOPeMa, CYIeCTBEHHO YCHINBAOLIAA IPUBEAECHHOE
BBHIIIIE YTBEPIKICHUE,

Teopema. IIycts P(x) 1 Q(x) — ABa MEOrO4J€Ha, CTENEHb KaXXA0-
ro U3 KOTOPBIX He npeBocxoauT n. Toraa, eciau 3sHaAYEeHHS MHOTO-
yieHoB P(x) n Q(x) coBmagalor B (2 + 1) Toukax (3TH TOUYKH Das-
JuYHBI), TO P(x) = Q(x).

CymMMa, Pa3HOCTh M IPOU3BE/leHUE ABYX MHOTOUYJEHOB TaKXe
ABJAIOTCA MHorouneHamu. IlycTs maHbl MHorouseHsl P(x) u Q(x),
omnpegeasemeie Gopmysamu (2) u (3).

Cymmoii 3TUX MHOTOYJIEHOB Ha3bIBAETCS MHOTOYJIEH, [TOJTyYEeHHbIH
CJIO}XEHHEM OJHOUYJEHOB, COCTABJSIOIINX MHOTOUWJIEeHH P(x) u Q(x),
¥ IpuBeieHUEM HOJOOHBIX 4YJIEHOB.

IIpousgedenuem MEHOTOWIEHOB P(Xx) 1 Q(x) Ha3LIBAETCA MHOTOUJIEH,
COCTaBJICHHBII U3 IPOU3BEIEHNI BCeX YJIEeHOB MHOrouwlIeHa P(x) Ha Bce
YJIeHbl MHOTO4JIeHa Q(x).

3amgaua 1. Haiitu cymMMy M npousBelleHHEe MHOrO4IeHOB P(x) =
=8x3+2x2-x-2u@x)=x2+x— 3.

ADPx)+Qx)=8x3+2x2—x -2+ x2+x— 8 =3x3+ 3x2 - 5.

2) P(x)Q(x) = (8x% + 2x%2 - x — 2)(x2 + x — 3) = 3x® + 3x* — 9x3 +
+ 2x% 4+ 2x3 — 6x%2 - x% — x2 + 3x — 2x%2 - 2x + 6 = 3x% + Hx* — 8x% ~
-9x2+x+ 6.4

Sangaua 2. HaiiTu HeussecTHble KO3(UIUEHTH a, b, ¢, IpH
KOTOPBIX GYAET BHIMOJHATLCS ClelyIolliee DABEHCTBO:
8xt - x3-5x2+4x+1=(2x+ 3)ax3 + bx2+cx— 1) - Tx3 + 4.

A TlepeMHO¢as MHOTOUJICHEI B IIPABOM UACTH PABEHCTBA U IPUBOISA
noxo0HbBIE YJIEHBI, ITOJydYaeM

Bxt—-x3—bBx2+4x+1=
= 2ax* + 2bx® + 2cx% — 2x + 3ax3 + 3bx2 + 3cx -3 - Tx3 +4 =
= 2ax* + (2b + 3a — T)x® + (2¢ + 3b)x%2 + (3¢ — 2)x + 1.
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Hs onpenesieHNA paBeHCTBa MHOTOUYJIEHOB CJenyeT, 4YTO

2a = 8,

2b +3a -7 = -1,
2¢ + 3b = -5,

3c - 2 =4,

Orcioga nmonyuaem a =4, b=-3,¢c=2. A

Buivecmy us muorousiena P(x) muaorousen T(x) — 9TO 3HAYNUT HAM-
TH TaKo# MHOrouwieH Q(x), uro P(x) = @(x) + T(x). MuorouneH Q(x)
Ha3bIBAIOT pazHocmbvio mMHozounreHo8 P(x) u T(x). Iaa nwobuix IBYX
MHoOrouwyieHOB P(x) u T(x) cymiecTByeT U IPUTOM TOJIBKO OLMH MHOTIO-
yieH Q(x), ABAAKIIUICA UX pasHocThio. OH 3amKMCHIBAETCA B BHUAE

Q(x) = P(x) — T(x).

3ameuanue. Ilyery P(x) u @Q(x) — MHOTOWIEHBLI CTENEHU N U M
COOTBETCTBEHHO, @y U by — ux crapimue KodhduumeHTsl, P(x) + Q(x) =
= S(x), P(x) — Q(x) = T(x), P(x)Q(x) = R(x). Torza cTeneHb Kaxa0ro
u3 MHOrousJeHoB S(x) u T(x) He IPEeBOCXOAUT HANOOJIBIIEr0 U3 YHCes]
n 1 m, cTeneHb MHorouwieHa R(x) paBHa n + m, a crapuiuii xoatdu-
LIUeHT MHoroudueHa R(x) paBeH agbg.

3amauva 3. [lan muorouseH R(x) = 2x% - 3x% + 4x - 5)2(x2 -
- x + 1)3. Haiitu:

1) cBoGoaHEI ueH MHOrouseHa R(x);

2) cymmy Ko3ddHuiueHTOB MHOrowIeHa R(x);

3) sHauenune MHorowirena R(x) mpu x = 2.

A 1) Cobogubiii uned muHorouseHa R(x) pasen R(0), rme R(0) =
= (-5)%1% = 25.

2) Cymma roadhdunmentoB muorousena R(x) pasua R(1), roe R(1) =
=(2-3+4-5%1-1+1)>%=4.

3)R(2)=(2-8-3-4+4-2-5%(4-2+1°=49-27=1323. 4

3amaua 4. [Jokasars, uTo npu Jawbeix n € N, m € N BepHHI pa-
BEHCTBA:

1) (x" +ax" ' +a?x"" 2+ .. +a" lx +a%)(x - a)=x""! -

- an+1; (4)
2) (2% —ax?m -1 4 @2%x?m 2 4 4 @M 22 - g2m 1y + @2 (x +
+a):x2’”+1+a2’"+1. (5)

A JoxazarenscTeo dopmya (4) 1 (5) MOXKHO NOJTYUUTH, BBITTIOJTHUB
JeficTBUEe YMHOMEHUS MHOI'OYJIEHOB.
IIpuBenem apyroe peilleHue, UCHONbL3YSA GOPMYay CYMMBI i 4je-
HOB reOMeTpPHUYecKoil Iporpeccuu:
1 - tn+1

1+t+.. +tt=3—7,t#1
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Orciona, nosaras t = %, nojy4yaeM
n-1 n an+l
(1+2+...+(£) +(£))(1-£)=1—W. (6)
X x x X x

VMHOXHUB 06e uacT paBeHcTBa (6) Ha x" 1, momyuum dopmyry (4).
3amensa B paBeHcTBe (4) n Ha 2m, @ Ha —a, TOJAy4YUM GOpMYTy
(5). A

YnpaxHeHns

469. Haiitu cymMMy K03bdHUIIMEHTOB MHOTOUIEHA
P(x) = (1 + 2x — 429281 - 5x + 3x%)75,
470. Haititu cBOGOAHBIN YJeH MHOro4dJeHa
(2x2 - 5x + 6)(4x* — 3x® — 2)°.

471. Haiitu KoaddUnueHT Mpu x° MHOrousIEHA

(8x% - 4x + 5)(x® — 2x% + 3x — 1).
P(1) - P(-1)
10

P(x) =1+ 2x + 3x2 + ... + 11x1°,
473. Haiitu uncia a, b, ¢, Ipu KOTOPHIX CHPABEIJINBO PABEHCTBO
3xt + Tx® + 3x%2 + x + 2 = (ax® + bx% — x + c)(x + 1).

472. HaiiTn 3HaueHue , €CJIH

474. HaiiTu 3HayeHHe MHorouseHa P(x) nmpu x = ¢, ecau
P(x) = x® + 9x% + 27x + 29, ¢ = -3 - ¥/2.

§ 42. leneHne MHorouneHoB. Cxema lopHepa

Oco6oe MeCTO B TEOPHM MHOrOYJIEHOB 3aHHMAET AejeHHe OZHOIO
MHOro4YJIeHa Ha ApYroii.

ITycTe 3apaner MEOrouseH P(x) cremesu n > 1 u HeHyJIeBOi MHOTO-
ynen T(x). Eciu cyuiecTByer Takoit MHOrouneH @Q(x), 4To Ay BCeX X
BBINOJIHAETCS PaBEHCTBO

P(x) = T(x) - Q(x), (1)
TO TrOBOPAT, 4TO MHOroujeH P(x) deaumcs Ha mHorouned T(x) uam
T(x) deaum P(x), a dopmyay (1) HaSHIBAIOT POpMYNL0it FeseHus MHO20-
Y1€H06, MHOTOUWIEH Q(X) HA3KIBAIOT YACMHbIM.

ITpocTrie npuMepHI MOKA3HLIBAIOT, YTO OANMH MHOTOUYJIEH AEJIUTCA Ha
apyroit e Bcerna. Hanpumep, Muorouen x2 + 8 He JeJUTCA HA MHO-
rouneH x + 1. JleficTBUTENBHO, B IPOTUBHOM CJIydae UMeso Obl MECTO
pasencTtBo x2 + 8 = (x + 1) - Q(x), rae Q(x) — HEKOTOPHIA MHOTOYIEH.
Ho npu x = —1 neBasa yacTb 3TOro paBeHCTBa NIPUHUMAET 3HauYeHUe 4,
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a nmpaBasg — 3HaueHue 0. CnenoBaTesnbHO, HAIIMCAHHOE COOTHOIIEHME
He MOJKeT UMETh MeCTa HM npH Kakom @(x).

Hrak, B MHOXKeCTBe MHOTOYJIEHOB JleJIeHHe OCYIeCTBHMO He Bee-
raa. OgHrako umeeT mMecTo Gosiee obliasa omepanusa, HasslBaeMasd OeJe-
Huem ¢ ocmamroM.

IIycrs saganst maorounen P(x) cremesu n > 1 u HeHyIeBOM MHOIO-
unen T(x) crenenn m > 1, rge m < n. I'oBopaAT, uTo MHOrouteH P(x)
JeJqMTcs Ha MHorowieH T(x) ¢ ocTaTKOM, eCIM HaWAYTCA TAKHE MHO-
rowieHs!l Q(x) u R(x), 4TO AJA BCEeX X BHITIOJHIETCSA PABEHCTBO

P(x) = T(x) - Q(x) + R(x), (2)

rae MHOrOuIeH Q(x) — (HenosHoe) wacmmoe, CTeleHb KOTOpOro kB =n —
- m; a R(x) — ocmamok, cTeneHb KOTOPOro p < m.

ToxxaecTBeHHOE PaBeHCTBO (2) HA3BIBAIOT (POPMY.N0iL Besenus MHO20-
Y1eH08 C 0OCMAMKOM.

Ecau ocrarox R(x) = 0, To roBopAr, 4uT0 MHOrouJjeHs P(x) dexumcsa
Hayeso Ha MHoOrouaeH T(x).

CrnpaBeaauBa ciaeAyolas TeopeMa O JeJJeHHY MHOIOYJIeHOB C OCTaT-
KOM.

Teopema. [Ina awobeix mHOrounenoB P(x) u T(x), rme T(x) # O,
CYLIEeCTBYeT napa MHOrO4JIeHOB @(x) u R(x) TaKUX, YTO BHITIOJIHS-
eTcs paBeHCTBO P(x) = T(x) - Q(x) + R(x), npudyeM cTeNneHb MHOTO-
yneHa R(x) MeHblue creneHn MHoroujgeHa T(x).

Hapa MHOTOYJIEHOB, YAOBJIETBOPAIOIIUX YCJIOBHUSAM T€OPEMEBI, €AUH-
CTBEHHa.

3amaua 1. IToxasars, uTo MHOrOWIeH P(x) = 8x3 — 8x2 + 5x — 2
JEeJIUTCA Ha X — 2 ¥ HAlTH YacTHoOe.

A TIpeo6pasyem MHorousneH P(x), BbIeJNAA caraeMble BUAa ax’(x —
- 2), bx(x - 2), c(x — 2). Honyuum P(x) = 3x%(x — 2) — 2x(x — 2) +
+ x — 2, otkyza P(x) = (x — 2)(8x% — 2x + 1).

Takum o6pasom, mHorouseH P(x) mpexacraBieH B Buze (1), rae
T(x)=x — 2, @(x) = 3x2 - 2x + 1 — uacTHoe. A

Jenerne MHorounena P(x) MOYKHO BBIIIOJHUTDH, UCIOJb3YySA METOJ
JeJleHHdA yroakoMm. JlaHHBIH MeTOA COCTOUT B CIELYIOILEM.

1) ITepBoe ciaraemoe yacTHOro (3x%) nosrydaeM AejleHHeM CTapIIero
yieHa geaumoro (3x3) Ha crapmii uned aeauTens (x).

2) Haitnennoe mepBoe caraeMoe 4acTHOro 3x2 yMHOMKaeM Ha AeJu-
Tesb (x — 2), pesyJbTaT yMHOMKeHusA 3x° — 6x2 sanuceiBaeM noj Aenu-
MBIM M BBIYMTAEM CTOJNOMKOM M3 JeJHMOro; B pe3yJjibTaTe IoJydaeM
nepBeIii ocTaTok —2x2 + 5x — 2.

3) IlepBhIit OCTATOK AeJuUM Ha X — 2 (AeJUTEJNb) U IOBTOPSEM IIPO-
LeaAypy, ONMCaHHYIO B I. 1) u 2).
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HpnBep;eM 3alCh JeJjieHudA.

_3x®-8x%+5x-2 x—2
3x% — 6x? 3x2-2x+1
_—2x%+5x-2
-2x% + 4x
x-2
Tx-2

0

3ameuanue. 1N HaXOKAEHUS YACTHOIO MOYKHO HMCHIOJI30BATH Me-
TOX HEOoIpeJeJeHHBIX K03 GUIMeHTOB, mojarasa Q(x) = ax® + bx + c.

Tax xax crapmuii KoapdumuedT MHorouseHa P(x) pasen 3, TO
a = 3. Kpome Toro, cBoGoassiii wien muorowiena P(x) pasern P(0) = -2.

Tax kak P(0) =Q0) - T0)=c - (-2), Toc=1.

Ina maxoxaeHus b ciaeayer npupaBHATE KO3 PUIIMEHTHl OIPH X B
paBeHCTBe

3x% - 8x2 + 5x — 2 =(x — 2)(8x% + bx + 1).
ITonyuum 5 = 1 — 2b, oTkyza b = —2.
3agagda 2. BLIIOAHHUTH ZeJieHHE ¢ OCTATKOM MHOrouJjieHa

P(x) = x* — 3x% + 2x2 + x — 5 Ha MHOTOUNeH T(x) = x2 + 2x — 3.
A Vcronp3yeM MeToj AeNeHUs YTOJIKOM:

xt—-3x*+2x2+x-5|x2+2x~-3

T xt + 2x8 — 3x? |x2—5x+15
_=5x®+5x2+x—-5
—5x% - 10x2 + 15x

_15x2-14x-5
15x%+ 30x — 45
—-44x + 40

3zxech uacTHoe paBHO x2 — 5x + 15, a ocTaTok paBeH —44x + 40.
Takum obpasom,

2 - 8x%+ 2¢%+ x— 5 = (x*+ 2x - 3) (@ — 5x + 15) + (—44x + 40). A
v N )

—rt
AeJTHMOE JeJmTelib YaCTHOS OCTaTOK

3amaua 3. Muorowrer P(x) npu gejeHun Ha x — 1 faer ocraTok 3,
a nmpu fejieHHH Ha x — 2 — ocraToKk 4. HaiiTu ocTaTox OT AeneHusA

P(x) Ha (x — 1)(x — 2).
A Ilyers R(x) — uckomelil ocraroK. Toraa R(x) = ax + b, Tak Kak
CTENeHDb AeJINTe A PaBHA ABYM. B aToM ciyuae popmyaa (2) muMeeT BUZ
Plx)=(x - 1)x — 2)T(x) + ax + b. 3)

ITo ycaoBuio

P(x) = (x - 1)A(x) + 3, 4)
P(x) = (x — 2)B(x) + 4. (5)
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IloacraBaasa x = 1 B dopmyasl (3) u (4), noaydaem

P(l)=a+b=3. 6)
Ananoruuno, us gopmyxa (3) u (5) npu x = 2 Haxogum
P(2)=2a + b =4. (7

WUs ypasHenuii (6) u (7) maxogum a = 1, b = 2. CiegoBarenbHo,
HCKOMEIM OCTATOK paBeH X + 2. A

JeneHne MHOro4YJieHa Ha MHOI'OYJIEH MOYKHO BBIIIOJIHUTH, MCIOJIb-
3ysA TaK HasblBaeMylo cxemy I'opHepa.

PaccmoTpum feneHue mHOrouwneHa P(x) = agx™ + ... + apx™ % +
+ ...+ a, (ag# 0, n 2 1) Ha gByuJIeH x — c. PaagesuB c ocTaTKkoM,
NOJIyYUM

P() = (x - Q) + R, ®)
rje HemoJIHOe YaCTHOe — MHOTOYJIEH
Qx)=box" "1+ byx" "2+ ..+ by_gx + by
creneHu n — 1, a ocraTtox R — uucio.
N3 pasencTBa (8) cieayer, 4uTo
Px)=agx" +a;x" "1+ ... +ax* F+ ... +ta,_1x+a,=
=(box" 1+ bx" 2+ ...+ b,_ex+b,_Nx—c)+R=
= bgx™ + (by — cbg)x™ 1 + (by — cby)x" "2 + ...
oo + (b1 —cb,_3)x + (R — ¢cb,_).
IIo ompeneseHuI0 paBeHCTBA MHOTOYJIEHOB
bp=ag, by =¢cbg + a4, ..., by_1=¢cb,_ot+a,.1, R=cb,_1 + ay.
Takasa menoyka AJs BRIYUCIEHUSA KO3DGUINEHTOB b; u R 3amucel-
BaeTcA B BUAe TabJUIbl, 3alIOJIHAEMOM CJieBa HAIIPaBo.

NUIYAPHUMEH DL AENANMULU L4)
A

r )
ao a'l ves ak oo an-l an
f
I a chyt+a chb,_,+a ch +a cb +a
0 o T4, k-1 TG, n-27T8, 1 n-1" Qg
Ymenoe | — | =L | eer | SEZLT TR |l
=b, =b, =b, =b,_, =R
l\ v A v J
KoabdunuerTH yacTHOrO Q(x) OcraTok R

9ta Tabnuna HaseiBaercs cxemoil I'opHepa.

B nepBoii cTpoke aToil TAGIUIBI 3aIMCHIBAIOTCA MOCJIEIOBATEIBHO
koaddunueHTr! ag, a,, ..., a, MEHOrowrexHa P(x). CiieBa BO BTOpO# CTpPOKe
CTOHUT YHCJIO C, a Aajiee B KJIETKAaX CTPOKH II0CJIeJOBATEIbHO HAYT KO3(-
bunmenTsr MHOrOUJIEeHa-yacTHOro Q(x) m ocrarox R. Bropas cTpoka
3aI0JIHAETCS IO CJIEAYIOIEMY IPaBUIY.

B nepBylo KieTKy HaJo 3amHUCaTh YHUCIO Gy U3 IEePBOH KJIETKH
nepBoii crpoxku. Bo BTOpy0 KJaeTKy HaAO 3allMCATh YUCJIO &; U3 BTO-
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PO KJIeTKU IePBOH CTPOKM U NPHOABUTH K HeMY IPOM3BeJeHHe YHC-
Ja ¢ Ha IpeJUIeCTRYIOWINH 3jgeMeHT (4MCiIO by = @g) BTOPOIl CTPOKH.
Kaxpaa cnepyromias KiaeTka BTOPOH CTPOKH 3aIOJHAETCA aHAJIOTHY-
HBIM 00pPa30M: K CTOSAIIEMY Haj Hell YUCJy MepBoOil CTPOKYU NpubaBia-
eTCA IPou3BeJieHNe Yca ¢ Ha OpellIecTBYIONIee YHCI0 BTOPOil CTPOKH.

3anmaua 4. HaiiTu yacTHOe M OCTATOK OT JeJIEHUSI MHOrOUJIEHA
P(x) = 2x° — 5x3 ~ 8x + 2 Ha ABYyuNeH X — 3.
A Bocnosb3yemcs Ans peineHus cxemoit I'opuepa. 3amnoysHuM Ta6-
JIUIY
Koadbdunuenrtr: gexumoro P(x)
A

0 -5 0 -8 2
3{2(2.3+0=6(3-6-5=13/3-13+0=39|3-39-8=109|3-109+2=329

[pry A J
-

c KoapbunuenTs: vacTaoro Q(x) OcraTox R

ITosnyuaem yacTHOe @(x) = 2x* + 6x3 + 13x% + 39x + 109 u ocTaTok
R =329, 1. e. P(x) = (2x* + 6x% + 13x2 + 39x + 109)(x — 3) + 329. A

OTMeTHM HEKOTOphI€ CJAEeACTBMA M3 IOJYYEHHOI BBIIIE CXEeMbI
Topnepa.

Cneacteue 1. Ecam ay, a4, ..., @, U ¢ — palidOHAJbHEIE YHC-

aa, To by, b1y «evs b, 1 1 B — Tak:Ke palnvOHaJBbHEIE YHUCJA.
Cnencrsue 2. Ecau aq, ay, ..., @, 1 ¢ — IeJble 4ucCIa, TO
bg» b1s ..., b, 1 1 R — TakiKe Ilejible YUCJIA.

Cnepcreue 3. MHorounen P(x) menurcd Haleao Ha JBYy4YJeH
X — X TOrAa U TOJHKO TOTAA, KOT4a ero 3HaueHHe IPH X = Xy PaBHO
HyJI0, T. €. P(xg) = 0.

YnpaxHenus

475. Pasgenuts MHOTOWIeH P(x) Ha MHorouneH T(x), ecan:
DPx)=x—-2x2-5x+6, T(x)=x - 1;
2)P(x)=x% - x2-8x +12, T(x)=x — 2.

Hafityn yactHOoe Q(x) u ocraToKk R(x) OT mejleHMs MHOrO-
unena P(x) Ha muorounen T(x) (476—477).
476. 1) P(x) = 6x3 + 5x%2 — 4x — 4, T(x) = 2x + 8;
2) P(x) = 6x3 — 4x2 + 12x, T(x) = 3x — 2.
477. 1) P(x) =2x* + x3 - x2 - 8x - 1, T(x) = x2 + 2x + 2;
2) P(x) =8x* —4x3 - 16x2 —4x + 9, T(x)=2x2 - x — 1.

478. MuorowieH P(x) npu neneHun Ha JBy4wieH 3x — 2 AaeT B OCTAT-
Ke 2, a 1Ipu AeJIeHHM Ha ABy4YJeH X + 2 aaer B octaTke —10.
Haitti ocratok R(x) ot genenusa P(x) Ha (3x — 2)(x + 2).
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479. He npoBojas JejieHHs, HAATH ocTaTOK R(xX) OT AeJieHUA MHO-
rowrena P(x) = x20 + x5 + 4 ma muorouwren T(x) = x% — 1.

480. OcraTk¥ OT gejeHus MHorounena P(x)max+ 1, x—-2,x -3
PaBHBI cOOTBeTCTBEeHHO 3, 1, —1. HaiiTu ocrarox R(x) oT gee-
HHA MHOrouieHa P(x) Ha MHOrouJeH

T(x) = (x + 1)(x - 2)(x — 3).
481. Tlpumenss cxemy I'opaepa, mHaiiTH yacTHoe Q(x) u ocraTok R
npu JeJleHUW MHorowieHa P(x) Ha ABy4YJieH X — C, €CJHu:
1) P(x) = -9x7 + 13x* + 14x — 4, ¢ = -1;
2) P(x) = x5 + 9x* + 16x% — 10, c = 2.

§ 43. Anrebpanyeckoe ypaBHEHNE U ero KOpHM.
Teopema besy

Yucso ¢ HasbIBaeTCSa KOpHem MHozodaeHa P(x), ecau P(c) = 0.
Anzebpauveckum ypasHeHuem Ha3bIBAeTCS YPaBHEHHE
P(x) =0, (1)

rge P(x) — mHoroused.

Ecau P(x) — MHOroujeH n-ii cremeHu, T0 ypaBHenue (1) HaswiBa-
0T anzebpauiecKum ypaeHeHuem n-il CTEIEHU.

TIpu pemieHuu ajnrebpandyecKUX ypaBHEHHI YacTO NPUMEHSIETCA
cJenyoIas TeopeMa, KOTOPYIO Ha3bIBAIOT meopemoii Besy.

Teopema 1 (Beay). Ocratok R oT menenusa mHorodjgeHa P(x) Ha
x — ¢ paBeH P(c), T. e. paBeH 3HAYEHHIO 3TOTO0 MHOrO4YJeHa IIpHU
x=c.
O Bocnonesyemest ¢GopMy0i AeeHus MHorodieHa P(x) Ha aBy-
YJjieH X — ¢, T. e. GOpMyJoi
P(x) = @(x}x - ¢) + R(x),
rjge ocratok R(x), ecim OH He paBeH HYJIO, ABJISIETCSI MHOTOYJIEHOM,
CTeIleHb KOTOPOr'o MeHbIlle CTeTIeH! NeJINTeNA X — @, T. €. paBHA HYJIIO.
IloaTomy R(x) siBnsieTca umciaom, T. e. R(x) = R. Urak,
P(x) = Q(x)(x —c) + R. (2)
IMoacraBasaa B paBeHCTBO (2) BMeCTO X 3HAUYeHUE C, MOJyYaeM
R =P(c). ®
Teopema 2 (caencTBue TeopeMsi 1).

Yucao ¢ sABJsE€TCS KOPHEM MHOrodjeHa P(x) Torjga u TOJIbKO TOr-
Ila, Korjga MuHorouaeH P(x) genutcs (Haiesno0) Ha ABy4YJeH X — C, T. €.
P(x) = Q(x)(x — ¢). (3)

O IlycTh X = ¢ — KopeHb MHoroujsieHa P(x), T. e. P(c) = 0. Ilo Teo-
peme Besy P(c) = R. CnenoBarensro, R = 0, u us dopmyns! (2) ciexyer
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paBeHCTBO (3). IT0 O3HAUYaeT, 4TO MHOrowieH P(x) meaurcs Ha X — ¢
HaueJso.

IIyere R = 0, Torma us (2) cireayer, YTO CIPABEAJINBO PABEHCTBO
(3), u3 xoroporo npu x = ¢ noaydaem P(c) = 0, T. e. ¢ — KOpeHb MHO-
rouwieHa P(x). A

3agaua 1. HaifTi ocraTok or geseHus MHOrodwieHa P(x) Ha x — ¢,
ecu:

1) P(x) = (2x3 — 4x + 5)%(2x + 3)3, ¢ = 1;

2) P(x) = (4x* — 3x%2 + 1)3(x - 1)%, ¢ = -1.

A 1) TTo teopeme Beay R = P(1) = 32 - 5% = 1125.

2)R=P(-1) =23.24=128. 4

3angaua 2. BeiscuuTe, AesuTCA JM HaLeJ o MHoroduedH P(x) Ha
mHorouneH T(x), ecau:

1) P(x) = x® - bx2 + 11x - 10, T(x) = x — 2.

DPx)=xt-x3-x2-x-2, T(x)=x2-x - 2.

A 1) Tak xak P(2)=8 — 20 + 22 — 10 = 0, To o TeopeMe 2 MHOro-
ujneH P(x) genutcs Ha x — 2.

2) Tak kak T(x) = (x + 1)(x — 2), P(-1) = 0, P(2) = 0, To 1o Teope-
Me 2 mHorouseH P(x) meauntcda u Ha (x + 1) u Ha (x — 2), a moTOMy
penurcsa Ha T(x). A

IIpu HaXxOKAEHMM LEJBIX KOPHEH ajrefpanyecKoro ypaBHeHUS
YacTO OKa3bIBAETCs IOJIE3HBIM CJEAYIOIllee yTBeps:KIeHUe.

Teopema 3. Ecan Bce KoathduiimeHTsl MHOIOUJIEHA
P(x) = aox" + alx”'l +..+ta,.1x+a,
ABJAIOTCA LEJBIMU YUCJIaMH, TO BCAKHN IIeJIbIil KOPEHb 3TOr0 MHO-
rouieHa SIBJAETCA AeJuTejieM CBOGONHOrO WiIeHa Q.
O B camom perse, mycTh ¢ — LieJbIH KOpeHb MHOrouwseHa P(x), T. e.
Pe)=apc" +aic* t+...+a,_1c+a,=0.
Torzoa
a,=-clagc" 1+ ayc” 2+ ... +a,_).
Tak Kak 4uCJIO, CTOfAlllee B CKOOKax, ABAseTcA IeibiM (16O Bece
KO2(hdULMEHTH! g, A1, ..., A, - | ¥ YUCTIO C — LEJIBIE), TO a, AETUTCS
Hac. @

3agaua 3. Peuints ypaBHeHUE
x*—x% - 7x2 + 5x + 10 =0,

A Ob6osnaunm P(x) neByio 4acTb ypaBHEHUS.

Henurensamu cBobogHoro uiaena 10 MHorousena P(x) ABIAIOTCA
yucaa *1, +2, +5, +10.

Jlerxko npoBepuTs, uTto P(—1) = P(2) = 0 u mostomy —1 u 2 — Kop-
HUA ypaBHeHHHA, a MHOroujeH P(x) menurcs Hauejso Ha MHOTOYJIEH
Tx)=(x+ 1)(x—-2)=x%—-x~- 2.
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Paspenus P(x) Ha T(x), HampuMep YTOJKOM, HaiaeMm 4acTHOe
Q(x) = x% - 5.

Taxk Kak KOPHAMM MHOro4JeHa Q(x) ABJAIOTCA UHUCIA JE u —\/3,
TO MHOXKECTBO KOpHell ypaBHeHMs COCTOUT u3 uucerx —1, 2, \/5, 5.

Orser. -1, 2, \/g, V5. 4

YnpaxHeHus
482. Haiitu ocTAaTOK OT AeJIeHHS MHOTOUYJIeHA
4x% - 3x% + bx - 6 Ha x — 2.
483. Haiitu ocTaTOK OT AeJIeH’sT MHOTro4YJIeHa
(x® - 222 + 5)%(2x + 1)° ma x + 1.
484. BLIACHUTBH, AEeJUTCA JU MHOTOUJIeH
xt — 2x3 + 5x% + 26x — 11 Ha x + 2.
485. BuIACHUTH, JEJIUTCH JIH MHOTOUWIEH
2x° — x3 + x2 —x - 1 nHa x% - 1.
Perunts ypaBuenue (486—488).
486. x® - 2x2 - x +2=0.
487. x2 + 2x2 - 3x -6 =0.
488. x* - x* - 5x2 + 3x+2=0.

489. OxuH u3 KopHeit ypaBHeHuA x° — 3x2 + ax — 6 = 0 paBen 2.
HaiitTt @ ¥ 1Ba APYrUX KOPHS STOTO ypaBHEHMS.

490. Vpasrenue 2x° + mx? + nx + 12 = 0 umeer kopHu x; = 1,
x9 = —1. HaiiTu TpeTuii KOpeHb 3TOro ypaBHeHUS.

§ 44. PasnoxeHne MHOroYsieHa Ha MHOXUTenu

OfpaTuMCs K BOIIPOCY O Pa3JjOKeHHUHM MHOTOYJIeHa Ha MHOMUTEJIN
¥ CBA3AHHOMY C HUM BOIIPOCY O YHCJIE KOPHeil anrebpandecKoro ypas-
Henud. OCHOBHOH 371eCh ABJAETCA CIEAYIOUIAs TeopeMa.

Teopema 1. JI1060if MHOrOUJIeH

P(x)=aox"+ax" "'+ ...+ a,_1x + a,,
rae ag # 0, n > 0, MmoKeT OBITH IPEACTABJIEH B BHUIE
P(x) = ag(x — ¢1)(x — ¢3) ... (x — ¢,). 1)
9TO pasJio’KeHHe eJUHCTBEHHO (eC/IM He YUUTHIBATh IIOPAAOK pac-
TIOJIOXKEHUSA COMHOMKHUTeJNelt).

HokasaTenbCTBO TeopeMbl 1 OCHOBaHO Ha cJiexylouleil Teopeme,
KOTODYIO Ha3bIBAIOT OCHOBHOIL mMeopemoil anizebpuL.

184



Teopema 2. Jlio60ii MHOrouseH P(x), CTeeHb KOTOPOro OTIMYHA
OT HYJII, MMeeT, II0 KpaliHeil Mepe, OAMH KOpEHb.

B s710if Teopeme x03hdUIIMEHTE] MHOTOUJIEHA U €r0 KOPHH MOTYT
OBITH JEMCTBUTEILHBIMUA MM KOMILIEKCHBIMHM YHCJIaMHU.
W3 reopemsl 1 ciaeayeTr, uTo eciim MHOrouJieH P(x) mpeacTaBjieH B

Buge (1), To umucina ¢y, Cg, ..., €, ABIAIOTCA €r0 KOPHAMH M APYTUX
KOpHEH 3TOT MHOT'OYJIEeH He HMeer.
Cpenu uucen cy, €3, ..., C, MOTYT OBITH M paBHble. Ecau cpenn HUX

YHCJO ¢ BCTpedaeTcs Kk pa3, a BCe OCTAJIbHBIE YHCJIA OTINYHBI OT C, TO
¢ Ha3bIBAIOT KOpPHeM MHoroujgeHna P(x) kpamuocmu k uam k-KpaTHbBIM
KOpDHEM 3TOr0 MHOTOYJIEHA.

Ecau kakablit KOpeHb MHorouJieHa P(x) cuuraTh CTOJBKO pas,
KaK0Ba ero KpaTHOCTb, TO TeOpeMy 2 MOXXHO c(hOpMYyJUpPOBaTh TaK:
Kaxaoe anrebpanyecKoe ypaBHeHHE CTEIIEHH 71 UMEET POBHO 71 KOpHeii.

O6paTumcs Teneps K Teopeme, chopmyaupoBaHHoi B § 41, u go-
KakeM ee.

IIycrs P(x) m Q(x) — nBa MHOroujieHa, CTeIleHb KayK/J0ro u3 KoTo-
DPBIX He MPEBOCXOJHUT 71, U IYCTh BBHITOJHEHBI COOTHOIIEHUSA

P(cy) = Q(c1), Plea) = Q(c3), --v5 Plen +1) = Q(¢n +1)s

TAE C15 C25 +evs Cp +1 — D@3 MY HBLIe uncaa. Torga MHOTOUIEH f(x) =
= P(x) — Q(x) obpaijaercs B HyJb B 1 + 1 TOYKAX Cy, Cgs +evy Cp + 19
T. €. UM€eT He MeHbIIe n + 1 KopHeil. 3aMeTUM Temephb, UYTO CTe-
neHb MHorouwieHa f(x) He npeBocxoauT n. Ecau 6Bl 3TOT MHOrO4JIEH
OBL OT/IMYEH OT HYJA U HMeJI cTelleHb B, To ypaBHeHue f(x) = 0 ume-
a0 OBl POBHO k KOpHei (cuMTasd WX KPATHOCTH), T. €. UMeao Obl
He Ooabme n xopHeit. Ho 310 IpoTUBOpPEYUT CKa3aHHOMY paHee.
CrnenosaTesbHO, MHOrouwneH f(x) = P(x) — Q(x) paBeH Hyaio, T. e.
P(x) = Q(x).

B 3aksoueHne pacCMOTPUM BOIIPOC O MPEACTABJIEHUN MHOrO4JIeHAa
n-i cTelneHu ¢ AeHCTBUTENBHBIMU KO3(PUIMEHTaMHU B BUAe NIPOK3Be-
JE€HUA MHOTOUJIEHOB BUZA

(x - a)* u (x* + px + q), 2
rae a, p, ¢ — AeicTBUTeNbHBIE UMCaAa, p? — 4q < 0, k, | — HaTypaib-
HBIE YUCJA.

Iyers Q(x) = x2 + px + ¢ — MHOrOUJeH BTOPOil cTeneHu (KBaj-
PaTHHIH TpexXwieH) ¢ AeHCTBUTENBHBIMH Ko3ddhduIeHTaMH U IYCTH
D = p? - 49 < 0. Torga KopuaMu ypasHeHus Q(x) = 0 asxsiorca
(cM. § 25) KOMILJIEKCHO COIIPAKEeHHBIE YKCJIa

x1=—-121 +i1{q—% nx2=—§-—',fq—%,

M OPYTHUX KOPHeH MHOrodjeH Q(x) He MMeer.

9To yTBepIKACHUE OCTAETCA B CHUJIe M AJA MHOrOuJeHA CTeNneHUu
n 2 2 ¢ gefdcTBUTENbHLEIMY KO3(D(GUIINEeHTaAMHU, T. €. CIPABEJINBA CJIe-
Ayiollas Teopema.
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Teopema 3. Eciiut xy = o + iff (B # 0) — KOMILIEKCHBIN KOPEHb MHOT'O-
yiena P,(x) crenenu n > 2 ¢ gefCTBUTEBHBIMY KO3QpHUIeHTaMM,
TO YHCJIO X, = Ot — i} TaKKe ABJISAETCS KOPHEM 3TOr0 MHOIOYJIEeHa.

Jlnsa moKasaTeIbCTBa 9TOr0 YTBEPIKAECHUS CjeAyeT BOCIOJIb30BAThCH
CBOHMCTBAMM KOMILIEKCHO COMPSAMKEHHBIX YHUCENI: 2 + 2 = 2 + 2,
z2% =3 %

IIyeTh X = @ — AeMCTBUTEJbHBIN KOPEHb KPATHOCTH k MHOrouJeHa
P,(x) crenieru n > 2 ¢ AeMCTBHTENbHBIMH Koaddunuenramu. Torza
MHoOrouJeH P,(x) menurcs Ha (X — a)® M ero MOXHO NPELCTABHUTD
B BHJE

Py(x) = ag(x — a)Q(x),

rie a, — crapiuuii xoadpdbuiment MaHorousnesa P (x), Q(x) — mHOrO-
4jieH ¢ AeHCTBUTEJbHBIMU KO3((PUIMEeHTaMH, JJIA KOTOPOrO YMCJIO a
He ABJIAETCA KOPHEM.
ITycets x¢ = o + iff (B # 0) — KOMIJIEKCHEIH KOpPeHb MHOro4jeHa
P, (x) ¢ mefictBuTeabHbBIMEU Koapdumuenramu. Toraga mo reopeme 3
YUCJIO Xy TaKiKe ABJIAETCA KOPHEM 3TOT0 MHOTOWIEHA U II03TOMY MHOTO-
yneH P,(x) nenurcsa (Haleso) HA MHOTOUYIEH
g(x) = (x — xo)(x —~ Xo) = (x — 0 — iB)(x — o + if) = (x — o)® + P? =
=x2 + px + q, rme p? — 49 = —4p% < 0. )
Ecau Xy — KOpeHBb 3TOro MHOTOWIEHA KPATHOCTH §, TO MHOTOUJIEH
P,(x) menutca Ha mHOrouwaeH (x2 + px + q)°. 3Has Bce geiicTBUTEJb-
Hble ¥ KOMILIEKCHBEIE KOPHH MHOroWwieHa P,(x), ero MOYKHO IIPDEACTaBUTh
B BUjle IPOU3BeJeHUua MHOHUTeNel Buga (x — a)f u (x? + px + q)°.

3amaua 1. Pasznoxxurb MHOrowIeH P(x) Ha MHOXKuUTeau Buza (2)
¢ NeMCTBUTENbHBIMU K03DIUIMeHTaMK, eCIn
P(x)=x%-2x2+ x — 2.
APx)=x¥x-2)+(x-2)=(x—-2)(x®+1). A

3amaua 2. Pasnoxurs MHOTOUJIeH P(X) Ha MHOXXUTENIH, €CIIN
Px)=x*-x3-x2~-x-2.
A Tak Kak geauTteJsaMHu ducia —2 ABAAOTCA yucaa 1, +2, To me-
JBIMHM KOpHAMY ypaBHeHHUA P(x) = 0 MoryT OBITH TOJBKO 3TH YHCJA.
Ipu x = -1 u x = 2 muorouwred P(x) obpamiaerca B HYJIb, U U3 T€O-

pemsr 2 § 43 ciaegyer, uro mHorousieH P(x) mennrtca Ha (x + 1)(x — 2)
n HpeﬂCTaBJI.ﬂeTCﬂ B BHUA€e

P(x) = (¥ — x — 2)Q(x).

Ina naxoxaenus Q(x) MoxkHO 160 pasaenuTs P(x) Ha x2 — x — 2,
aubo npeobpaszoBaTh MHOroudJeH P(x), Bbigensada MHOXKUtTenu x + 1 u
x - 2.
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Tak kak P(x) = x* - x3 - x2 —x - 2=2%x + 1) - 2x%x + 1) +
+x(x+1)-2x+1)=(+1)x*-2x2+x-2), x3-2x2+x-2=
= 2¥x - 2) + (x - 2) = (x - 2)(x% + 1), To

P(x) = (x + 1)(x - 2)(x2 + 1). &

YnpaxHeHus
PasiouTh MHOroO4JIeH Ha MHOkHTenHn (491—492).
491. P(x) = x* - 5x% + 6.
492. P(x)=x*+ x3 - x - 1.

Ha muoxecTBe R pasioXHUTh MHOIOUYJIEH HAa MHOMXKUTEIH
(493—495).

493. P(x) = x* + 5x2 + 6.

494. P(x) = x* + 4.

495, P(x) = x* + x3 + 2x2 + 4x - 8.

496. TTpu KaKoOM YCJIOBMH MHOTOWIEH X° + px + g MMeeT ABa pas-
HBIX KOpHA?

§ 45. MHorouneHbl OT ABYX U TpeX NepeMeHHbIX

MHoOro4jieH oT nepeMeHHEBIX X U §j — ajredpanvyecKas CyMMa OJHO-
YJIeHOB BHJA axky”', rie a — 3aJaHHOe YHCJO (ZeACTBUTENLHOE WU
KOMILJIEKCHOE), k, m — HeOoTpHIlaTeJbHBIE IleJble YHCa.

AHajOruyHO, MHOTOYJIEH OT IEPEMEHHHIX X, Y, 2 — ajrebpauue-
cKasA cyMMa OIHOYJIeHOB BMma ax*y™z", rme a — ugucio, k, m, n —
HEeOTPHULIATEJIbHBIE IIeJIble YUCJIA.

IIpumeps! TakKMX MHOT'OYJIEHORB:

P(x, y) = 3x%y + 4xy + Ty + 5,
Q(x, y, 2) = Tx3yz + 2xyz + 4.

MeuorouneH P(x, y) Ha3bIBa0OT 00HOPOOHLLM MHOTOYJIEHOM CTe-

MeH! 1, ecju
P(tx, ty) = t"P(x, y).

Hanpumep, muorouwren P(x, y) = 3x3 + 2x%y + 4y3 asnserca oxHo-
POAHBIM MHOI'OYJIEHOM TPEThell CTEelleHH.

Muorounen P(x, y) Ha3bIBAIOT CUMMempuUiYeCKUM, €CI OH He U3-
MeHSAETCS NP 3aMeHe X Ha J, a y Ha X.

Hanpumep, muorounen P(x, y) = x® — 2xy + y® aBnserca cummer-
PHUYECKUM MHOTOYJIEHOM.

MHorounens! x + y U Xy ABAAIOTCA NPOCTEHINNMI CHMMeTpUYe-
CKHMK MHOTOUJIEHAMH, a JII000H# CHMMETPUYECKUH MHOTOUJIEH MOYKHO
NpeACTaBUTHL B BHAE MHOTOYJIeHA OT U U U, TAe

u=x+y,v=uxy.
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IIpu pemrenunu cucrem Buja

{P(x, y) =0,
Qx, y) =0,

rae P 1 @ — cuMMeTpuyecKHe MHOTOYJIEHBI, YACTh IIPUXOAUTCA BBI-
pakaTh 4epes u ¥ U MHoOrounesa Buga S, = x" + y*, n € N, n = 2,
Cymmbl Sy, S, Sy, S; BbIpakaloTcs uepes U = x + y u v = xy dop-
MyJaMmu:

Sy =x% + y? =u? - 2v, )
Ss = x% + y® = u® - 3uv, 2
Sy =x*+ yt = ut - 4P + 207, (3)
S5 = x° + y® = u® - 5uv + 5uv?. 4)

Dopmyas! (1), (2) MOKHO AOKaA3aTh, UCIOAb3Yd PaBEHCTBA
22+ Y2 =(x + y)? - 2xy, 2 + y® = (x + y)(x + y)? - 3xy).
3angaua 1. [lokasats opmysy
S,=x"+y"=uS,_-vS,_y, n>2. (5)
A Bocnosxbs3yeMcsa pDaBEeHCTBOM
uSp-1 = (x +.y)x" "1+ Yt =2+ Y+ xy(en 2+ YY),

OTKyZa caenyer ¢opmyia (5), ¢ MOMOIIBI0 KOTOPOH MOMKHO BRIDA3UTH
yepe3 u U U CyMMBI Sy, S5, Sg B T. 1. A

3apxmaua 2. Pemuts cucTeMy ypaBHEHHH
x! + x%y? + yt = 91,
x?2 —xy + y? =

A 9T0 — cuMmmeTrpudeckas cucrema. Ilosmarasa x + y=u, xy=vu
HACTIoNL3yA Gopmyasl (1), (3), s3anuineMm ee B BUjie

ut - 4uPv + 3v? = 91,
u? =17+ 3vu.

Hckmoyas U3 3TOi cucTeMsl u?, moaydaem

(7 + 3v)2 — 47 + 3v)v + 3v2 =91

unu 14v = 42, orkyaa v = 3, u? = 16. CrefoBaTeqbHO, NCXOLHAA CHC-
TeMa PaBHOCHUJIbLHA COBOKYIIHOCTH ABYX CHCTEM

x+y=4 x+y=-4
xy = 3; xy = 3.

Orsert. (15 3), (3; 1), (-1; -3), (=3; —1).
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3axaua 3. Haiitn feiicTBUTe/bHBIE DEIlIEHUA CHCTEMEl ypaBHe-
HUH

-yt =T,
x%y - xy? = 2.

A B neBbIX 4acTsX ypaBHEHHUII — OAHOPOAHLIE MHOrouwiIeHbl. Pas-
JIOKHUB UX Ha MHOJKUTEJH, 3aIHIIEM CUCTEMY B BHIE
(x - yPx® +xy +y*) =7,
(6)
(x - y)xy = 2.
Pasnenus ypaBHeHUdA cucTeMsl! (6) OUIEHHO, TOJYINM ypaBHEHUE
x 7
x = 3
KOTOpOEe BMeECTe C IIePBLEIM ypaBHEHMEM HCXOAHOIH CHCTeMbI 00pasyer
CHCTEeMY, PABHOCHJIbHYIO MCXOLHOM.

+1+ 4
X

Honaras i— = t, nonyuyaem 2¢t2 — 5t + 2 =0, oTkyaa t; = 2, ty =

=l,'r.e.y

3 2x, y = % Ecau y = 2x, TO 13 NepBOro ypaBHEHUA

Haxoaum x° = —1, orKyzaa x; = —1 (Apyrue KopHH ypaBHeHHA x° = -1
He ABJSKTCA AeUCTBUTENLHBIMU) M O3TOMY ¥Y; = —2.

AHaIOTUYHO, ecu Y = -’25, To x3 =8, oTkyga x = 2, y = 1.

OrBerT. (-1; -2), (2; 1). A

O6paTuMcA K CUMMETPHYeCKHM MHorowieHaMm P(x, y, 2) ¢ Tpemsa
ilepeMeHHBIMH. 9TO MHOIOYJIEHBbI, KOTOPhie HE MEHSIOTCHA, €CJIU IIoMe-
HATL MeCTaMu JIGYI0 napy u3 IepeMeHHbIX X, Y, 2.

IIpocrefinnMy CUMMETPHYECKMMH MHOTOYJIEHAMH SIBASAIOTCA MHOTO-
YJIeHBI

u=x+y+z,v=xy+xz+yz2 w=xyz,
a IpPHMepOM MpOCTeilieil CHMMETPUYECKON CHCTEMB! SABISAETCA CHUC-
TemMa BHAA
x+y+z-=a,
xy + xz + yz = b, )
xyz = c.

Cucrema (7) u Kybudueckoe ypaBHeHHe
t3—at?+bt-c=0 ®)
CBA3aHHI CJHEAYIOIINM 00pasoM.

Ecan ty, ts, t3 — KOpHHU ypaBHenus (8), To cucrema (7) ©uMeeT IWIECTh
pemenmii: (¢35 ta; t3), (t1; ta5 ta2), (t2; t1;5 t3)s (f25 t3s t1)s (£33 fa5 t1),
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(t3; t1; t), ONyUYaEeMBIX BCEBO3MOXKHEIMU IT€PECTAHOBKAMH TpeX 4UH-
cen ty, tg, t3. OGpatHoO, ecnn (xg, Yo, 29) — DemleHue cucremst (7), To
Xos Yo» 20 — KOPHU ypaBHeHUA (8).

JloKas3aTeabCTBO STOTO YTBEPKAEHUA OCHOBAHO HA UCMOJIb30BAHUU
¢dopmyn Buera nns xKopHeii ypaBHeHus (8):

Hh +t +13 =a,
tltg + t2t3 + t3t1 = b,
titsts = c.

Ona ceegeHua x cucreMam (7) CHCTEM CHMMETPHYECKHUX YDPaBHe-
Hu#l BUAa

xX+y+z=A, x2+y?+22 = A,
x* + y* + 22 = B, xy + xz + yz = B,
xyz = C; xyz = C;
xX+y+z=2A4, x+y+z=»A4,
x2 + y? + 22 = B, xy + xz + yz = B,
x3+ 3+ 22 =G X+ yd+ 22 =cC

MOKHO HCIIOJIb30BATD CJIENYIOIIMe TOMXIeCTBa:

¥+ 2+ 22=(x+y+ 22— 2xy + x2 + y2), 9)

(x+y+28=x3+y%+2%+3(x+y+2)xy + xz + yz) - 3xyz, (10)

(x+y+2)x?+y2+22-xy—-xz-yz)=x%+ 3+ 2% - Bxyz. (11)
3damava 4. Ilyetb x + y + 2 =u, xy + yz + 2zx = v, xYz = w.

Beipasuth cuMMeTpudeckuit Muorousaen x° + y3 + 23 uepes amemen-

TapHbIle CHMMETPUYECKHMEe MHOTOUJIEHHE! U, U, W.

A Hcnonbsys paBeHCTBa
(x+y+2P=((x+y)+2P8=(x+yP+3x+y2z+3x+y?+
+28=x% + y3 + 28 + 3x%y + Bxy® + 3x%z + 3yz + 6xyz + 3x2? +

+8y22=x+ P+ 2B+ Bay(x +y +2) + 3xz2(x + y + 2) +
+3yz(x +y+2) - Bxyz=x3+ y> + 23 +
+ 3(x + y + 2)(xy + xz + yz) - 3xyz,
nosyyaem
WBryP+2=(x+y+2°-8x+y+2)xy+ xz + yz) + 3xyz,
T.e. x3+ Y3+ 28 =ud - 3uv + 3w. A

3agaua 5. PeminTh cUCTEeMy ypaBHEHUIl

xX+y+z2=2, (12)
x? + y? + 2% = 6, (13)
x +y® + 2% =8, (14)
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A Ucnonw3ys ypaBHennsa (12), (13) u Toxzgecrso (9), noayuaem
xy + xz + yz =-1. (15)

IIpumensasa ¢opmyay (11) u yuureiBaa pasenctsa (13)—(15),
HaxXomauMm xyz = —2.

CienoBaTesIbHO, NICXOLHAS CHUCTEMA PAaBHOCWIbHa cucreMe Buja (7),
B KOoTOpoii a = 2, b= -1, ¢ = -2, a ypaBHeHue (8) umMeeT BUJ

B3 -22-¢t+2=0.

Kopuu storo ypaBHeHns — umciaa 1, -1, 2. IlosaTromy cucrema
HMMEET IIIeCTh PELIeHHU, OJyYaeMbIX [1epecTaHOBKoM uucern 1, —1, 2.

Orser. (1; -1; 2), (1; 2; -1), (-1; 1; 2), (-1; 2; 1), (2; 1; -1),
(2; -1; 1).

3amaua 6. Paznoxute Ha MHOKUTeIM MHorowmen P = x3 + y3 +
+ 2% - 3xyz u moKa3aTh, YTO AJAA BCEX HEOTPULATEIBHBIX U, U, W CIIpa-

BE/INBO HEPABEHCTBO
U+ v+ w
—5— > Yww,

CBs3bIBaIOIIlee cpefHee apHMeTHYeCKOe U CpefHee reoMeTpHUUYecKoe
TpeX HeOTPHULIATeNbHBIX YHCEJ.

A B 3agaue 4 GbLI0 IOIYYEHO PABEHCTBO, KOTOPOE MOYKHO 3aIlUCATh
B BUAE

P=x®+y8+28-Bayz=(x+y+2°-8(x +y+2)xy + xz + y2),
OTKyZia CHefyeT, YTo
P=(x+y+2)(x +y+2)?- 8@y + xz + y2)),
rme(x+y+22 -8y +xz+y)=x2+y? +22—xy—xz-yz=
1
=5 -y + -2+ -2

CiepoBaTesbHO,
3+ Y3+ 2% - Bayz = %(x-!— y+2)0(x - yP+ - 2?2+ (z - x)?).

Ecmux>0,y20,z2>0, 70
x% + y® + 2% > 3xye.

Ionaraa x® = u, y2 = v, 28

u+v+w
—3 > Yuvw. A

= w, TOJy4YaeM

YnpaxHeHus
497. PelliuTh CUMMETPHUUYECKYIO CUCTEMY YDPaBHEHUM:
1 1 1
2 + = N —_— = = =
){(xa y)3 Sxy 2) <Xy x+y 2
8(x* + y*) = 65; xy + xy? = 2.
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Pa3noXuTh Ha MHOMKUTEJN CMMMETPHYECKHI MHOIOYJIEH
P(x, y), ecau:

1) P(x, y) = x%y + xy®? + x> + y? + x + y + 2xy;

2) P(x, y)=x%y + xy? + x* + x + y® + y + 3xy.

PasioskuTh HA MHOMKHTEIM CHMMETPUUECKHI MHOTOUIEH:
1) X%y + xy? + x%2 + x2% + y2z + yz2 + 2xyz;
2) x%y + xy? + x%2 + x2% + y?z + yz2 + 3xyz.

PemnuTh CUMMETPHUECKYIO CUCTEMY VPABHEHMIA
x+y+z=1,
Xy + x2 + yz = -4,
x2+ Yyt + 28 =1,

YnpaxHenuna Kk rnase Vil

BrisicHuTS fgennrcesa gu MHOorowieH P(x) Ha x — ¢, ecau:
1) P(x) = x® — 2x% — 6x% - 12x, ¢ = 2;
2) P(x) = 2x* + 8x®* - 2x% - 5, ¢ = -3.

HaiiTu ocTaTok or aeneHusa MHOrouseHa P(x) Ha x — ¢, ecau:
1) P(x) = Tx®0 + 218 + x5 ¢ = —1;
2) P(x) = 4x3' — x®° + 3, ¢ = 1.

Haiitu yacraoe Q(x) 1 ocraTok R(x) oT mejeHMA MHOTO-
uieHa P(x) Ha mBorounen T'(x), eciu:

1) P(x) = 3x% + 442, T(x) = 3x + 2;

2) P(x) = x® — 3x2, T(x) = 2x% + 5.

Ilpu menenmu muorousena P(x) Ha (x + 4) ocTaTOK pased 5,
a Ipu geseHuu Ha (x — 5) ocraTok paseH 14. HaiiTu ocraTok
OT AeJsieHUs MHorodseHa P(x) Ha (x + 4)(x — 5).

IIpu menenum mHorousneHa P(x) Ha (x + 3) ocTaTOK paBeH
10, a nmpu nenenun Ha (x + 5) ocraroxk pasexn 14. Haiitu
OCTaTOK OT jesieHusa MHorouteHa P(x) Ha x2 + 8x + 15.

Hoxasatp, uTo npu Jaw00eix n € N, m € N Mmuorousexs P(x) =
=x"*™ - x" — x™ + 1 genurca Ha (x — 1)2.

Hoxasats, uTo npu Jaw00bix m € N, n € N muorounen P(x) =
=x2mrntl g _ x2m+1 _ 1 nemurcs Ha x2 — 1.

Ioxasarb, uTo npu jwbom n € N mHOorounen P(x) = x"+2 -

- 2x"*1 + x" — x? + 2x — 1 genmrca Ha (x — 1)°.

Hoxasars, uTo npu J06eix n € N, m € N muHorouwined P(x) =
=Mt gmn _amtl _ent 1L 4 x™ 4+ x —1 genuTes
Ha (x — 1)
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511.

512.

513.

514.

515.

516.

517.

518.

519.

Vpasuenue ax® — 2x% — 5x + b = 0 umeeT KOpHH x; = 1, x5 =
= —2. Ha#it a, b 1 TpeTHil KOPEHb 3TOr0 YPaBHEHMS.

Haiiti a u b, eciu U3BECTHO, YTO MHOTOUWIeH ax? + bx® + 1
neanred Ha (x — 1)2.
Yucao 1 + /3 asasercs KOpPHEM ypaBHEHHA

X+ ax®+bx2+6x+2=0.

Haiiti ocrasibHbIe KOPHU 9TOTO YPAaBHEHNA, €CJIM U3BECTHO,
YT0 @ ¥ b — paluOHaAJbHBIE YUCJIA.

Yueno 1 + /2 asasercs KOPHEM ypaBHEHUS

%%+ ax® + bx® + 5x + 2 = 0.
HaviTu ocTanbHble KOPDHU 3TOr0 YpaBHEHUs, €CJIU H3BECTHO,
4T0 @ M b — parnuoHAaJbHbIE YHCJIA.
IIycTs xy, X3, X3 — KOPHHU ypaBHeHMa x° + px + g = 0. Jloxa-
3aTh, uTo x3 + x3 + x} = Bxyx5x;.

IokasaTs, uto mpu b > 0, ¢ > 0 MHorownen x° — ax® — bx — ¢
He MOYKeT MMeTh ABYX II0JIOKMTEeIbHBIX KOPHeH.

Ioxasarh, YTO €CAM X, X3, X3 — KODPHH yDaBHEHHSA
B +ax’+bx+c¢=0,
TO MMEIT MECTO CJICAYIoNHe (HOPMYJIBL:

x1+x2+x3=—a,
X1X2 + X1X3 + X9X3 = b,
X1X9X3 = —C

(bopmyansl Buera s KyGM4eCcKOro ypaBHEHHUA).

JlokasaTrh, 4TO IpPH JHOOOM AEHCTBUTEJIHHOM C yPaBHEHHE
2% — 22 + x + ¢ = 0 UMeeT TOABKO OAMH AEHCTBUTEbHBIH
KODEHb.

JIokasaTh, YTO €CJIM X = ¢ — IeJbIil KOpeHb MHOTOUJIEHA
fx)=x"+ax" 1+ .. +a,_1x +a,

C LeJbIMH KO(D(PUIIMeHTAMM, TO AJs J000ro LEeJoro ymcia
m uucJao f(m) geaurca Ha ¢ — m.

ITyers MHOTOWIEH A(X) MOMKET GBITH IIDECTABJIEH B BUJIE CYMMbI
KBaJPaTOB JBYX MHOTOUYJIEHOB C AeHCTBUTEILHBIMU K03thdu-
IUEeHTaMH U TeM Ke CBOMCTBOM o0jazaeT MHoroujgeH B(x).
JokasaTp, uTo Torga m mHOrO4JeH A(x)B(x) obnagaer aTum
CBOIMCTBOM.
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520. doxasaTb, UTO ecau MHoroujie f(x) ¢ geHdCTBUTENbHLIMH
KoadduIIMeHTaM NPUHNMaeT IIPU BCEX JEMCTBUTENBHBIX X
MOJIOKUTEJIbHbIE 3HAUEHUsA, TO OH IPeJACTaBJIdAeTCA B BUAE
CYMMBI KBaJpPaTOB JBYX MHOI'OYJIEHOB C JeMCTBHUTEIbHBIMU
KosdhdunmneHTaMH.

NPOBEPb CEBH!

1. PasgenuTr MHOrouJeH 2x* + x® - 8x% + 5x — 2 na mHorO-
wien x° — x + 1.

2. HaiiTu 0CTaTOK OT ZesieHMs MHOTOWIeHa 3x° — 2x° + 5x —
— 14 Ba aBydsaeH x — 2.

3. OcraTku OT HeneHEuss MHoroujJeHa P(x)ma x — 1 m x + 1
paBHBI cooTBeTCcTBeHHO 1 M —7. HaliTu ocTaTOK OT mejleHus
BTOr0 MHOTOYJIeHa Ha x> — 1.

4. Pemnts ypaBHenne x° — 2x2 — 5x + 6 = 0.

5. Pasio:xuTh MHOrOWIeH x- + 2x° + 6x — 9 HA MHOMUTENH.

NCTOPUYECKASI CMNPABKA

Eme co BpeMeH BaBUJIOHSAH M APEBHUX HHAYCOB CUMUTAETCH, UTO
OHOI M3 OCHOBHBIX IIeJieii aJreGpbl ABIAETCA DPelleHNe YPaBHEHHH u
ux cucrem. B JIperneM BaBuione 4000 JjieT Ha3ax yMe M pelIaTh ypas-
HEHUdA NepBOM, BTOPOH M HEKOTOpble YPaBHEHHUS TpPeTheH CTeleHH.
JIpeBHIE IDeKHM IpeABApUTEIbHO NPUIABAJN YPABHEHUSIM [eOMETpH-
YECKYI0 (OpMY: YHUCJIa OTOK/IECTBJIAJINCH C ATUHAMU OTPE3KOB, HAXOMX -
JAeHre HeU3BEeCTHOH JJIsI HUX 03HAYAJIO ITOCTPOEHHEe NCKOMOTO OTPE3Ka.
Ho o0uieif Teopum perueHusi ypaBHeHHMI B Te BPeMeEHa elle He ObLIO.
IIepBoe M3N0KEeHME TeOPHHU PELIEHM KBAaAPATHBLIX YPAaBHEHUI JaHO B
KHUre ApeBHerpeyeckoro ydenoro uobdanra « Apudpmeruxa» (III Ber).
Pemenuve B pagrnkasax ypaBHeHUit 3-i u 4-i1 creneHeil GbLIO MOJYYEHO
UTaJdbAHCKUMU yuyeHbIMM B XVI Beke.

B passuruu anre6pbl ypaBHEHHH BeIMKa POJb (GPaHIIy3CKOro MaTe-
maTuka u opucra @. Buera (1540—1603). Im Obir MCIIONB30BaH
MeTOJ HeOIpeJesIeHHBIX KoadhuuuenTos, Giarogaps koropomy Buer
NEPBBLIM 3allycall ypaBHEeHUe B 00IleM BHIe M BLIPDA3UJ €ro pelIeHue
dopMy0H (ZO HEro yLOBJETBOPAJNUCH JHUIIL PeIlleHueM IIPUMEPOR).
Emy npuHaajiexXuT nmpuMeHeHHe e€JUHOOODA3HOrO IpueMa pelleHus
ypaBHEHUU cTeneHu n < 4, HOBBIH MeTOJ pellleHusa KyOUUecKOoro ypas-
HeHUs. Ocoboe 3HaUEHNE KMeeT YCTAHOBJIIEHUE UM 3aBHCHMOCTH MEKIY
KOPHAMH B Kosdpduiinenramu ypasHenuit (hopmyan Buera).
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Mexay anrefpayeCKMMH ypaBHEHHUSAMY ¥ MHOIOYJIEHAMH MMEETCS
TecHas cBA3b. Haiitm xopum muorounesa P,(x) = gpx” + al:x:"'1 +
+ ... + a" osnmauaer pemuTh ypaBHerue P, (x) = 0.

®panrnysckuii marematuk 3. Beay (1730—1783) chopmyamposan
CBOIO M3BECTHYIO TEODEMY O JeJIeHMH MHOTrO4YJeHa Ha JIMHEHHBIN ABY-
4JIeH, [I03BOJIAIOIIYI0 CHU3UTDh CTeIeHb ajirefpanuyecKoro ypaBHEHHS,
3Had OJUH U3 ero KopHei. J. Be3y sanuMaiica Takke uccjefoOBaHUEM
CHCTEeM aJrebpanuecKMX YpaBHEHHH BBICIIMX CTEIeHeil M HCKJIoYe-
HUEM HEeH3BECTHBIX B TAKHMX CHCTEMAaX.

JleleHne MHOTrOYJIEHOB YIOJIKOM MOYKHO OOHApYKHTh B paborax
H. HeioToHa (1643—1727).

B «YuuBepcanwHO# apudpmeruxe» JI. Oitmepa (1707—1783), mo
KOTOPO# BIIOCJIEACTBUM COCTABJIAIHUCHL YUeOHUKU aire6pnl, IIPUBEAEHO
MHOTO 3aJa4, CBJA3aHHBIX C TOXKJAECTBEHHBIMH IIPe00pasoBaHHAMU
MHOTO4JIeHOB U ajrebpanyeckux apobeii. TakoBo, HAIpUMED, TOXKAE-
CTBO:

b(2a® + b3) )3 _ ( a(a® + 2b%) T

3 4 p3
a’+b +(a3—b3 ll s
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YNPAXHEHUSR ONA UTOroBOro
NMOBTOPEHUA KYPCA AJITEBPbI

. Uncna n anrebpanueckue npeodpasoanuda (521—-590).

. ¥YpaBueHud (591—-642).

. HepaBeHcTBa (643—673).

. Cucremb! ypaBHeHuit 1 HepaBeHCTB (674—690).

. Tekcrossble 3anauu (691-714).

. Dyukuuu u rpapuxu (715-764).

. Kom6uraTtopuka u Teopusa seposarsocreii (765-778).

. KomGunupoBauusie sagauua (779-793).

. 3ajauy, IIpeasaraBilinecd HA BHINIYCKHBIX aK3aMeHax (794—801).

1. Yucna n anrebpauveckune
npeoGpa3oBaHuna

. Ha#iru 2,5% ot 3,2.

HaiiTu uucnio, ecau 42% ero cocrasiasaoT 12,6.

Kakoit ponenrt cocrasaser 1,3 or 39?

CKOJILKO MPOIIeHTOB cocTaBiaseT 46,6 or 11,657

HaiiTu yneno, 175% Kotoporo cocrasasior 78,75.

Haiitu 180% ot 7,5.

ITena ToBapa Gbl1a cHMMKeHA cHayasa Ha 24% , a 3arem Ha 50% ot
HOBOH neHbI. HaiiTi 001IMi IPOLEHT CHUXKEHHUA IeHbl TOBapa.

B cnaBe cogepskurca 18 Kr uuHKa, 6 Kr osoa u 36 kr meau. Ka-
KOBO IIPOILIEHTHOE coJep:KaHue COCTaBHBIX YacTel criasa?
CroumocTsb TOBapa u mepeBo3ku cocrasiser 394 p. 20 k., npuuem
pacxojbl OO mepeBO3Ke TOBApa COCTABIAIT 8% CTOMMOCTH CaMo-
ro roBapa. KakoBa ctouMocThb ToBapa 6e3 ero mepeBo3xkun?

Bricota nupamMuibl 5 ¢M, a nmiomanb ee ocHoBauusa 4 cm2. Ha ckoub-
KO IPOILEHTOB YBEJIUUYNTCA 00BEeM 3TOM MUPAMHABLI, €CIHU U ILJIO-
1aJb €€ OCHOBAHUS, M BLICOTY yBeJIHUYNUTh Ha 10% ?

Ilpu peneHuy HEKOTOPOTrO YKCJIA HA 72 MONYYUTCA OCTATOK, PABHBII
68. Kaxkum Oyzer ocTaToK, €CJIM 3TO JKe YHCJIO PasieJuTs Ha 127
Cymma aByx umcea 1100. Halitu Haubosbllee us HUX, ecau 6%
OZHOro uxcJja paBHLI 5% Apyroro.

ITo cpounomMy BKJaay, BHOCHMOMY Ha CPOK He MeHee rojaa, coep-
Kacca BblmiaynBaeT 3% rofoBblX. BKIaguuK BHecC B cOeperaresib-
HYIO Kaccy CpOYHBIi BKJak B pasmepe 600 p. Kakyro cymmy gener
OH IIOJIYYUT B KOHIIE TPETHEro roja co JHs BKJaga?

ITo o6bplyHOMY BKJIaAy cOepkacca BeimayuBaer 2% romoBBIX.
Braaguuk Baec 500 p., a uepes mecst cHax co cuera 100 p. Kakas
cyMMa AeHer GyaeT Ha ero cuery Mo MCTeYEeHUH T'ofia CO NHA BhIAA-
yu emy 100 p.?



535.

536.

537.

538.

539.

Briyucauts (535—536):

548+802 20,88:18+45:0,36

1) 797+877:3,72° 2) T1959+11,95

3)23,276:2,3-3,6-(17,2.0,125+0,005:0,1) + 6,25 - 3,2;
4)9,25-1,04-(6,372:0,6+1,125-0,8):1,2+0,16 - 6,25.

28:12 + 71:22 +12. 92 +14:1l]-3l
3 3 4 2) 7.

1) ;
10t - 93
2 4
(62+2i+51):—1——30:—5-
2) 3 15 2 )15 28;
5.3_3 5) 4!
5 5 22 2
10

3) (0 645 : 0,3— 1—6) : (4 : 6,25—1:5+%-1,96) ;

4) (——0,375) 0125+(——-—) (0,358-0,108).
2 6 12

HaiiTn Hem3BeCTHBIH YJieH [IPOmopIuii:
4
1)10: 1 =211, 3)%—1;
8 4 gl
3
.075-91:141; x _ 1,456
2) x.0,75—92.144, 4) 15 105
Baruncauts (538—540):
21 1
1) 625 * -750’5——8,70] -(3_05+1];
15 5§ L2 1 5 1
2) | =2 _2.72.494 -(—J“+452 -183/5.
(125)3 81
1 VB J5-V3
= J5+43 .
1) 2@] : 4)(55 3) ;

4

o[

2) (2Jﬁ )ﬁ 273,

3) (313 )”‘/E; 6) \/(0,0016)_% 571

256075 .
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540. 1) log8 \/5; 2) log“/E 515; 3) 52+log5 2;

4) (V3f e, 5) log,

541. Kakoe u3 yuce;1 0oablie:

9
5

+log; ¥/36;  6) 16%5°8 1041,
:/_'3'= ge )

2logy 5+1log, 9

1) V8 mm 2 z /3 3) V18 wm 4(log23+log4(15_1));

[log3 \/§+logl [g ]]
2) V5 wm 9 5%, 4)%1&.@1((—13

VYnpocrurs (542—543):
6 3
542, 1) 242, 2)(39‘/5] :

1
logg 2- 106 5)?

8% J3¥3
3) 3 g—% J20+3 J180-4 125,
4
1 3 4

4 - . ;
VG- ez Vo3

5) (m-n)- ’m_z-éh’ m>n>0, £>0;

6) Vb2 + 2+2+\/b2—2b~/§+2, b>V2.

543. 1) ya*(9a®-6a+1); 2) b2(4b4+4b2+1 ;
a

) — =+
1-Va 1+Va

Ja-b
4) ———— .
) 25 bl mpu a>0,5>0,a=b

3

npu a>0,a#1;

544. OcBo6ogUTECA OT UPPALIMOHAJIBHOCTH B 3HAMEHAaTee Apo6u:

12 10 a b
1) —; 2) —; 3) —:; 4 N
) & ) & ) % ) ova
5 3 12 8
5 ; 6 5 7 ; 8 .
'%5 %% "m-w P Ees
545. OcBo6OAUTHCA OT UPPAMOHAJILHOCTH B YUCJIMTENIE JPO0H:
v3 V5 247
1) ?7 2) Ev 3) T‘y
4 3;{6; 5) JE;JE; 6)\/7;/;
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546. 3anucars B BuAe 0OGHIKHOBEHHOI Apo6H YHCIO:
1)0,(4); 2)2,(7); 3)0,(21); 4)1,(36); 5)0,3(5); 6)0,21(3).
547. 3anucaTs B BUe ACCATUYHON IePHOANYECKOM ApOOH IHCIO:
5 1 1 2
1) =; 2) 2=, 3) =; 4) 5=,
) 6 ) 29 ) 7 ) 511

548. Mooker i1 GBITh PAIlOHAIBHBIM YHCJIOM:
1) cyMMa ABYX IOJIOKUTENLHBIX MPPALMOHATBHEIX YHCEI;
2) npousBefieHMEe ABYX UPPAIMOHAJBHBIX YHCEJ;
3) yacTHOE OT [eJIeHNs CYMMBI JBYX HEPABHBIX UPPALMOHAIBHEIX
TIOJIOYKUTENBHBIX YHUCEJ HA UX IPOU3BeJeHHEe?

549. lloxasaTs, 4TO €CJM @ ¥ b — HaTypaJbHBIe UnCia, vab — panuo-
a
HaJIbHOE YHUCJIO, TO 3 TaK)Ke pPaloHaJbHOE YUCJIO, a eCJHU
a
Yab — wuppanuoHaJbHOE YHUCJIO0, TO U 1’3 — UppamuoHaJIbHOe

YHCJIIO.
550. IlycTh @ — panuoHaJBHOE, b — MPPAIMOHAIBLHOE YHCJIA, IIPUYEM

a b
a #0. JokasaTts, uToa+b,a- b, 32 HppalnroHaJbHbIe YHCIIa.
a

551. UmeloT 11 00II[Me TOYKH IPOMENKYTKHU:

1) [1;3V2+247] u [3V3 +4;15];
2) (0; V27 +6) u (v/48 -1;10);
3) [2;2V5 +2V6] u (32 +4/22;11);

4)[1; 1+3] u [J_z ;4]?

552, IIycts 0 <a <b. [TokasaThb, 4TO HA YHUCJIOBOI OCH:

+b
* 1) Touka % — cepeauHa oTpe3ka {a; b];
a-b
2) rouka —5 ~ CepeluHa OTpeska [-b; a};
3) Touxa —%— — cepenuHa oTpeska [—a; bl;
-a-b
4) TouKa 5 cepeguHa orpe3ka [-b; —a];
a+
5) Touka 1rc *TRec > 0, ne:xuT BHyTpH oTpe3Ka [a; b].

553. BEIYNCINTh IMaMeTp Kpyra X, BIUCAHHOI'O B pPABHOCTOPOHHUI Tpe-
YTOJbHUK (puc. 79), ecau a = 6 cM.
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554. BeruncauTs yroJ o 3aroTOBKH, U300pa-
sxeHHOI Ha pucyHke 80, ectn a = 4 cM.

555. BoluncauTs IUPHUHY | yIieass mo
JaHHBIM, VKa3aHHBLIM Ha pUCYHKe 81.
556. BEIYMCIUTE AJIMHY MOCTA 110 AaHHBIM,
Mpe/CTaBJIeHHBIM Ha PUCYHKe 82.

557. HaitTi uncioBble 3HaYeHUA BCEX OC-
TaJIbHBIX TPUTOHOMETPHUYECKUX PYHKIMA
0 JaHHOMY 3HA4YeHWIO OZHOM M3 HUX

n 3
[O<oc<§j.

[
=1 A YO S o). 5
< 1)cosa=0,8; 2) sma=§;
—94. _7
Puc. 80 3) tga=2,4; 4) ctga—a.
558. Brrunciaurs:
1) arccos (cos g ]; 2) sin (arcsin % ); 3) cos (arcsin% ];
. . V3
4) ctg (arctg2); 5) sin| 2 arcsin-—- | 6) tg (2arctg3).

559. BeruucauTe:

ctga+tga 4 sino — cosa 2
1) —=>—"2~ npu tga=-=; 2) 3o — cosx _=e,
) ctgo-tga pu g 5 sino + cosa. P tga 5
3) sino cosa npntga=§;
sin? o - cos? o 4
4) sinacos o, ecan sin o+ coso= l
3

i N MOCT
I‘____ Lﬁviépjma yLIEIbs AQ[K]DA [2&,,/

’// 540 O \Q
paccTosHue
é 10 BOAb!
o
Oepera yienbs peka Oepera ywenbs pexa
Puc. 81 Puc. 82
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560.

561.

562.

563.

564.

565.

566.

567.

568.

569.

Ha xommnieKcHO# MJI0CKOCTH HOCTPOUTD TOYKY:

1) 2 + 4i; 2)1+3i; 3) -3 + 2i; 4) -1 + 2i;
5) -4 -3i; 6)-2-i; 7) 2 - 3i, 8)3-i.
Brinosnuts peitcreus (561-562).

1) (4 + 51) (5 + 4i) + (3 — 2i) (2 — 3i);
2) (9 + 15i) (3 - 5i) — (6 + 8i) (3 — 4i);
3)(2+i%)2 (2 +3)2;
4) (1 +i)3 (1 +i%2.
3-4i 3+4i, 2415 Y
D 3iatag 3)[1+1 J
2+5i _2-5i 1+t
) 275 2500 (z-ﬂ J

3anucarh B TPUTOHOMETPUUYECKOH GopMe KOMILIEKCHOE YHCJIIO:
1)3; 2)7i; 8)3+3i; 4)-2+2J3i;  5)2-2i;
6) —v3-i;  7)-6-63i; 8)—é+§i.

3anucaTh B TPUIOHOMETPUUYECKOH opMe KOMIIJIEKCHOE YHCJIO;
1)3-38i; 2) —1+i\/§; 3) —cosg+isin$; 4) sing—icosg;
8r 811: T 4
51 — — in—+i ~.
) 1+ cos 5 +isin 5 6) 1+s1n5+lcos5
BpluncanTs:
, . -6
1y @) L), g (Y8,
(-1-0p? 2 2
e . (— i\6
g) W3+DLCLrif, )(/B+i)t - 1-i)f.
1+i)
HaiiTin MOAyJIb ¥ apryMenT KOMILIEKCHOT'O YHCJIA:
1) z = (1-i/3)% 2) z = (1+i+/3)2.

HaitTu Mmomyne kommiekcHoro uncJia (567—568).

1) z=(sin§—cosg—)+i,fsin2—;; 2) z=(sin§—cosg)+i\fsin%.
3r
1) z=sina —i(1+cos o), n<a<?
2) z=(sina—cosa)—i+/sin 20, 0<a<%.
YuopocTuTh:
10 050t
){1“] ; )( 1)16 (05,
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2-i .
570. lokasaTs, 4YTO YKCJIO Py ABJIACTCS NeHCTBUTEILHBIM YUCJIOM TOT-
i
Jla ¥ TOJILKO TOTZA, KOT/la 2 — YMCTO MHMMOE YHCJI0, 2 # —i.

2-i
571. lokasaTh, 4TO YHUCJIO P ABJAAETCA YUCTO MHUMBIM TOT'[A ¥ TOJb-

KO TOrZa, Korga|z|=1, z #—i.

572. [loxkasats, 4TO AJA JTIO6bIX KOMIIEKCHBIX YHCENT 2; U 2, CIPaBel-
JUBO PABEHCTBO | 2, + 2, |2+ | 2, — 2, 2= 2| 22 + 2| 2, [°. KakoB
reOMeTPUYECKUIi CMBICJ 3TOr0 paBeHCcTBa?

Yupocrurs (573—-580).
573, 1) £+3a+2 10-2a, g a+2 (Zaz-—a—3_2a—3]

k4

a®-25 a+2’ a-2 |{a®+5a+6 a-2

2 2
gy Y-l Bl bea. i) 1) (8F+8br2] el
¥+20-8 b+1 b+3 b v - 4b b

2
574. 1) 2a+1 L2 3 :2a+4 ]: 3.
a+a+l1 a-1 a’ -1 l1-a
5 a-3b 1 17a - 25b a® + 2ab + b
2) + + + . .
3a-30 g2_p2 2a+2b 6a%-6b 6
2
575. 1) c+d_c—d+ 4d ) c+d;
¢c—-d c+d d*-¢ 2d

2) a__b+a :1_b+a .l;
1+ab l+ab ) b

3) a+ 272 ):{l—a(b—a)};
1+ab 1+ab

2a+b 2b-a a’ a’+b
4) + + = |
a

a+b a-b b -a®|a-b"

1+2m 1 1+2m 1
576. 1) +—]=( - ];

1+m m m 1+m
a? 8v? a 2
2) — -4t N = |5
9p2 a 2 a
a a®+a-1 a®-a-1 2a®
3) + + - :
a®-1 a®*-a*+a-1 a*+a%*+a+1 a'-1
1 2a 1 2
) + + -

@*+5a+6 a*+4a+3 (@+1)P+a+1 a+3
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577.

578.

579.

580.

581.

582.

583.

1) 1 1 + 1 2) aJ2+a-J2-1

4+4Ja 2-2a 4-4Ja aJ2-2-J2+2
-2
1) a+Jab Jab+¥? | JaPb+ab®
Ja?+ab Jab+b 2b
IS
2) (Ja+b)2 -(l+l)+———2(a 2102,
a b) (Ja+Jb)®
11 3 3
3) a-b a2-p2 | 1 | 4 a-b a2-b2| 1
3 11 1 1| 75 1 1 .
at +a2b4 b4 —qat Vo a2 - b2 a-b \/;b_
(ab2+a ) (a®+b3) 9a - 25a7! a+7+10a!
1) =5 2|1 1~ "1 1
1\s 3a2 -5q 2 a2 +2q 2
2)
4 31 22 13
a’ —adb® —adbs + adhs
D=5 31 22 °
a® —2a%b5 +adb®
_2
3%b 1 2 0,5
2 + —-(b° +18b+81)™"°.
) Yot 96 59
Jb
PaamoxkuTh Ha MHOXKHUTEIH (581—582).
1) 1 +cos o + sin o; 3)3-4sinq;
2)1-cos o —sin o 4)1 -4 cos?o.

1)sin o+ 2sin 20 +sin30;  3) tg(%+a]—tg[%—a);
2)tg 3o.—tg 20— tg oy 4)1 +coso+ sin o+ tg a.

Hdokasatb, 4uTo ecau o + § + Y=, TO:

1)sina+ sin B —siny= 4sin%sin%cos%;
2) sin 20+ sin 2B +sin 2y=4 sino - sin B - sin y;

tga+tgP+tgy=tgatgPtey.
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584.

585.

586.

587.

588.

589.

590.

204

Yupocturs Beipaxkenne (584—585).

a 2 &
2tg— 1-tg” —
1) 2sin[£—a]sina; 2) 2_; 3) z ;
2 1+tg22 Letg”
a
2ctg— .
4 — 2 6) T szga :
1+ctg2% +eos
1) 1+cos20. 1 cos’ (au+B)—cos® (a—P) .
2cosor sin 2B ’
2) tga-sina | 5) sino+sin3o+sinbo |
tga+sino coso.+cos 3o+cosba ’
3) sino+sinf | 6) 2sin 201+sinda
coso+cosp 2sin 20.-sindo.
Hoxkasats Toxkzectso (586—590).
1) sin(%+aj=g(sina+cosa);
2) cos(%+a)=g(cosa—sina);
l+tgoa
3) tg[ Pra |= B,
) tg(f“) i-tga’
4) sin(a+§)—sin(a—§]=\/§cosa;
5) cos[%+a]+cos(%—a]=«/§cosa;
6) sin 2a cos o + cos 20 sin o = sin 30..
1) L=sina; g) XA _ s 20,
tgg+ctgg ctgo + tgo
2 2

1) (1+cosoc)tg%= sina ; 3) 1—sina=2sin2(§—%);

2sin| Z+o
. _ 2(m_ o) _ 3
2) 1+sino =2cos [4 2], 4) «/§+tg(x— cosa

2 —cos 20,
1) 1-tg? a=%s%; 2) 1-ctgZ o= s‘;’;a )

1+cosoc+cos2(x=4cosacos(£+g)cos(1[——g).
6 2 6 2



591

2. YpaBHeHus

. PemuTh ypaBHeHHe:
2x+4

5 15 3 6 3
3) 3x—16+1=x+6_x+3; 4 E(x_7)_3x—6(—x_—2=—(x+4—3).
12 4 6 3 7 8

592. Ilpu kaxoM sHaYeHUM g ypaBHeHue a(x — 3) + 8 = 13(x + 2) umeer

KOpeHb, paBHBIHi 07

593. Ilpu xaxom sHaueHuu b ypasaenue 1 — b (x + 4) = 2(x — 8) umeer

KOpeHb, paBHBIH 1?

Pemintp ypaBHeHue (594—602).

594, 1) x(x+1)—(x+2)(x+3)+9= x(x+4)— (x+5 (x +2);
2)2(x+3)(x+1)+8=(2x+1)(x+5).
3x  x-1_, 4x%-1 _ 2 2
595. 1) m+x—2_4’ 4) 4x2-16x+7 _2x—1+2x—7’
3x 2x+5 3 2 4
2) — -1= 3 5 - = ;
)x+5 1 x ’ )x+3 x-3 x2_9
5 7. 5 2 11
3 Fea7 " Bxr0’ ®) x—2+x—4"x2_6x+8'
596. 1) (a - b)x=a?+(a+b) x; 2) a’x =a+b + b2x.
597. 1) x2—2x-15=0; 4)12x2 - 4x=0;
2)3x2+4x-4=0; 5)2x2—x=1;
3)Tx2+4x=0; 6) 4x2-100=0.
x2  Tx _ oy
598.1)15—5—1, N (x—3)(x—2)=6(x - 3);
10 _ %% 2 1lx 1 _
2) 2x —3——F, 4)x T+§—0.
1 x x
599. 1) x-1=——; 3) —+—==0;
) x x-1 ) x+1+x—1 0
2+12 _ Tx | 3x®  _ 2x+1
S o S Do T
2
600. 1) 8x-1_ 7 _Tx"-28 18 2) x+1 12 2-x

x+2  2+x  42_4 2-x° x+3 2_g 3-x
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601.

602.

603.

604.

605.

606.

607.

608.

609.

610.

611.

206

2x 1 3x+9 2 1 2x-1

Va3 w3 gt e 2 Poxel T By
2

1)x—4+%=0; 2)%—%+4=0.

Haiitu geiicTBuTe bHBIE KODHHE ypaBHeHuA (603—604).

1) xt-7x2+12=0; 4)2x4-5x2+2=0;

2) x* — 11x% + 30 = 0; 5) x-2x =15

3) x* - 13x2 + 36 = 0; 6) 4Jx +x—-5=0.

1) x3-3x2+x=3;

2)x3-3x2-4x+12=0;

3)x5+x* —6x3—14x2-11x-8=0;

4) x*-38x3- 2x2-6x—-8=0.

Ilepecekaer nu rpaduk dyuxmun y = x3 — 6x2+ 11x — 6 ocs Ox B
TOYKaX, aGCUHCChl KOTOPBIX ABJAIOTCH LieJIbIMU YHCIAMU?

Haiitu peiicTBuTesbHbIe KOPHM ypaBHeHus (606—607).

p— 2 -
1)2x2+4x1+3=0; 3) (i—l) —3(x—1)+2=0;
X X
2
2) (2 —x)2 + 12 = 8(x2 - x); 4 3 __5% o9
(x-12 x-1
2 2 9a’ x 2x b?
1) x*-3ax-b“+—=0; 3) + = ;
4 x-b x+b 4x?-p?
2 2
2) x2 +ax-b2+% =0; 4) Zr __x _ 547
4 2x—-a 2x+a 4x2_ g2
He pemmas kBagpaTHOro ypapHenus 4x2 — 3x — 10 = 0, BHIYHCIUTD:
1 1 1 1
D xfxp+xxds 2 xf+xd; 3 Sv—p 4 5+
Xy X2 X1 X2

B xBaaparaoM ypasHeruu (2k + 8)x2 — kx + 5 = 0 HaiiTi 3HaueHMe
k, Ipu KOoTOpOM:

1) KopeHb ypaBHEeHUA paBeH 5;

2) cyMMa KOpHei#l ypaBHEeHUsA paBHa 2;

3) mpousBeZeHre KOPHEH ypaBHEHUA PaBHO % .

CyMMa KopHeii KBaApaTHOTo ypaBHeHusa ax2— (a®?+2)x+7=0
paBHa 3. HaiiTu 3uauenue a.

IIpu kakoM sHaueHUH b IPOU3BEAEHNE KOPHEeil KBAAPATHOrO yPas-
nerug b2x% + 8x + b+ 4 = 0 paBHo 3?



612. TIpu KaKoM yCIOBHM TpexdyieH ax? + bx + ¢ ABIAETCA KBaAPATOM

JBy4IeHa?

613. Jlokasarb, 4TO KOPHU ypaBHeHHA ax? + bx + a = 0 aBnAOTCH B3a-
MMHO O6paTHBRIMHU YMCIaMH, ecau a # 0.

Pemuts ypaBHenne (614—615).

614. 1)|2x-3|=T;

2)| x + 6|=2x;
615. 1)|6 - 2x|=3x+1;

2)2|x-2/=|x-1;

4)2x—T=|x~4|.
3)|8x—1|+|4-x|=5;

x-1

x+1

4) =x-1.

616. HaiiTi HauMeHBIINI KOpeHb ypaBHenus | x2 — 3x — 6| = 2x.

617. HaiiTn HanGoNbIINI PATHOHANBLHBIN KOPeHb YDABHEHUA
| x2 — 8x + 5| = 2x.

Pemuts ypaBHenue (618—627).

618. 1) V2x+T=x+2;

2) x=2-v2x-5;
3) V2x+3-vx+1=1;

619.1)\] 22 +6x =2
2) VVx?-3x =\/§;

620. 1) Vx2-3x+5+x%-8x=T;
2) x2+11+Vx2+11=42;

3) VAx-5+v2x-9 =4;

621. 1)3*7=81;
2) 2x2—5x+6,5 - JE;

622. 1) 95+ - 95%"1=8;

2) (i,‘lx)x —g2x+6,

4) Jx+2+V3-x=3;
5) V2x2 - x+10-x=2.

3) V3x+2=38Vx-2;

4) x—\/x+1=_5_
x+Jx+1 11’

) Vx+Vx-V1-x=1;

6-x
=vJ8-3x;
) &re *
2-x 2-x
6) ——==.—.
)Z—Jx 2

3x -7 3x-7
(i8]
5 4

4) 27+ - 2% =120,

2 p2x+2 (1 6,
3) (0,2)" -5 —(g) 5

4) 4% — 4% 1 1 452 =52,
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623.

624.

625.

626.

627.

628.

629.

630.

631.

632.

208

1

3-x
. (5x+6) 1 (V7 (12
1) 52x+5 ‘73x+l =352 ; 2) 4 -1 = + -1—6 =208.

4
1 1

D2lgx-lgb=5+31g2; 3)lg [§+xj=lg‘5—lg x;
2)1-1g 2:l g l+lg x+—1- g3 4)2lg x=-1g

2 3 2 T 6-x°
1) log, (2x — 18) + log, (x — 9) = 5;
2)1g (x2+19)—lg (x+ 1) =1.
1) 5'8s = _g.5'3% 1 5-0;
2) 2510g3x _4_5log3 x+1 =125;
3)log(x +3)—log, (x —1)=2-log, 8;
4) 1g10+%lg(271+3‘/§;)=2.
1)1g(3*°2 - 2)=0; 4) x'°83* = 9x;
2) Vale'x Z10; 5)x€x—1=10(1-x7% *);
3)xlex=10; 6) xJ;:Vxx.

MoryT 11 KopHU ypaBHeHUs (X — m)(x — n) = k2 GBITH YMCTO MHHU-
MBIMH, €CJIU M, N U k — AedcTBUTENbHbIE Yucaa?
Pemuts ypaBHeHUE (2 — KOMILJIEKCHOE YHCJIO):

1)22+22+5=0; 5)22+42+19=0;
2)22-62+10=0; 6)z2-22+83=0;
3)922-62+10=0; 7)222-2+2=0;
4)42°+162+17=0; 8)322+22+1=0.

Ha MHOecTBe KOMILIEKCHBIX YMCeJ PELINTL yPaBHEeHUe:
1)24+522-36=0; 3)z¢-22-6=0;
2)2¢-822-9=0; 4)24+222-15=0.

Pewuts ypapHenue (631—-642).
1) sin 2x = 3 cos x;

2) sin 4x = cos* x — sin? x;
3)2cos?x=1+4sin4x;

4) 2 cos 2x + 2 cos x sin? x = cos x;
5)sin2x+2sinx -3 cos x=3;
6) 2 cos x + cos 2x = 2 sin x.
1)sin® x + cos® x=0;

2) 2 sin2 x + sin? 2x = 2;

3) 8 sin x cos 2x cos x = \/g;

4) 4 sin x cos x cos 2x = cos 4x;
5) 2 sin2 x + 3 sin? 2x = 0;

6) cos* §2£—sin4 3x_1
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633. 1)sin?x + costx=0,5;

. 1.
2) sin® x + cos® x = Zsm2 2x;

3) sin3 x cos x + cos3 x sin x = cos 2x;
4) cos? x + 7 sin? x = 8 cos x sin x;
5)9sin x cos x + 5sin2 x = T;
6) 2 + cos2 x + 3 sin x cos x = sin? x.

634. 1)sin 5x =sin 3x; 3)sin 3x +cos Tx=0;
2) cos 6x + cos 2x = 0; 4) sin x = cos 5x.

2

635. 1) sin x+5—1t +sin | x+~ |=2 sin E;
12 12 3

2) sin x+§ +cos [x+§)=\/—2_;

3) sin x + sin 5x = sin 3x;
4)cos Tx — cos 3x =3 sin bx.

636. 1)3sinx+cosx=1; 4)4 cos x +sin x =4;
2) 3sinx+v3cosx=3; 5) 3 sin x + 4 cos x = 5;
3) cosx+«/—.?:sinx=1; 6) sinx+3cosx=w/i6.

637. 1) sin x+cos x +cos 2x=0;
2) sin x - cos x = cos* x — sin? x;
3) sin® x—cos® x=1+ %sin 2x;
4) sin® x + cos® x = sin x +cos x.
638. 1) 5+ sin 2x =5 (sin x + cos x);
2)sin2x = (w@—l) (1+sinx+cosx);
3) 5 +sin x + 2 sin x cos x = cos X;
4)2+ 2 cos x =3 sin x cos x + 2 sin x.
639. 1)cos x cos 3x =cos 5x cos Tx;
2) sin 6x cos 4x =sin Tx cos 3x;
3) sin 3x sin 2x = cos 4x cos 3x;
4) 2 sin x sin 3x =cos 2x.
640. 1)sin x +sin 2x + sin 3x + sin 4x =0;
2) cos x +cos 2x + cos 3x + cos 4x=0.

641. 1)tg?3x — 4 sin? 3x =0; 4) 4 ctg? x=5-—2;
. sinx
2)sin x tg x =cos x + tg x; 5) ctg x+ Sin¥ =2;
1+cosx
3) ctg x (ctg x+— ]=1; 6) sin x ctg 3x =cos 5x.
sinx

642. 1)tg 2x=3 tg x; 3) tg (x+—;£) +tg [x—§]=2;

2)ctg 2x =2 ctg x; 4)tg (2x+1)ctg(x+1)=1.
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3. HepaBeHcTBa

Peurnts HepaBencTso (643—644):

643. 1)x+8>4 - 3x; )%é<x 1
2)3x+1-23+x)<dx+1; 4) 225
644. 1)1,5x+3 < 4x + 0,6; 4) 7_’5-2+33x>o;
2) 3x—8_9>x_2x—-37; 5) 4—3x_5—2x <2
4 3 8 12
3) 10x_6x2—7<20.;+1; 6) 5x 7 x+2>2.
645. TIpu KaKuX 3HaYCHNAX X CJIeAyIomas npoﬁb MOJIOMKHUTEIbHA:
2x 1 2x-1 21x-5 3-11x
1) 2) 3 2’ 3) 6-3x 4) FRRE
5x—4_ 3x+10, x+2 | 8-x ,
5) Tx+5’ 6) 40-x D 5-4x’ 8) 6+3x "
646. Ilpn Kakux 3HAUYEHUAX X CJAEAYIOIIAA APo0b OTPUIIATEIbHA:
11x 23 3-2x 4x+9
2 P D gy 3) 225’
10-4x 6-5x 18-7x
— . (’
4) 9x+2 ’ 5) xZ ’ 6) _4x2_1'
647. PeunTh HepaBeHCTBO:
3x+2 5x+4 3 2
_2 >4
D <% 2) <4 3) 2x+3 3
2 3 2
£ <1 L < 2, —2_<4.
4 x—4<1’ 5) 1 x4’ 6) x+3 4
648. PemunTth KBajpaTHOE HEPABEHCTBO:
1)x2-38x-4>0; 6)3x2—-2x+7>0;
2) x2 — 6x > 8x — 45; 7 38x2+4x-4>0;
3) x2 - 8x+7<0; 8)——21-x2+x—5>0;
4)4x+21 - x2>0; 9)8x2-2x-1<0;
5)26 — 11x — x2 < 0; 10) 5x2+ 7x<0.
Pemuts HepaBencTso (649—650).
90 2) (2%2 + 3)(x + 4)3 > 0.
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— —_— 2 -_—
3x-6 <0 gy _3x-15 5x" +4x-1_o

650. 1) ———<0; 20; 3) —————<0;
262 +5x-3 x2 +5x-14 ) 6-2x
— 2 2 _
1) x1_<0; 5)x+5x+4<0; 6)x+2x 8>0.
2+ 4x+2 x2-5x-6 x?-2x-3

651. IIpu Kakwnx 3HadeHHAX x BrIpaxkenue lg (x2 + 8x + 15) He umeer
cMmeicia?

652. TIpu KaKoM HaMMEHBIIIEM eJIOM 3HaYeHUH m ypaBHeHue (m —1)x2 —
-2 (m+ 1)x+ m — 3 =0 umeer ABa Pa3jINYHBIX AeHCTBUTEJILHBIX
KopHaA?

653. IIpu KaKuX HesbIX 3HAUEHUAX m ypasaerue (m —T)x%+2(m— T)x +
+ 3 = 0 He UMeeT JeHCTBUTENBHLIX KODHEH?

654. IIpu KxakoM HauGoNbIIEeM IeJIOM 3HAYEHHH X BhIpa)KeHue

%xz +3
NPUHUMAET OTpUIaTelbHOe 3HaueHue?
x2-9x+14 ?—x—6

655. IIpu KakOM HaMMEHbIIIEM 11eJIOM 3HAUCHHUH X BHIparkeHue -_7—_7
TIPUHUAMAET HOJIOYKUTENbHOEe 3HaueHue? *
PeuinTs HepaBeHCTBO (656—669).

656. 1)|x - 3| <6; 2)| x — 8,4/ > 0,6; 3)|x-17>2;
4)|2x - 3| < 0,5; 5)| 2x - 3| < x; 6)|4—- x> x.

657. 1)|x% — Tx+12|<6; 3)|2x% —x-1|>5;
2)| x2 - 8x — 4| > 6; 4)|3x2 —x—4|<2.

658. 1) Vx<x; 3) Va+1 >—;—x—l;

4 Vx+8<+6-2x.

659. 1) V2x<4-x; 3) V3x2 —Tx—6>-2;
2) Vx2-2<3; Y Vx®+2<x+2.

Vel +2>2+2; 2) Vx+2<|2x-2].
661. 1) 27+ <i; 3) 4¥°+*-12 5,
gx— 1
1y fooa
L . x+3 ¢ T
2)[3j > 43 e
1
662. 1) 3°*1.9° 2>¥3; 2) 3714351 <10,
2
663. 1) 22* _4*-1,83% . 9715 52,

2) 2x+2 - 2x+3 + 5x—2 > 5x+1 + 2x+4.
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664.

665.

666.

667.

668.

669.
670.

x-1

1) 31°g2;—2 l’ 2) glogz(x2-4x+35) (1
9 5
logz (x-1)
1) log, (2 - x) < log, (2x + 5); 3 Togyx O
2 logs (x—l)
2 -2)>-1; ot - A il
) logy (+*-2)>-1 o 2B
1) 410g0,25(3—2x) <2 3) ’lgx < %,
2) logs(x-1) ¢, 4) log, x<log; (2x+6)+2.
2x-1 3 3
1) log, (logl 3le1 ]< <0; 2) log, (log, (¥*-5))>0
3
3) log, (x +27) - log, (16 ~ 2x) < log, x.
J3 n 1
_ >Yo. 1.
1) cos (-32)> s 2) cos(2x 3)< 2
3)2s1n(;——)cos(§’£+x) £
2 4 2 4 2
1)2cos?x—-1>0; 2)4 sin2 x+4sinx -3 > 0.
C noMomibio rpadprKa peIlIUTs HePABEHCTBA:
1) sinx<%; 3) sinx>—i;
2)tg2x - 3<0; 4) cosx>%.

HokasaTh HepaBeHCTRO (671—673).

671.

672,

673.

212

b2
,ecaua>0ub>0;

1) ab<®

2)

3 3 3

a ;b >(a_;b) ,ectma>0,b>0,a#b.
1)(a+b)(ab+1)>4ab,ecnua>0ub>0;

2) a* + 6a2b? + b* > 4ab (a® + b?), eciu a # b.

1) %+9+3>3, ecina>0,b>0,¢>0;
c a

2)2a2+ b2+ c2>2a(b+c);
3)a’+ab+b%+2a-2b+4>0;
4)3(1+a2+a*)>(1+a+a?), ecimna>0.



674.

675.

676.

677.

678.

679.

4. Cuctembl ypaBHeHUiA U HepaBEeHCTB

Pewmnte cucremMmy ypaBHenuii (674—675):

1) |3x~-2y=5, 3) [3x-3y-1=0,
6x+2y="T, x+3y-5=0;
2) [bx-Ty=3, 4) [2x-y-13=0,
6x+5y=1T; x+2y+1=0.
1) §+§=L 3) 9x7—y_2y=3’
101 12¢+5y
y_‘2‘x_3’ 3 3x=3,
2) | XY _xty_ 4) (XY XY _
5 3 10, 5 T3 6,
X Yo Xy _xy_
51310 i 3%
HaiiTu neficTBuTEIbHEIE pemieHUs cucTeMsl (676—680).
1) |y+5=x2, 2) [xy=16, 3) {x+y=20,
x2 +2y% =25, *_y xy=96;
y

4) [xy=12, 5) [xy=-30, 6) |x%+2y% =96,
x+y="T,; x-y=11 x=2y.

1) {x2+x+y=6, 3) [2x+y=4
y-x=3; 22 +x+y=10;

2) [x%-y% =13, 4) |x? -8y=-5,
x-y=1 Tx+3y=23.

1) iyc—%=g, 3) {x =13x +4y,
x2+y2=20; ) 4x+13y5

2) %+§=3%, 4) {3x +y? ~4x=40,
xz_y2=8; 2 +y +3x=52.

1) |2x+y=3x2, 8) |x3+y? —7
x+2y=38y%; x2y+xy® =

2) |x%+3y% =1, 4) |y® -x?=4x+4,
xy+y?=3; x2 +y +3xy=4
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680. 1) l 1 l, 3) |[x+y+xy=5,
x v,3 x2+y2+xy=7'
22 +y?=16; ’
y 1 @ ¥
2 ————=3x, 4) [=——+ZL-=12,
) g = Y ) 7T
Y2+ x=5x%y2; 1,11
x y 3
Pemutek cucremy ypasaenuii (681—-684).
681. 1) 2x-4y=%, 3) |*Yx+y=0,5,
9 \E+Y #9' (x+y) 277 =16;
R
2) [ -% =1 4) |**{8x+y+6=2,
J2 - 3 = -5 23%+¥ 21024,
682. 1) -2.8v*1 =_5,25, 2) /3% +3¥ =36,
+3Y =1,25; 3%V 4 3% =12,
683. 1) {lg x+lgy=5, 3) {xl‘”=1000,
lg x-lgy=3; log, x=3;
2) {31gx+81gy=—2, 4) {xlgy=100,
9lgx-6lgy=24; lg x+lgy=3.

684. 1) {logg (x+y)=1+log3 x—log3 y,
logy (x+y)=log, x-logy ys

log; x-log: y=logs (x+y).

2) {log% x+logyy=logy (x+y)+1,
3 3 3

685. Pemnth cucreMy ypaBHeHHI (X, y — HeU3BECTHBIE KOMILJIEKCH

qHCJIa):

1) Jx?+3xy+y% =6, 4) |8x2-2y% =7,
x+y=2; 3x 2y 1

2) Jx®+y® =6, 5) Jx* -y =5,
x+y=4; xy=6;

3) Jx%-y2 =6, 6) Jx?-y% =8,
2x-y=3; xy=3
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686. Pemuth ccTeMy HePABEHCTB:

4x+ 3 x+1 x+2 x-3 x-4
1) 51-2x)>12- P 2) Tz 7 <53 + 5
8-x 2-x X— xX—
1+x<_—T’ 5 >1+——15 .
687. PeunTs cuCTEeMy HEPABEHCTB:
2x-5 2x+5
1) [loga(x—1)+log, (8-x)<1, 2) < ,
B x+5 2
x°-Tx+10<0;

logg (x—1)+logg (x+ 7)< 2.
688. HaiiTi HauMeHbIIee 1 HauGoJIbIIee IeJibie PEIIeHUA CUCTeMEL:

2x-3 3x+5 «x x+4
- T T <«8-

2 3 6 2
1__2x—8 4-3x 9 _x+2.
3 2
Pemnts cucremy ypasaenuii (689—-690).
689. 1) |x-y="T, 2) x—y=—%,
sinx=2siny; cos? nx -sin? ny=%.

690. 1) {\[ésinx=siny, 2) {cosxsiny:%,

J2cosx=+/3cosy;

sin 2x+sin 2y =0.

5. TekcToBble 3apaun

691. ITaccaxup DOAHUMAETCA IO HENOABMIMKHOMY 3CKAJIATOPY 3a 3 MUH,
a o ABMKYyIeMyca — 3a 45 ¢. 3a KaKkoe BpeMd 3CKaJIaTop MOAHY-
MaeT HEeMOABMMHO CTOAIIIEr0 HA HEM naccaxupa?

692. Tenoxop NPOIHEN PACCTOAHNE MEXKAY ABYMS IPUCTAHAMY IIO Te-
YeHHIO peKu 3a 7 4, a NPpoTHB TeueHud 3a 9 4. OnpegesuTh paccTo-
AHHUE MeX Ay NIPUCTAHAMHU, €CJIH CKOPOCTh TEYEHUS PEeKH 2 KM/4.

693. I1apoxox foJ:xeH GBI MPOTH HEKOTOPOe paccTosinue 3a 2,25 cyT.,
HO 0KAa3aJIoCh, YTO OH IMPOXOJANJI 3a KaxK Akl yac Ha 2,5 KM 60Jib-
e, 4YeM IPEeANOJIarajoch, a IOTOMY IPOIIeJ HAMEYEeHHEIH IyTh
3a 2 cyr. Kakoe paccTosnue foeH GbLI IPOMUTH IapoXog?

694. OnuH pabounii BHINONHSET HEKOTOPYIO pabotry 3a 24 nHA, APYroi
Ty Ke paboTy MoKeT BHIIOJHATH 3a 48 nHeit. 3a CKOMBLKO JHEH
OyZAeT BBINIOJIHEHA 3Ta pabora, ecau o6a paGounx 6yayT paboraTh
BMecTe?

695. Bacceiin HamosHAeTCsa AByMd TpyOoaMu 3a 7,5 u. OaHa Tpy6a Ha-
noaasAeT 6acceifn Ha 8 4 GrIcTpee, YeM Apyras. 3a CKOJIbLKO 4acoB
nepBas Tpy6a, paboras OTAeAbHO, MOMKET HAOJAHHUTL Oacceiin?
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696. B xo3aticTse 65110 co6pano 4556 1 spoBoit MieHU1s! ¢ o61el mIo-
manyu 174 ra, npuyeM Ha LEJUHHBIX 3eMJIAX coopaHo 1o 30 11
C OJHOTO TeKTapa, a Ha ocTajibHoM miowagu — 1o 22 u. CKoabko
TeKTapoB LeJIMHHBIX 3eMeJib OLLIO OCBOEHO?

697. PasHocThb ABYX uncCeJ OTHOCUTCA K UX MPOHU3BEJEHUIO KaK 1:24, a
cyMMa THX uuces B 5 pas 6oJblie ux paggoct. HaliTu aTu uuncia.

698. Tpu Apo6H UMEIOT YUCJHUTENH, PaBHbIe eguHuLe. CyMMa aTHX ApPO-
Oeli pasHa 1. PasHOCTb MeK Iy I1€pBOi 1 BTOPO [P0O6HIO paBHA TPe-
Theil Apo6u. CyMMa nepBbIX ABYX Apoleil B  pas OosbIle TpeTheit
npobu. HafiTu atu gpodu.

699. Bpurasga pabouux goKHA OBLIA K ONPeJeIEHEOMY CPOKY H3rOTO-
BUTH 360 meraneii. [lepesbinoaHaa fHEeBHYIO HOPMY HaA 9 neraneii,
6puraza 3a AeHb [0 CPOKA IEePEBLINOJHNIA IJIAHOBOE 3aJaHue Ha
5% . CKoNbKO AeTajieil ©3roToOBUT OpUrasa K CPpoOKy, eciau Oyaer
IIPOJIOJIXKATL paBoTaTh ¢ TOIl JKe MPOM3BOAUTEIBHOCTLIO TPy Ra?

700. Katep HanpaBuJicA OT PEYHOro IpHUajia BHM3 IO PeKe U, Npoiasa
36 kM, KOrHaJ IJIOT, OTIPABJEHHBIA OT TOTO JKe mpuyaja 3a 10 u
IO HavyaJa nBHXKeHUA Karepa. Eciu O6b1 KaTep OTIPAaBUJICA OLHO-
BPEMEHHO C ILJIOTOM, TO, IIpoiiAs 30 KM 1 MOBEepHYB 00paTHO, BCTpe-
TuJI OBl IJIOT Ha paccroguuu 10 KM oT peuHoro npuyana. Haiiru
COOCTBEHHYIO CKOPOCThH KaTepa.

701. [IBe opranusauuu npriodpey reaTpaiabHble OueTsl. Ilepsas opra-
HHU3anuda uspacxogoBaia Ha 6unersl 300 p., a BTOpasi, KyIuBIIas
Ha 5 OMJIeTOB MEHbIIIe U 3allJIATUBINAA 3a Ka) bl Guiaer Ha 3 p.
MeHbIIIe IIepBOi opramusanuu, 3anjatuaa sa ounersr 180 p.
CKOJIBKO TeaTpalibHbIX OMJIETOB KyIMIa KaXKAasl Opranmnsanus?

702. Ot npucTaHy OTIPABUJICA II0 TEUCHHIO PeKH I10T. Yepes 5 u 20Mun
BCJIE[ 32 ILJIOTOM C TOI JKe IPUCTAHK OTIIPABUJIACh MOTOPHAA JIOJ-
Ka, KOTopasi AorHaa ero, npoiiad 17 km. KakoBa CKOpocTs ILI0-
Ta, €CJMN U3BECTHO, YTO CKOPOCTh MOTOPHOU JIOAKMY HO TeUEHHIO
GoJibllle CKOpPOCTH ILIoTa Ha 48 KM/u?

703. IIpu yOopKe yposKas ¢ KasKA0ro U3 ABYX y4acTKOB cobpano o 210 i
mizesunsl. Ilnomane mepsoro yuyacTka Ownlia Ha 0,5 ra meusIue
ILJIOIIAAH BTOPOro y4acTKa. CKOJIbKO IIeHTHEPOB IIIIeHUIIbI coopa-
HO C OHOT'O FeKTapa Ha KayKJIOM YUACTKE, €CJIU YPOXKail MIIIeHHUIbI
Ha IepBOM yuacTKe GbLT Ha 1 11 ¢ rekTapa Gosbiie, 4eM Ha BTOpoM?

704. Paccrosiume ot foma g0 mxoJsl 700 M. CKOJIBKO LIATOB ZleJIaeT yue-
HUK, TPOXO0As MYTh OT JOMAa A0 IIIKOJIbI, €CJIY ero cTapliuii 6par,
uiar koroporo Ha 20 cm ginnuHee, aesiaeT Ha 400 uiaros meHbIne?

705. Jpysba peminiay NoJapuTh OAHOMY M3 CBOMX TOBapHUlIleil Ha AeHb
poxxgenus marautodon 3a 2400 p. Bo BpeMA NOKYIKu ABOE OT-
CYTCTBOBAJIM M IOTOMY OCTAJIbHBIE, BHOCA JEHbLI'U IIODOBHY, NOJ-
JKHEBI 6LIJIM yBEeJINUUTH CBOIl IIepBOHAavYa bHBIN B3HOC Ha 40 p.
CKOJIBKO [py3eli y4acTBOBAJIO B MIOKyNKe?
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706. IIpu cocrasanuu KoubKoGexknes B Gere Ha 10 000 M noGenuresnn
npuines K puanmy 3a 18 MmuH, onepesus ApYroro Ha eJiblii Kpyr.
Haiitu gnuHy ogHOro Kpyra, ecju mobeguTenb NIPOXOAUA OLHH
Kpyr Ha 1,8 c 6bIcTpee, ueM OTCTABIUMH OT HEro HA IeJBLIA KPyr
KOHBbKOOEXe.

707. IBa Tesa BUIKYTCA HABCTPEUY APYT APYTY U3 ABYX IYHKTOB, Ha-
xopamuxcA Ha paccrogHuu 153 m. Ilepsoe npoxozur no 10 m/c, a
BTOPOE B IIEPBYIO CEKYHAY IPOIILJIO 3 M M B KAXKAYIO CIEAVIOIIYIO
CeKYHIY IPOXOAUT HA 5 M OoJibllle, YeM B IIpeABIAYINYI0. Uepes
CKOJIBKO CEKYH], TeJIa BCTPETATCA?

708. Tloesn upoxoauT neperox B 120 kM no rpaduky ¢ O4HOHI U TOIi Ke
CKOpOCThIO. B o 13 AHeil Toe3] 0OCTAaHOBHJIM Ha 5 MHUH Ha cepe-
AMHE NeperoHa u, AJs TOro 4To0bl MpuiTH BOBpEMA, MAIIUHUCT
yBeJWNYHJI cKopocTh Ha 10 kmM/4. Ha cnenyomnuii AeHb T0e31 ONATH
ObL7 3aZiepKaH Ha cepeguue meperona Ha 9 mun. Ha ckoabko non-
JKeH OBl YBeJIWYUTH MAIIMHUCT CKOPOCTh, UTOOBI U HA 3TOT pa3
NPUOLITH BOBpeM#A?

709. HaiiTu yeThIpe YuciIa, ABISIONIMECH IOCIEA0BATEIbHEIMY YJ1€HA-
MU reOMeTDHUYECKOM IIPOrpeccu, eCIU TPeThe YUCI0 6oJIbIIIe mep-
BOro Ha 9, a BTopoe 6oJbine yeTBepToro Ha 18.

710. HaiiTu cyMMy IIepBBIX ABEHAALATH YISHOB apu(PMETHIECKON IPO-
rpeccuu, ecJiM CyMMa MePBhLIX TPeX €€ YJIeHOB PaBHa HYJIIO, 4 CyM-
Ma YeThIpPEX NePBBIX paBHa 1.

711. HaiiTu YyeTsIpe UnCJIa, 3HaA, 4TO [IePBbIe TPH U3 HUX ABASAIOTCA Tpe-
M$I IIOCJIeIOBATEJILHBIMY YJIEHAMU MeOMEeTPUYeCKON IPOrpeccuu,
a nocJyegHue Tpu — apudmMeTHUecKoi nporpeccuu. Cymma nepso-
ro ¥ 4YeTBEePTOro 4yrces pasHa 16, a BToporo u Tpersero — 12,

712. CyMmMa nepBHIX MATH YIEHOB reOMETPUYECKOil IIporpeccuu paBHa
62. VsBecTHO, YTO MATHLIN, BOCbMOI M OAUHHAALATHINA ee YJIeHbI
ABJISTIOTCHA COOTBETCTBEHHO IIEPBBIM, BTOPEIM U J€CATHIM YJI€HAMHU
apudgmetuydeckoii nporpeccuu. HaiiTu nepBolii ujeH reomeTpuye-
CKOM TpOrpeccui.

713. IIpousBeseHue NATOrO 1 IIECTOTO YJIE€HOB apHdbMeTHUYECKOH ITpO-
rpeccun B 33 pasa GoJbllie IIPOU3BEIEHUSA ee MepBOro U BTOPOTo
YjIeHOB. BO CKOJILKO pas msATHIN YJIeH nmporpeccuu 60JIbIiIe BTOPO-
IO, €CJIM U3BECTHO, YTO BCE UJIEHHI IPOTrDECCHH ITOJIOKUTEIbHbI?

714. B TpeyrojbHHKe, IIomans KoTroporo 12 cmM2, cepeAuHbI CTOPOH
coeiUMHEHbl OTPe3KaMu. BO BHOBB MOJIYYEHHOM TPEYroJibHUKE
TOYHO TaK ke 00pa3oBaH HOBBIH TPEyroJbuuk u t.4. Haiitu cym-
My ILUIOLIaJeil BCeX MOJIYy4aloLIUXCA TAKUM IIOCTPOEHHEM Tpey-
TOJIbHUKOB.
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6. ®dyHkun n rpadpukn

715. I'paduk auHeiiHO# QYyHKIUU Y =—%x+b IIPOXOAUT Yepe3 TOUKY

(—2; 3). Hairtu b.

716. I'paduk muHeHON QYyHKIUY i = kX + 3 IPOXOJUT Yepe3 TOUKY
(—1; 4). Haittu k.

717. Haiitn KoadduuuenTs! k 1 b muHeiiHoi Gyukuuu y = kx + b, ecan
ee rpaduK MPOXOAUT Yeped TOUKU A u B:
1)A(-1;-2), B(3; 2); 3)A(4;2), B(-4; -3);
2)A(2;1), B(1;2); 4)A(-2;-2), B(3; -2).

718. Yepes Touky A (—3; 2) IpoxXoguT npsamas, napajejbHasg IPAMOi,
npoxogsiei uepes Touku B (-2; —2)u C (3; 0). 3anucars popmy-
JiBl, 3aaloInue JuHelHbe GQYHKIUY, rpaduKaMy KOTOPBIX ABJIA-
10TCA JaHHbIE IPSIMBbIE.

719. BuISICHUTH, NPUHALJIEIKUT JIU IPAMOI X +% =1 ToukKa A:

1)A(-1;4); 3)A(1;0);
2) A(0; 3); 4) [g;—l}

720. JInneitnaa pysxnus safana dopmyoit y= —%x + 2. Haiiru:

1) Touxku A n B nepeceueHus ee rpaduKa ¢ OCAMH KOOPAUHAT;
2) pauny orpeaxa AB; 3
3) paccTosgHUeE OT HaYajla KOOPAUHAT IO IPAMOit y = —-‘ix +2.
721. HaiiTy 3HaUeHUA X, IPH KOTOPBIX rpaduk dyHxkuuu y = 3x — 1 pac-
noJiokeH: 1) Beime ocu Ox; 2) Huxke ocu Ox.
722. HaiiTu 3HaYeHuA X, IPY KOTOPBIX 3HaUYeHus GyHKIuM y =—-2x + 1:
1) monoxxurenbusbl; 2) OTPULIATEILHBI.
723. HaiiTu 3HaYe€HUs X, IPU KOTOPBIX rpaduk dyHkuuu y = 2x — 1 je-
JKUT HHKe rpaduka pyuxkuuu y = 3x — 2.

724, HaiiTi 3Ha4eHUA X, IDHU KOTOPHIX rpaduK GyHKINY Y = (J§ -2)x —
—+/3 mexwuT BoIle rpaduka byaxuun y=(1+ \/5 )x+ 2J§.
725. lokasaTk, 4TO QYHKLIUA iy = 2x — 3 BO3pacTaer.

726. loxka3aTb, YTO GYHKLUSA Y =— \/§x —3 yOmiBaer.

727. BeisiICHUTD, IEPECEKAIOTCA JU rpaduKy CiIefyIOIUX QYHKIWM:
Dy=3x-2uy=3x+1;
2)y=3x-2uny=5x+1;
3)y=3x—-2ny=6x—4.
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728.

IToctpouts rpadux GyHKIMI:

Dy=2-[x}; 2) y=[2-x|;3)y=]2-x|+|x-3|

BriacauTh, mepecexaroT Ju rpa@uKN KaxkKaoM U3 JaHHBIX QYHK-
nuii npamMyio y = 3. B ciiy4ae yTBepAUTENbHOIO OTBETA HAUTH KO-
OPAMHATHI TOUEK IIepecedeHus.

729. llana pyaxnus y = x2 — 2x — 3.

1) ITocTpouts ee rpadMK U HAWTH 3HAYEHU X, IPH KOTOPHIX y(x) <O0.
2) lokasaTb, 4To 3Ta QYHKIUA BO3pacTaeT Ha mpoMexkyTKe [1; 4].
3) Haiitu sHaueHMe X, IPH KOTOPOM (DYHKIMS IPUHUMAET Hau-
MeHbIllee 3HAYEHHE.

4) HaiiTu 3Ha4eHUA X, TP KOTOPHIX rpaduk GpyHKmmu y = x% — 2x — 3
JIEIKHT BhIlIe rpaduka GyHrnum y = —2x + 1.

5) 3anucaTs ypaBHeHHe KacaTeabHOM K napa6one y=x%—2x— 3B
rTouKe ¢ abcuuccoii, paBHoii 2.

780. Hana pyaknua y = —2x2 + 3x + 2.

731.

732.

733.

734.

735,

736.

1) IToctpouTs ee rpaduK 1 HANTY 3HAYEHUA X, IPU KOTOPBIX Y(x) < 0.
2) ToxaszaTs, uTo PyHKnUa y = —2x% + 3x + 2 ybrIBaeT Ha mpoMe-
xyTtKe [1; 2].

3) HaiiTu 3HaueHMe X, OPM KOTOPOM (QYHKIUA OIPUHUMAET HAU-
GoJiblizee 3HAUYEHUE.

4) HaiiTu 3HaYeHUS X, IPM KOTOPLIX rpaduk dyuxmun y = —2x2 +
+ 3x + 2 nesxuT HUKe rpaduKa PyHKIUM y = 3x + 2.

5) 3amucaTh ypaBHeHHA KacaTelbHEIX K mapabose y = —2x2 + 3x + 2
B TOUKAaX C ODAUHATOM, paBHOM 3.
BrisicEuTh, NepecexkaoTcs i rpaduKkn QyHKITHHA:

1)y=x2ny=x+6; 3)y=%x2ny=—;

2)y= —ny 4(c+1); 4)y=2x—11«1y=%.

Haittn Hanﬁonbmee (HavMeHnbIee) sHaUeHHe GYHKOMY J = ax? +
+bx—4,ecmy(1)=0uy(4)=0.

Haiitu ToukM nepeceyeHus ¢ KOOPAUHATHLIMHU OCAMHU rpaduka
KBaJgpaTHYHON (PYHKIIHH:

Ny=2x2-5x+6; 2)y=2x2-5x+2; 3)y=4x2+12x+9.
ITocrpouts rpadpux byuxnuu y = ax?+ bx + ¢, ecnu y(-2) = 15,
y(3)=0, y(0)=-3.

TTocrponTs rpaduk GyHKIUN Y= \[2—57 ¥YkasaTh 110 rpadHuKy
NPOMEXYTKH MOHOTOHHOCTH ¢yHKIuK. [lokasaTs, uTo rpadux
JaHHOH QYHKIUYM CUMMETPHYEH OTHOCUTENBHO ocu Oy,

IocTpours rpaduk GyEKUUN Y= —52— JlokasaTs, 4T0 QyHKIUA

5
Y= Py yObIBaeT Ha MPOMEKYTKAX X < 2 ¥ x > 2. B KaKoii Touke

5
rpadpux QyHKIUM Y= P nepeceKaeT och OpAMHAT?
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737.

738.

739.

740.

741. 1

742.
743.

744.

745.

746.

747.

748.

749.

750.
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Haiitu ¢pyHKIMIO, 06paTHYIO JaHHOH. [IoCTPOUTH HA OAHOM PUCYH-
Ke rpaduKU JaHHON U o6paTHOM el PyHKIUN:

1)y=3-2x; 2)y=x* x>0; 3) y=¥x;

4)y=[x-2|, ecnn x<2; 5)y=x% - 8x+16, ecim x > 4.
Ilocrpouts Ha onHOM pucyHKe rpaduKy ZJaHHOK QYyHKIUYM U 06-
PaTHOH el QyHKIK:

1)y =2%2 y=3*-1;

2)y=log;(x - 2); 4)y =2 +log, x.

Haiitu o6nacts onpenenenusa ¢gyukuu (739—742).
1)y =1g (2 — x) — arcsin g; 2)y=1g (x2 + 2x — 15).

_ [x-8, - o 2x+1
1Yy %43’ 2) Yy=,/1083 6"

Va2 -Tx+12

log, (x-1) ’

. x-1
= 2) y= X2
)y )y arcsm3_x

1)y=1g(1-1g(x>-5x+6)); 2) y=arccos /3—2—
—-X

HaiiTu sHaueHMA X, NpU KOTOPHIX 3HAUYECHUA PYHKUIUM y = 5* — 2
MeHbI1Ie 3.
IIpu KaK¥X 3HAUEHUAX APTYMEHTA 3HAUCHNA QYHKLUA Y = log, (x—2)
6osbmre 27
3anucaTh ypaBHEHHME KAacCaTeJbHOH K rpadpury QyEKIHH

2»+1
f(x)= 3
3anucarth ypaBHEHHE KacaTelbHOM K rpadpuxy QyHKIUU

B TOYKE €ro rnepece4yeHusd ¢ OCbIO Ox.

f(x)= \/F+ 1 B Touxe ¢ aberuccoit x = 4.,

Haiitu HauGosbliiee U HauMeHbIee 3HAYCHUA QyHKIuu f (x) =

=x2(2x - 3) - 12 (3x — 2) Ha mpomexkyTKe —3 < X < 6.

HajiTn HauGoJsibiliee U HAMMeHbIIIee 3HAUCHUS PyHKOuu f (x) =
3

=21In3x-91n2x + 12 In x Ha mpomexcyTKe €f <x<e.

Ha napa6ousie y = x2 HaliTH TOUKY, pacCTOAHME OT KOTOPO 0 TOU-

1
KuA| 2; - | ABnAeTCA HAMMEHBIINM.
2

Ha xoopauHaTHOM miockocty gausl Touku A (3; —1) u D (4; —1).
PaccmarpuBarores Tpamenuu, y KOTOPHIX OTpe3oK AD sBasaercs
OJHUM U3 OCHOBAHMIi, a BePIINHK APYrOr0 OCHOBAHMUS JIEKAT HA
ayre napaGoJisl y = 1 — x2, Briensemoit ycirosuem —1 < x < 1. Cpe-
M 3THX Tparenuii BLIOpaHa Ta, KOTopas uMeeT HauGoJIbIIYIO ILJI0-
waab. Haiity aTy niomaznb.



751. Ha xoopauHaTHO mwiockocru naHa Touxka K (3; 6). Paccmarpusa-
IOTCA TPEYTOJBHUKY, Y KOTOPHIX [Be BEPIIMHEl CHMMETPUYHEI OT-
HOCHTENLHO ocH Oy U JlexaT Ha Ayre napaboas! y = 4x2, Buijesse-
Moii yeaoBueM —1 < x <1, a rouka K — cepeAuHa OAHOMN U3 CTOPOH.
Cpenu 3THX TPEYTrOJMBLHUKOB BEIOPaH TOT, KOTOPLIH nMeeT HanboJib-
Iyo mjomans. Haiitu aTy niomans.

752, U3 Bcex UMANHAPOB, Y KOTOPBIX IIEPUMETD O0CEBOr0 CEYEHU s PABEH
P, BoiOpan muianuap vaubosabiero oobema. Hafitn aToT 06meM.

753. I3 Bcex HUIMHAPOB, KOTOPHIE MOXKHO IIOMECTHUTb BHYTDH cdhepnl
pagmyca R, HadiTi nuiauHAp HanboJbiIero oobemMa.

754. KoHcepBHas KecTAHaA 6aHKa 3aJaHHOro 00'beMa AOJKHA VIMETb
dopmy nmuaapa. Ilpu KaKOM COOTHOILIEHNN MEXAY JUaMEeTPOM
OCHOBAaHMSA U BLICOTOM PACXO[ }KeCTH OyeT HauMeHbIINM?

755. Y3 Bcex MpaBUJIBHAIX TPEYrOJbHBIX IPU3M, KOTODBIE BIUCAHEI B
chepy paguyca R, BoiOpana npusma Haubosbinero oosema. Hatitu
BBICOTY 3TOI IPU3MBI.

756. 13 Bcex KOHYCOB, BIIMCAHHBIX B cdepy paamyca R, BEIGpaH KOHYC
HauOonabniero o6sema. HaliTn BBICOTY 8TOr0 KOHycCa.

757. 3 Bcex HMIUHADPORB, BIMCAHHLIX B KOHYC C PAAUYCOM OCHOBaHUA
R u BeIcOTO# H, HaliTH NUINMHAP HAKOOJBIIEro odbeMa.

758. HaiiTu aKCcTpeMyMbl QYHKITNH:

1) f(x)=x%+3x2—-9x+4; 2)f(x)=x%—-2x5+5.

759. UccienoBaTh ¢ IOMONIBIO IPOM3BOAHOM GyHKIMIO Yy =x3 —3x +2 1
nocTpouTh ee rpaduk. HaiiTk TOuKy, B KOTOPBIX KacaTeJbHBIE K
rpadukry napajaneasbHsl ocu Ox.

760. HicceqoBaTh ¢ IIOMOIIBIO IPOH3BOAHOM GYHKIMIO y = X3 — 5x2 — x + 5
U IOCTPOUTH ee rpaduk. 3amucaTb ypaBHEeHNE KacaTeNbHOU K rpa-
UKy 3TOI GYHKIUM B TOUKe ¢ abCILIUCCOi, paBHOIi 4.

761. NUccienoBaTh ¢ IOMOIILI0 NPOU3BOAHOM GYHKIINIO U IOCTPOUTH €€

rpadpux:

4
1)y:—%+x2, rae x € R; 2)y=x*-2x2-3.
BrruucanTe niomaabs GUrypsl, OrpaHUYeHHoN auauamu (762—
764).

762. 1) y=+x, y=2, x=9; 4)y=x2+3, y= x+5;
y=4x-x%,x=1,x=2,y=0; 5) y=x,y=x%
3)y=4-x2, y=2x2-8; 6) y=2Vx,6-y=0,x=0.

1

763. 1)y=9-x%, y=(x—-1)2- 4; 3y=x2, y=77—x2,x>0;

2)y=(x—2)2, y=4_x; 4) y=x2,y=§/;:
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764.

765,

766.

767.

768.

769.

770.

771.

772,

773.

774.
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1)y=cosx;x=§,y=0; 3)y=cosx,y=x+1,y=0;

2)y=sinizc-,y=s/;,x=n; 4)y=3%,x=-1,x=1,y=0.

7. KomOGuHaTopuka n Teopusa BepoOSTHOCTEN

CKOJIBKO pPasHbIX CTAPTOBBIX LIECTEPOK MOMHO 06pa3oBaTh U3
10 BoneiibonncTos?

B oaHoit apaGeKoil ckasKe pedyb UAET O TaKoil 3agade. Bokpyr koc-
Tpa cunat 12 pas6oitHuKoB. KaskabIil 13 HUX CMePTEJIbHO HeHa-
BUIUT ABYX Girxaiimux cocepeii. C nesbio YKPHITHA HarpabsieH-
HOT'0 HEOOXOJMMO BBIAEJHUTH IATEPLIX Pa36oitHNKOB. CKOJIBPKIMH
crnocofaMM aTamMaH MOKeT HasHAYUTDL 3TUX IMATEPHIX TAK, YTOOLI
MeX Iy HUMHU He OblJIo pacipeii?

Ha xe1e3HOZOPOXKHOI CTaHIMU UMeeTcs m ¢BeTohopoB. CKOJIBKO
MokeT OBITH ZAHO PA3TUYHBIX KOMOMHAIMA UX CUTHAJIOB, €CJIU
KaKIbIA cBeTOGOD MMEET TPU COCTOAHUSA: KPACHbLLLL, HeambLil,
3enenbLit?

CKOJIBKUMH cIIOCO0aMU MOXKHO pacmpenesuTb 12 pasHbIX KHUT
MeX Y YeTBIPbMS YUAIIUMUCA?

B kaacce 30 yuennkoB. ExxeHEeBHO A5 NeKyPCTBA BHIAEIAIOTCSA
2 yyamuxcsa. MOMKHO JIH COCTABUTL pacnucaHue JeKypCcTB Tak,
4yTO0bl HUKAaKasd [1apa YYeHUKOB He NeKypHJjia BMeCTe ABAKIbI B
TeueHMe yueOHOro roga?

CKOJIBKO MOJYUYUTCS Pa3JNYHBIX MapajieorpaMMoOB IIPU nepece-
YeHNH N MapalIeJbHBIX NPAMBIX M IPYTMMU NapajieJbHBIMU
OpAMBIMH?

[Ona npoBepKU Ha BCXO0XecThb 6b1I0 mocesno 300 cemsn, 255 us
KOTOPBIX IIpopocau. PaBHOM yeMy MOXKHO IPUHATH BEPOSATHOCTD
IPOPACTAHMSA OTAEJIBHOrO CEMeHH B 3ToM napTuu? CKOJBKO CEMAH
B cpenHeM B3oiaer u3 1000 moceaHubix?

BepoAaTHOCTB TOr0, YTO Pa3MephI AeTATH, BHIITYCKAeMOIl CTAaHKOM-
aBTOMATOM, OKaXXyTCs B Ipejejiax 3aJaHHBIX JONYCKOB, PaBHA
0,96. Kakoe KoIn4ecTBO rOAHLIX AeTajlell B cpefiHeM OyaeT comep-
JKaTbCsA B KA A0H napTun o6semom 400 T, ?

OTK mnposepseT MOJOBUHY U3HEJNI HEKOTOPOI NapTUU U IPU3HA-
€T rOAHOM BCIO [TAPTHIO, €CJIH CPEAY IPOBEPEHHBIX M3Aeanil He 60-
Jgee 1 6paxoBannoro. Kakosa BepOsAITHOCTH TOrO, UTO IApTHUA U3
20 usgenuii, B KOTOpOi 2 GpaKOBaHHEIX, Oy/JeT NIpU3HaHa FOAHOM?
B amuke 10 geraneii, 4 13 KOTOPBIX OKpalieHbl. COOPUINK HAayrax
B3sAJ 3 meranu. HaliTyu BEpPOATHOCTL TOTO, UTO XOTs ObI OAHA U3
B3ATBIX JIETAJIeH OKpallleHa.



775. OTes TeXHUYECKOT0 KOHTPOJIA [IPOBEPAET U3eIUA Ha CTAHJAPT-
HOCTB. BepoATHOCTSH TOro, 4TO M3[ejHne CTAHAApPTHO, pasHa 0,9.
HaiiTu BepoATHOCTH TOI'0, UTO M3 ABYX IIPDOBEPEHHBIX M3AEJINH
TOJIBKO OJHO CTaHAAPTHOE.

776. 3aBopx B cpenHeM Jaet 27% npoAyKIMH BhIcmero copra u 710% —
nepBoro copra. HaiiTh BeposiTHOCTB TOT'0, UTO HAYTAJ B3ATOE H3-
neane OymeT WM BBICIIEro, MJIX IIEPBOTO COPTA.

777. Ilpu KasKJ0M BKJIIOUEHWH ABHUIraTejlb HaunHaeT paboraTh ¢ BEpo-
aTHocThIO 0,8. KakoBa BepoATHOCTE TOT0, UTO AJIsA €r0 3aIIyCKa II0-
TpebyeTrcA He 6oJee IBYX BKJIIOUEHU?

778. C nepBoro craska Ha c6opKy nocrynaer 40% Bcex usgennii, co BTO-
poro — 30%, c Tperbero — 30% . BepoATHOCTH M3TrOTOBIEHUSA
OpaKoOBaHHOM JeTaiu AN KayKAOro CTAaHKA COOTBETCTBEHHO DaB-
sl 0,01; 0,03 n 0,05. HaiiTy BepOATHOCTEH TOTO, YTO HAYTak II0-
CTYIOHBINIAA HA COOpPKY JeTasab OpaKoBaHHASA.

8. KoMOGuHupoBaHHble 3apaHns

779. 1) Pemiuts ypaBHeHuMe sin 2x +cos 2x+1=0.
2) Perints HepaBercTBo (0,5)1< 270:5%,

3) Beruncants 5-102710810025

3

4) Ina bdyskuuu f (x)= %x HaiiTu nepBoo6pasHyio, rpapuK Ko-

TOpO# poxoguT uepes Touky (1; —0,5). Beranenaurs 3HaueHme nep-
BOOOpa3HOH B TOUKe X = 2.
5) Ilpn kaKoM YMeHbIIa€MOM Pa3HOCTh 6yAeT HaunbosbIeil, ecau
BBIYMTAEMOE PABHO YABOEHHOMY KBAJpPATy YMEHBLITAeMOro?

780. 1) Pemnts ypaBaenue sin? x + 0,5 sin 2x=1.
2) PeminTh HepaBeHCTBO (0,6)2"2 8 5 1.

3) Boruncants 16%°108410+1

4) Ina opyarumu f(x)= 2Vx maittu nepBooOpasHylo, rpaduk Ko-
TOpOit mpoxoauT yepe3 ToUKy (4; 10). Beruucaurs 3HaUEeHUE HepP-

BOOOpa3HOH NpH X =%9.

5) IIpu KaKOM 3HAUEHUH IEPBOr0 MHOXKHUTEJIA IIpon3BeAeHue Oy-
JeT HAaUMEHBIIINM, eCJIM BTOPOil MHOMKHUTENb Ha 3 eIUHUIIBI MEHb-
11e BTOpOoro?

781. 1) Pemiuts ypaBEeHUe sinx=tg f.
2) PemiuTp HEPABEHCTBO logl x+ log1 (x+1)< logl (2x+6).

3) Hoxras3arh, YTO QYHKIUA Y = 3x2 12x +1lopux > 2 Boapacraer.
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782.

783.

784.

785.
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4) BorumcanTs miomanb Gurypsl, OorpaHMYeHHON JUHUAMHA
y=-38x2-x-1, x=-1n y=-15.
5) PemtnTh ypaBHeHNEe Ha MHOKECTBE KOMILIEKCHBIX YHCel
23-222+2-2=0.
1) Pemruts ypaBHeHHe sinx = ctgg.
2) Peuiuth HepaBeHCTBO
log, x +log, (2x — 1) <log, (2x + 2).
3) loxasaTs, uro GyHKnHuA y = —2x2 + 4x — 7 npu x > 1 yObiBaer.
4) Beruucauts niomanb GUrypsl, orpaHHYeHHON JIUHUSIMU
y=x2-4x+8, x=-1, x=4, y=38.
5) HaiiTu KOMIIeKCHBIe KODHHK ypaBHeHus 24— 223 +42-4=0.
1) ApromammHa nponuia 150 kM 1o mocce 1 90 KM o rpyHTOBO#
Jopore, 10 KOTOPOil CKOPOCTh ee ABM)KEHHA CTajla MeHbIlle Ha
20 km/u. C KakKo#l CKOPOCTBLIO ABHUrajiach ABTOMAIIKHA I10 TPYH-

TOBO# 0pOTe, €CJIN BPeMs ABUIKEHHUA II0 HIOCCE M II0 FPYHTOBOM
JOopore OJHO # TO Ke?

2) YopocTuTh BeIpaKeHue
3) Pemutk ypaBHeHue

coso+cos® o-sin® a
1+coso+cos 20+cos 3a.

lgVx-3+1gv2x-3+1=1g30.
4) HatiTu nnomans ¢pUrypsl, OrpaHUYEHHON JUHUAMU
y=4-x%,y=2x-x%,x=0.

5) BeruucauTs (\/g—i)g.

1) MoTopHas jioKa NpPoLILIa BHUS 110 TeUeHUIO peKH 91 KM u mmocJie
YeThIPeXYacOBOI OCTAHOBKY BePHYJIaCk 00pATHO, 3aTPATHUB Ha BCIO
noe3aky cyTku. KakoBa CKOPOCTh TeueHUS PEKY, eCIU COOCTBEH-
HadA CKOpoCTh JogKu 10 km/u?

sin?2a + 4 sin o
2) YIIpoCTHUTE BhIpaKeHUe

4 - sin? 20 - 4sin’a
3) Pemmnts ypaBHeHue 8%+ 18* -2 - 27*=0.
4) HaiitTu miiomaas GUrypsl, OrpaHUYEeHHOM JTUHUAMU
y=x2 -4, y=x2-6x+8 u x=0.
5) Buruucoaure (—1 ~i)78.

(4-3i) (5+5i) 2
1) Beruncants T +(3-i)°.
x-1
2) Pemiuts HepaBeHcrso |log, — | < 1.
3 x+2




786.

3) Peurnts cucreMy ypasHeHHU

x3+y3=28,
x+y=4.

: . 1
4) Pemnts ypaBHeHue sin 2x — sin x =cos x — R

5) HaiiTu npoMeXyTKHM BO3pACTaAHUA U YORIBAHUA DYHKIIAKN
fx)=2x%+3x%2-1.

B-6)B+3) 2y g

1) BeruncauTs 3@2-2)

2) Pemnts HepaBencrso log, (x2 -3x+1)<0.
2

3) Pemute cucreMy ypaBHeHUI
2 +xy+y? =13,
x+y=4.
4) Pemnuts ypaBHeHune 1 +sinx+cos x+tgx=0.
5) HailiTu n1poMeXyTKH BO3pacTaHUA U YObIBAHUA QYHKIUMN
f(x)=-x3+38x+1.

787. 1) PerinThb CUCTEMY HEpaBEHCTB

log, (x-3)<1,

1 2x-1
(— <8
2
2) Haiitu yeTnipe uucia bv by, b3, b,, ABNAIOMIYIECA TOCTEA0BA-
TeJbHBIMU YJIEeHAMH '€OMETPHUYECKOM IPOrpecCcUu, eClIu
b+ b,=27, b, by="T2.
3) YpocTuTs BeIpajkeHue
-1 1oyt
a+vab| 11 1 a2+b?
———laz2la2-b2 | -
a+b 1
b2

4) Pemiuth ypaBHeHue sin 3x + sin 2x =sin x.

5) B maxmaTaOM TypHHUpPeE ObLI0 chirpaHo 210 nmaprtuii, npu 3TOM
KaX/AbIH YUACTHUK CHITPAJ ¢ Ka'KABIM M3 OCTAJBHBIX MO OAHOM
mapTun. CKOIBKO YeJI0BeK y4acTBOBAJIO B TypHUpe?

788. 1) Pemnurhb cucTeMy HepaBeHCTB

2
log [x—«j>],
3 3

32y, 1

27"
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789.

790.

791.

226

. 3
2) B apudmeTHUeCKOM IPOrPecCuu ag = 5330 G603 = 15. Crospko
HAaJ0 B3ATHb [IEPBHIX YJIEHOB 3TOH IIPOrPEeCCHH, YTOOBI UX CyMMa
. 1
OblL1a paBHOM 305 ?

3) YupocTuTh BeIpaKeHUe

4a - 947! N a-4+3a!
1 _1 1 _1

202 - 3a 2 az-a?
4) Pemuuts ypaBHeHue 3 (1 —sin x)=1+ cos 2x.
5) CkonbKNMHU crioce0aMu MOYKHO COCTABUTh KOMaHAy u3 6 udeJ.,
u3 20 yes. npeTeHAEHTOB?
1) BanucaTs ypaBHeHMe KACATeIbHOM K rpaduKy GyHKIUHN y = x5 —
- 2x2 — 2x — 1 B TOuKe ¢ abCcIHCCOH, paBHOIL 3.

3x-7 7 7x-3
2) Pemuth ypaBHeHUe (?] =(§J .

3) JoxasaThb TOKIECTBO
tga

—2 = =cos 20
tg20-tgo

4) PellIuTh HePaBEHCTBO + X+2 > X.

5) B morepee us 50 6ui1eToB 8 BEIMIPHIIIHBIX . KaKOBa BEPOATHOCTH
TOI'0, YTO CPEeAU NEePBLIX NATHU Hayraja BbIOpaHHBLIX OUJIETOB JBa
OyAyT BBIMTPLIMIHBIMHU?

1) 3anucaTts ypaBHEeHUe KacaTeNbHOH K rpadury GyHKIUU
y=x3%—3x%-8x - 27 B TouKe c abcHuccoii, paBHOi —2.

2) PemuTh ypaBHEHHE (E) (2) :27,

3)\8) 64
3 cos20 _ 1-tgfa
) IloKkasaTh TOAECTBO 17 cos 200 5 "

4) Pemruts HepaBeHCTBO + X+5<2x.

5) Yuenuk us 25 6uneros Belyun 20, MIpeaIoKeHHBIX K JK3aMe-
HaM. KakoBa BepOATHOCTH TOr0, YTO OH 3HAET 2 BOIIpOCa, IPEAJIO-
JKeHHbIe 9K3aMEeHATOPOM?

1) Haittu o6acTh onpegeneHus GyHKIUKA

_ [8x-2 1
VY Vmit 21

2) Haiitu neficTBUTENBHBIE UMCIa X U I, €CITH
x(1+3i))+y(2-i)=5+i.



792.

793.

3) PemiuTs cucteMy ypaBHeHU
x%+xy=6,
y?+xy=38.

4) YupocTuTh BeIpaKeHue

2+¥3 . 2-V8
V2+(2+V3 V2-42-3

5) Pemuts rpadmuecKkn ypaBHeHHE

log; (x+1)=x2-2x-5.
3

1) HaiiTu 06sacTh onpefeneHua QyHKIIUN

20-x-x2 +—1_.
x-3
2) HaitTu cBOGOAHBII ujieH NPUBEJeHHOr0 KBaJpaTHOrO ypaBHE-

HHUA C ZeHCTBUTEILHLIMHU K0QdUIIMEeHTaMU, eCJIN OOUH M3 ero

1+3i
KOpHeli paBeH ERETR

3) PemuTh cucteMy ypaBHeHHH

x? +y =8,
1 1 1
— =,
X g 2
4) Yopocturse
21 12
Y ap? \/E—i”/a—b\/ﬁ+ 2 |, a3bb +abbhd
° Yo20> | Va-b

(ab)é
5) Pemruts rpaduyecku ypaBHeHUe

log, (x - 1)=-x%2+4x - 2.
1) Pemuts ypasuenue log, (3x —4)—log, (5 - x2)=0,5.
2) CyMMa Tpex InepBhIX YJIEHOB FeOMEeTPUYECKOM IIPOI'PDECCHH PaB-
Ha 93. Ecau u3 epBoro ee ujeHa BuIYeCTh 48, a ocTalbHBIE OCTA-
BHUTb 0e3 N3MEHEHHUA, TO MOJIYYATCHA TPH MOCJIeJOBATEIbHEIX Ujle-
Ha apudMeTUYeCKOH mporpeccur. 3alaTh KAXKAYIO U3 3THX IIPO-
rpeccHii.
3) HocrpouTts rpaduk GyHknun y = 1 —3%1,

4) Pemints ypaBHEeHUe COS (g +5x )+sin x =2cos 3x.
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T T
5) B Toukax ¢ aGcuuccamu ~6 ¥ g TPOBeleHb! KacaTe/bHEIE K

rpaduky pyuxnum y = cos x. Hafitu KoopAMHATHI TOUKHU Iepece-
YEeHUs ITUX KacaTeJlbHbIX.

9. 3apauun, npegnaraswmecs
Ha BbINYCKHbIX 3K3amMeHax
(Ans obLieobpazoBaTenbHbIX U NPOGULHLIX KNAccoB)

794-0. 1) Perunts nepasencrso log; (3x-5)+2>0.
3

2) HaifTy npoMeKyTKY BO3pacTaHud QYHKIUHA y=x —7 —+/2x+ 3.

3) Pemuts ypaBHeHue cos? x+ 0,5J§ =sin? x.

x _ox+1

4) Haiitu Bce Takue TOUKY rpaduka QYHKIUKN Y = 2 BEO
n

TOPBIX KacaTesbHasA K 9TOMY IpadMKy NapajjielbHa NPAMoOH y =
=2x+5.

5) HaiiTu niomaab GUrypsl, OrpAaHMYEHHOH IMHUAMA Y=+ X+ 3,
y=2-(x+3)%uy=3.
6) CkoJIbKO pellleHU i B 3aBUCMMOCTH OT IapaMeTPa a@ MMeeT ypas-
HeHue |x +2|=ax +1?

795-0. 1) Peunts nepasencrso log; (5x-3)+1>0.
5

2) HaiiTu npoMe:xyTKH yObIBaHUA QYHKIIUN
y=5-x+2vx+2.

3) Pemiuth ypaBHeHMEe Sin x cos x cos 2x = —0,125«/5

x .Qx

4) Haittu Bce Takue TOYKM rpadvKa QYHKIUY Y = 9—15—, B KO-

TOPBIX KacaTeJbHaA K 3TOMY rpadpuKy mapajjeibHa NPAMOi y =
=6x-5,
5) Haittu niiomans GUrypsl, orpaHNuYeHHOM JUHAAMI i =v4—x,
y=2+(x—-4)°uy=3.
6) CkoJIbKO pelleHnii B 3aBUCHUMOCTH OT lapaMeTpa b umeeT ypas-
HeHue |x — 4 |=bx +2?

796-0. 1) Ilycers f(x)=3x— «/; +7. HaiiTu Te 3HAYEHUSA X, IIPA KOTOPBIX

fl(x)=1.
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x-1
x+3
3) Haiitu o61acTh onpefejeHUs, HYJIH, IPOMEXKYTKHY MOHOTOHHO-
CTH M 9KCTpeMyMEl byHKIuu y = x° — 3x. ITocTponTs rpaduk GyHK-
nuu.

4) HaiiTn 3HaueHHNe BBIPAXKEHU COS 20l, €CJIU O, YAOBJIETBOPSET

V3

ycroBuiO sindo = R

2) Pemuts HepaBeHCTBO logs >1.

5) Haiitu HauMeHbInee sHauenne Gynkuuu y = €3%*2 (4x2 — 5x) Ha
ortpeske [0,5; 1,5].
6) HaiiTu niomanb GuUrypel, OrpaHUYeHHON JUHUAMEI

y=vx+1+2, y=2(x-2)®+2 u y=1-=x.

797-0. 1) Ilyets f(x)= 2\/; —5x+7. HaiiTu Te 3HaueHUS X, IPU KOTO-

peix f'(x) = 2.

+2

2) Pemnts HepaBeHCTBO 10gs % >2.
3) Haiitu obsacrs onpeesenns, HYJaIu, IPOMEXYTKH MOHOTOH-
HOCTH U 3KCTpeMyMbI pynkmuu y = 2x% — 3x2. IloctpouTs rpa-
GuK GyHKRINH.
4) HaiiTi 3HaueHUe BHIPaXKeHHA Sin 30, €CIM O YOBIETBOPAET

V3

ycaoBuioo sinbo = -5

5) Haittu HanGosbiiee sHauerne QyHrumy y = 273 (3x2 + 4x) Ha
orpeske [-2,5; —-1,5].
6) Haiitu niuomans GUrypsl, orpaHudyeEHON TUHNAME J =4 — x,
y=—vx+2 ny=2(x+1)3+2.

798-m. 1) Pemints ypasHenue sin x sin 3x =0,5.
2) Peuts HepaBeHeTBO logy x2 +log3 (-x)< 2.
3) Pemutt cucremy ypaBHeHHiA

27 -4 = 64,
J;+J;=3.

4) HadiTu nuiomans Guryper, orpaHu4eHHON rpa@uKoM QYHKIIUH
y=x3— 4x ¥ KacaTeJbLHOM K 3TOMY rpaduKy B ero Touke c abeiuc-

coi 2.

5) Haiitu mHauGonpinee u HauMeHbIlee 3HAYEHUA DYHKIUH Y =
. n 11n

=3cos x — 4 sin x + 1 Ha oTpeske 576 I

6) CpaBHNTE 663 TabuIUL U MUK POKAJILKYJIATOPA YHCIa log,3 u .
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799.

800.

801.

230

1) Pemruts ypaBHeHue cos x cos 3x =-0,5.

2) Pemuts Hepasenctso log, x2 +log (-x)>6.
3) PeminTs cucTeMy ypaBHEHUH

{9*-3y=9,
Jy-vx=1.

4) HaiiTu nnomans pUrypsi, orpaHUuYeHHOMU rpad KoM QyHEKIIH
y =9x — x® u KacaTesbHOI K 3TOMY rpadHKy B ero TOUKe ¢ abcruc-
coi 3.

5) Haiitu HanGonbliee 1 HaMeHblIee 3HaYeHUA QYHKIuu y = 2 ~

. 4n 2rm
— 3 sin x + 4 cos x Ha oTpe3Ke [— 3 ?]
6) CpaBauTs 603 Tab/IUI M MIKDPOKANBKYIATOPA uncaa log,4 u V—é
1) Pemuts ypasueHue cos 4x + 5cos? x =0,75.
2) Haitt mpouasoguyio bysknuu y =logy ., (3x + 7) B Touke x = 1.
3) HatiTu nyoiagb KPUBOJUHEHHOM Tpanenuy, OrpaHUYeHHOH
rpabuxoM GyHKMU Yy = 3cos 2x + 3sin 3x + 8, ockio abeiuce u

n on

NPAMBIMU X = -3 x= 3
4) HaiiTy MHOKECTBO 3HAUEHHI (PYyHKIUU

y=3x+v7-2x.

x x| . 49
5) Pemiuts HepaBeHcTBO 4 +6-2| [PS Vil yKasaTh HauMeHbllIee

HATYpPaJbHOE YUCJIO, eMY YAOBJIETBOPAIOIIEE.
6) Ha npamoii y = 2x — 1 HaiiTH BCce TaKMe TOUYKHU, UTO Uepe3 Kax-
AYIO U3 HUX IPOXOAHUT POBHO JBE KacaTeJibHble K rpaduKy QyHK-

n
mun y = x2 U yroJ Mexay 3THMH KacaTeJIbHbIMH DaBe€H Z.

1) Pemuts ypaBHeHue cos 4x + 3sin? x = 0,25.

2) Haiitu nponsBouyio GysKmuu y = log,  , (7x — 4) B Touke x = 2.
3) HaiiTu niomaibr KPUBOJUHEHHON Tpanenuy, orpaHudYeHHOH
rpadurom pyukuum y = 2cos 3x — 5sin 2x + 10, ockio abcuuce 1

3r 5914
NPAMBIMH X=——, X=—0,
4 4

4) HaiiTu MHOX€CTBO 3HaUeHMNl GyHKIUHU
y=v6x—-T —2x.

5) PemmiuTh HepaBEHCTBO d’d +6-3°>11 u ykasaTh HauMeHbIIIee
HaTypaJbHOE UNCJI0, eMy YAOBJIETBOPAIOIIEe.

6) Ha npamoit y = 6x — 9 HaiiTu Bce TaKKe TOYKH, YTO Yepe3 Kax-
IVIO U3 HUX IPOXOAAT POBHO JiBe KacaTeJbHble K rpaduKy QPyHK-

T
UM Y = X ¥ yrOJ MeKAy 9THMH KacaTeIbHbIMU DaBeH —.
y y y 4



[ 3amAuM ans BHEKNACCHO# PABOTHI

802.

803.

804.

805.
806.

807.

808.
809.

810.

1. YpaBHeHuna

Pemuts ypaBHenne (802—811).

1) V2x+8 =v2x -4 +2vV3x-3;
2) V12-x =Vx-2+V2x+6;

3) 2Vx? -2 +4-Vx2_2x+9=1;
4) ¥2-x=1-Vx-1.

1 92°% _5.0,04%; 3) 2.4% ~3.10% —5.25% =0;
BT ’
2) 4.3*-9.2%* =5.32 .22; 4) 4.9 +12* -3-16* =0.

1)1g(6-5*—-25-20%)~-1g 25=ux;
2)lg(2*+x-4)=x-x1g5.

1 2_2lg6

1 1 = 2 .

) logs x+logg x Tog, 3 ) logs x3 +logy x2 = Te2 +1
1)2log, (4—x)—4—log2 -2-x);
2) 210g2 +10g2 —_1,
3)log, (3*-8)=2-x; 4) 49821 — 9524 25— 4,
1) log, (2* - 5) —log, (2* - 2)=2 - x;
2)log,_, (8- x)=log,;_ (1 -x);

x+3 _1 2
318 x-21gx 5

1) x'€9+9lex = g; 2) x 37" =100+¥10.

1)log; (3 2l+x — 2-x. 52241y — x = log, 13;
1

R
2) log, [3.4 £1+2.9 +i=log6 5.

1)2-22+18.272x-11-2%*-33-27%+26=0;

2) 8* Jr(g)1 - —(%)—2{ —315.
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811.

813.

814.

815.

816.

817.

818.

819.

820.

232

1) log, log, (2x+ 3)+logl log,
2 3

x+1 =1

= 2x+3

2) log, (log, x) =1 +log, (1 + log . 16).
812. IIpu KaKUX 3HAUYEHHAX M PABHOCHJIbHB! YDABHEHHUA:

1)3x+2=1Tumx+7=12;

2)x2-Tx+10=0u (x — 2)(x + m)=0?

Pemuts ypaBuenne (813—822).

. ny . T .
1) sin | x+— |sin | x—— |=sin x;
(< )on (+3)

2) cos (x+£) +cos (Jc—£)=E
4 4 3

3) 2cos (x—z):(\@—2 sin x)

1) 4 sin 3x + sin 5x — 2 sin x cos
2)6 cos 2x sin x + 7 sin 2x=0;
3) sin 7x + sin 5x = 4 sin 3x.

1) sin? x + sin2 2x = sin? 3x;

cos 2x;

sin x.

2x=0;

2)sin x (1 - cos x)? + cos x (1 — sin x)% = 2;
3) 2 cos 2x =sin 3x sin x — sin2 3x.

1) 2 cos 3x = 3 sin x + cos x;
2) cos 3x ~ cos 2x = sin 3x;

3) sin x + sin? x + cos3 x = 0.
1)sin2x+cos2x=2tgx+1;
2) sin 2x — cos 2x = tg x;

3) Bsinx+

1+tg“x
1) (1 + cos x) ctg x =sin 2x;

5
2) t +Z | ctg [ 8x-Z |=2;
i[5 fee

= cos 2x - 3sin? x.

9
1 n
3) + =4cos| —-x |.
cosx g 3r 4
CcCos| X — ?
1)tg x + ctg 2x =2 ctg 4x; 2) tg 2x + ctg x + 8 cos? x;

sin3x  cos3x 2

3) c0s2x  sin2x  sindx’

1.
1) sin x sin 2x sin 3x = Zsm 4x;

3) cos? x + cos? 2x = sin? 3x;

. 1.
2) sint x + cos? x = §sz 2x;

4) cos? x + cos? 2x + cos? 3x = 5



821. 1) cos? x + cos? 2x = cos? 3x + cos? 4x;
. 1
2) sin® x +cos® x = e

3)tg x + ctg x =2 (sin 2x + cos 2x);

4)Mn—=\/§(sinx+cos x).
sin(x——)
4
822, 1) ctg 2x —ctg x =2 ctg 4x; 3)sin x - sin 5x - sin 9x=1;
2) cos? x =2 — cos x cos Tx; 4)sin x - cos 2x - cos 4x=1.

823. 1) Ilpu Kaxux 3HaYeHHAX a ypaBHeHue sin? x + cos? x = a umeer
kopHu? HaiiTi 3TH KOpHH.

2) Tlpu KaKuX 3HA4YeHHAX a ypaBHeHHe 2a2+ cos? x =1 +a sin x
uMeetr KopHu? Haiiti sTu KopHu.

824. 1)IIpu KaKuX IEJLIX 3HAYEHNAX m ypasHerue (m — 7) x2+2(m —
- 7) x + 3 = 0 He UMeeT AeHCTBUTEJbHBIX KOpHEH?

2) Ilpu KaxoM 3HaueHuu k ypaBHeHHsA x2— 5x + k=0, x2 - Tx +
+ 2k = 0 UMEeIOT TOJBKO OAMH 001NN KOPeHb?

825. 1) HaiiTu Bce geiicTBUTEeNbHBIE 3HAUCHUS P, IIPU KOTOPHIX KOPHHU
KBaZpaTaOro ypasHenus (p — 8) x2— 2px + 6p = 0 neificTBUTENLHEI
M IOJIOYKUTEJILHBL.

2) CymMa KBapaToB KopHeil ypaBHeHUA X2 — 4px + Tp? =0 pasna 2.
Haiiru p.

3) IIpu KakuX 3HAYEHHUAX P CYMMa KBaAPAaTOB KOPHel ypaBHEeHHU S
x2 - px + p — 83 =0 aBnaeTca HauMeHbIIEH?

826. IIpu Bcex 3HAYEHUAX IapaMeTpa @ PeITUThL YPaBHEHHE U ompeze-
JINTh, IPU KaKUX 3HAYEHUAX @ YPaBHEHNE HMeeT POBHO ABAa KOPHA:
)|x+38|-alx-1|=4; 3)3|x-2|-a|2x+3|=10,5;
2)|x-2|+a|x+3]|=5; 4)a|lx+3|+2/x+4]|=2.

827. HaiiTu Bce 3HaYeHHUA mapaMeTpa @&, IPHA KOTOPBLIX ypaBHEHHE
2x+3
15x
HHUH HECKOJIBKO, 3aIIMCATh UX CYMMY.

828. HaiiTu Bce KOpHH ypaBHeHHMs sin? x + 2sin x cos x = 1, npuHane-
yp

=a ¥uMeeT eJUHCTBEHHOE DEIIeHUe. Ecanu Takux 3Haue-

2+‘

-5
JKaIue OTpe3Ky —?; T
829. Haiitu Bce kopHu ypaBHeHus cos x + (1 + cos x) tg2x — 1 =0, ynos-
JeTBOpAolNe HepaBeHCTBY tg x > 0.
251

- . . T .
830. HaiiTu Bce KopHH ypaBHeHusa sin’ x+sin® (x + ZJ= smz?,

YAOBJIETBOPAIOIE HepPaBeHCTBY 1g (x —v2x+24)>0.

831. HaiiTu Bce 3HaueHWs IapaMeTpa @, IPU KOTODPBIX ypaBHEHUeE
a 25"2 -(2a+3)-5% +6a=0 umeer ueTbIpe pasHLIX KODHA.
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2. Cuctembl ypaBHEeHNNA

832. Ilpu KaKuX 3HAYEHUAX @ CUCTEMa YPaBHeHUN

(2-a)(x+y)=3a,
2-a)xy=2a
MMeeT TaKkue pemieHns, uro x > 0u y > 0?7
833. Haiitu feficTBUTEIbHBIE PEIIEHUS CUCTEMb] YPABHEHUIA:

1){ 2+ x? —3-’5!/ 7=0, 3) {«/7x+y+\/x+y=6,

10x2y? + 3x2 - 20xy—3=0; Jx+y-y+x=2;

8y x+x=2, 4) |x+y=4+y%+2,
V3y-x+x+y=2 1gx—2lg2=lg[1+%).

x2 +3xy + 2y2 -x+y-6=0;

6) [8x2 -2xy—-y?-30x-9y-8=0,

5){ +xy-2y2 +8x+10y+12 0,
{Sx 2 6xy+y?-2y—-8=0;

7) |log, (x%y + 2xy?)—log, (3+1]= 4,
AR,

logs | 7Y |=0;

x2
8) |log, (? +xj+log1 [%er]: 2,

3

log, | x+y |=1.
Pemnts cucremy ypasuenuii (834—835).
834. 1) smxcosy-%, 4) {tgx+tgy=2,
1
_1 Cos xcosy=—;
s1nycosx—§, 9
{sm X=C0SXCOSY, 5) {4sinx—2siny=3,
cos? x =sinx sin y; 2cosx-cosy=0;
3) {4 sinxsiny=3, 6) [6cosx+4cosy=5;
tgxtgy=3; 3sinx+2siny =0.

835. 1) {Qcosx cos y —5Hsinx siny=-6,
Tcosx cosy—3sinxsiny=—-4;
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836.

837.

838.

839.

840.

841.

2) {3sinx cosy—Tcosxsiny=6,
Tsinxcosy+5cosxsiny=-2.

Haiitu Bce 3HaueHUA mapaMeTpa @, IpY KOTODBIX JaHHAA CUCTEMa
HMeeT POBHO OJHO pelleHue:

{J? +y% =(x+ 402+ (y-9)% +41,

y_x _
a 80 L

TIpu KaKuX 3HAYEHUAX @ CHCTEMA YPABHEHMIA:

{logs (y-3)-2logg x=0,
(x+a)®-2y-5a=0

nMeeT XOTs OBl OAHO peleHue?

3. HepaBeHncTBa

Pemnts HepaBeHcTBO (838—844).

1) 3-x>3V1-x2; 4) Vhx—-x%-5<3+2x;
2) 2-vV1-x2 >V4-x2; 5) Va2 +x-12<6-x.
3) Vx2-5x-24>x+2;

2

1V 1Y
1) 0,4% — 2,551 > 1,5; 4) (Zj —32(5) <0;
2) 25 - 0,042% > 0,2 G-, 5) V4¥1 +17 -5> 2%,
X
3) -t <4
4*-3*
1)3l*2l<9; 2) 4111 > 16; 3) 3l=1i> 3%
4) 3=+l < 9%, 5) 21| > glx+l, 6) 54 < 25lxl,
n_L . 2 5) log 5 . (4x+7)>0;
5-lgx 1+lgx 7 x°-3
2) log; logg === <0; 6) log ., (V6 -2x)<0;
3 x-3 o6
2
3)2log, (x +2) - log, (x+5)<1; 7)log, x———f’;——lél;
x
—x . x+4 4x+11
4) 10g3 (2_3 )<x+1_10g3 4, 8) 10g3 x——2‘—10g3 5x+1 <1.
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842.

843.

844.

1
1)4 sin x cos x<1; 3) coszx>z;

2) 3 sin x > 2 cos? x; 4)tg? x<3.

1) sin® x>%; 2) sin2x<%; 3) cos2x<i;
4) sin? x>i; 5) cos? x<%; 6) cos® x>%;
Ntgx<1; 8) tg2x>3.

1)sin? x + 2 sin x > 0; 4)2cos?x+3cosx—2>0;
2) cos? x — cos x < 0; 5)2cos?x+sinx—1<0;
3)2sin2x —sinx - 3 <0; 6)2sin2x-5cosx+1>0.

845. HatiTu Bce 3HaU€HUA 4, IPH KOTOPBIX JaHHOE HEPABEHCTBO ABJIA-

846.

847.

848.

€TCA BEPHBIM DU BCeX 3HAYEHUAX X:

2 2
8x —4.x+3<a; 2) 3x° -4x+8 >

2
4x® —2x+1 9x® — 12x + 16
HaiiTu BCe 3HayYeHUSA a4, NPHU KOTOPHIX HEPABEHCTBO

1)

.

log; (x% +ax+1)<1 BEIIOMHAETCS AJIA BCEX X U3 IPOMEIKYTKA X < 0.
2

IIpu BCex a penIuTh HEPAaBEHCTBO | X — 5a | < 4a — 3 u yKasaTh Bce

3HAYEHUS a, IPU KOTOPHIX PELIeHNs 3TOr0 HEPABEHCTBA ABJIAIOT-

Cs1 pellIeHUsIMU HEPAaBEHCTBA

x2-4x-5<0.

HaiiTu Bce 3HaUueHUA napameTpa a, Ipy KOTOPhIX JaHHas CUCTeMa
HEepaBEeHCTB MMeeT eINHCTBEHHOEe pellleHue:

x +ax+256<0,
ax® +325x+a<0.

4. NpeoGpa3oBaHua

849. OnpenenuTh 3HAK BHIPAXKEHUA:

850.
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. n 3r T 1 2n
1) sin| -~ |cos— +tg —; 2) sinb—-—=cosl+tg —.
) ( 4) P ) 2 €3
Hoxkazats ToxaecTBo (850—851).

1) sin* o+ cos?* 0L=1——;-sin2 2015

2) sin® a+cos® a =1—%sin2 20



851.

852.

853.

854.

855.

856.

3) 4 sin® 0-3=4 sin (oc+§] sin [a—g);

4) 1—cos? (E+0L]—Sin2 (E—a]=sin 20..
4 4

1Y)

sina — sin3a + sin5o

2)

cos 0.~ cos 30 + cosHo

oosz(.a—[i)+ cos? o — sin®p ~2 ctg B;
sinf cosa cos(o - B)

3) cos? o+ cos? B — sin2 (o + B) = 2 cos ¢ cos B cos (. + B).

T
1) JokasaTh, 4YTO COS 7 cos

S5t _ 1

—COS—=

7 8

2) JlokasaTh, YTO 3HaYeHMe BhIpaxkeHus cos? B + cos? (o + B) —

—2 cos o cos B cos (o + B) ue 3aBucur or p.

JlokasaTts, 4TO

sin3o _

cos 3o
+ .

sina
Brrumcauts (854—-856).

1) arcsin (sin %E );

2) arcsin(sin on ];

)
)
)
)

3) arcsin(cos

1) arccos(cos

15 <8 off @

2) arccos(cos

=
a o

3)arccos [cos

)

© o
3

4) arccos[cos

7
1) arctg(tg %)

2) arctg[tg (—% D,

3) arctg (tg (-1,5));
4) arctg (tg 0,3);

4) arcsin (cos i:—" ];
5) arcsin (sin 6);
6) arcsin (sin 7).
5) arccos(sin % );
6) arccos (sin g J;
7) arccos (cos 5);
8) arccos (cos 7).
5) arctg(tg % );

6) arctg (tg % );
T) arctg (tg 4);
8) arctg (tg 6).
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857.

858.

859.

860.

5. ®yHkunu u rpadpukmn
HaiiTu Han6osblliee ¥ HAUMeHbIIIee 3HaUeHUa QyHKIuU:
1) 8 sin x + 4 cos x; 2) sin? x + cos? x.
Haiitu o6nacTs onpeneneEnsa GyHEKIMN:
. +1
1) y=arcsm§; 2) yzarccosxT.

ITocTpouts rpadhux byHKIIN:

1Y,
2) y—_(g) ’

YKasaTh OJUH IPOMEKYTOK, Ha KOTOPOM AaHHAA QYHKI[KA obpaTn-
Ma, ¥ HalTH QYHKIUIO, 00PaTHYIO JAHHOH Ha 9TOM IPOMEKYTKE:

1) y=-2% 3)y=2!~; 4)y =314,

y=—(x-1)2+2;
2)y=x%2-5x+6;

y=|x|+1;
4)y=|x-1J2

861. Hokasarw, uto npu a # 0 pyukuusa, obpatHas MuHeiliHON DYyHK-
UM Y = ax + b, TaKkxKe ABJIAETCA JIMHEHNHOH,

ITocrpours rpaduk pyuxnnu (862—871).

862

863

864.
865.
866.

867.

868.

869.

870.

871.
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2 2 2

. 1 = — o :1 ———
Vy=_7+3 y=l+—-—

L) y=x?-x+2; y=|x—-2| x;

2) y=%(x2 -1);

hy=|x2-Tx+12/- 1.

1)y =24}, 2)y=[3*1-3|.

1)y=log,|3-x|; 2)y=|logy x|

1)y=2sin|x|; 2)y=|cos x]|.

1) y=x3—4x2+x+6; 2)y=—%x3+gx2—4x.
P _ x

1)y"x+2xa 2)y—?_—4+1.

1) y = sin? x; 2)y=1—1x.2.

1) y——l——; 2)y=+lgsinx.
logs x

1)y=|cos 2x|; 3) y=ctg%;

2) y= .i; 4) y = arcsin (sin x).
sinx



872,

873.

874.

875.

876.

877.

878.

879.

880.
881.

882.

JokasaTs, 4To rpaduk GyHKIUM y = tg X CHUMMeTpUYEH OTHOCH-
TEJbHO:

1) rouku (w; 0); 2) Toukn (—-m; 0).

Hoxasars, uro rpaduk GYHKIMHE § = ctg X CHMMeTpU4eH OTHOCH-
TE€JBbHO:

1) Touku (g, 0); 2) TOuKHu (-3—213, 0) .

Hoxasars, uto rpaduk GyHEKUMHN Y = sin X CUMMeTpPUYEH OTHOCHU-
TeJbHO:

1) mpamoit x = 3—2"; 3) Touxu (7; 0);
2) npamMoit x = —g; 4) rouknu (—x; 0).

JokazaTs, 4To rpaduK GYHKIMHK Y = COS X CUMMETPHUUYEH OTHOCH-
TEeABLHO:

1) ocu opauHAT; 4) TOYKH (g, 0] H

" 3n
2) npaMoit x = t; 5) TouKH (?, 0] ;
3) npaMoii x = -m; 6) Touku (—g; 0) .

6. KomnnekcHbie yucna

ITocTpouTh OKPYKHOCTD (2 — KOMILJIEKCHOE YHCJIO):

1)|z-1-i|=2; 3)|z+1+2i|=1;
2)|z+2-3i|=3; 4)|z-2+2i|=3.

ITocTpONTH HPSIMYIO (2 — KOMILIEKCHOE YHCJI0):
D|z+i|=]|z+2]; 3)|z+1+i|l=|z-1+2i;
2)|z+2i|=|2-38]|; 4))z+2-2i|=|z-1-38i|.
HaiiTu paccTosHie Mex Ay JBYMA TOUKAMMT:

1)2i u -3; 2)-8i u 4; 3)3i u 3—i;
4)-3i u 8 - 3i; 5)2+im 3—-i; 6)-3+iu —-3—2i.

Hoxas3aTb, YTO MHOKECTBO TOYEK, YAOBJETEBOPAOILNX JaHHOMY
YPaBHEHHIO, ABJIAETCA IIPAMOIi; IOCTPOUTD 3TY IPAMYIO:

)z+2z =-4; 2)z-z =-2i.

Pemuts ypaBuenne (880—-881).

1)2+2z =3+i; 2)3z—-z =—4+2i.
1) 24+1322+36=0; 2) 2% - 622+ 25=0.

z-1
IIOR&S&TB, YTO YUCJIO ——1 ABJIA€TCA YUCTO MHHUMBIM TOr'ZXa 1 TOJIb-
2+

KO TOrza, Korga |z |=1,z#-1.
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883.

884.

885.

886.

887.

888.
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Pemute ypaBHeHHE Ha MHOYKECTBE KOMILJIEKCHBIX YHCEJI:
1)z =z 2)z+2=0; 8)22+2=0; 4)|2|]-z=1+2i.
Pemutp cucreMy ypaBHeHMil (Ha MHOXKeCTBEe KOMIIJIEKCHBIX YH-
cen):

|2-2|=|z+2|,

{|z—i|= |z+i].

7. Npou3soaHas n uHTerpan
ITokasaTs, uro pyukuus F (x) asagerca nepoobpasHoil ansa GyH-
KIuH f (X) Ha 3alaHHOM IPOMEKYTKE:
1) F(x)=cos? x, f(x)=-sin2x, x € R;
2 F@=1 0= )2, x<-L;
3) F (x)= —, f(x)=In|x|, x # 0;
X

4) F(x)=v—x, f(x)=—— 1, x<0.

2V-x

Haittu nepsoobpasusle 1ad GyHxkuuu (886—887).
1) X, gy 1 . 3) xVx+2;

x-3 2rx-2

1 %t -4
4) (x-DVx+1; 5) = ; 6) S —=.
) ( ) ) — ) N

1) cos? x; 2) sin 3x cos 3x; 3) sin 3x cos 5x;
4) sin x sin 3x; 5) 275x; 6) 32=,
Briuncaurs (888—-889).

n 4
1) [sin® xdx; 3) |(cos® x-sin® x)dx;

-n 0

2 .
2) j' sin x cos x dx; 4) j(sin4 x +cos? x)dx.

0

1) J _xX+2 e 4) j—dx,
4 (1-3) (2 x-6)
2) jx—”dx- 5) [ 15xVx 1 dx;
i

3 | Las 6) | <2 gy

-3 x -3 \/1 - X '



890.

891.

892.

893.

894.

895.

896.

HaiiTi Touky, B KOTOpOii KacaTe/IbHAA K rapabose y = x2 + 3x + 5 mapaJ-
JIeJTbHA IPAMOH Y = X, X HAIIACATHL YPABHEHMeE 3TOM KacaTeIbHOM.

o 1
B Touke ¢ aGcuuccoii a, rae 3 <a <2, mocTpoeHa KacaTeJIbHAd K

rpaduKy QyHKIUU Y= Vx .

HaiiTu 3HaYeHUe @, NP KOTOPOM IIJIOIIAAb TPEYTrOJAbHUKA, Orpa-
HUUYEHHOI0 3TOil KacaTeJbHOH, ochio Ox u npamoii x = 3, 6yzer
HaMMEHbIIIeH, ¥ BEIUMCIUTD 3Ty HAUMEHbINYIO IJIOMAaAb.

Hdana ¢urypa, orpaHudYeHHas KpUBOi Y = sin x u npaMeimu y =0,

T
x= 3 Ilox kakuMm yryiom K ocu Ox Hy:KXHO NIPOBECTH IPAMYIO Ye-

pes Toukry (0; 0), uTo6sI 3Ta nNpamMasa pa3busana ZaHHYIO GUTYPY
Ha ABe GUrypsl paBHOI mIowagn?

Iana KpuBOMHeitHAA TPalleNUA, OTPaHNYeHHAaa napabooit y = x?
unpameiMu y =0, x =1, x = 2, B kakoil Touke JaHHOH napaboJiki
cjenyeT IIPOBECTHU KacaTeJIbHYIO, YTOObl OHA OTCEKAaJsia OT KPUBO-
JIMHENHO Tpaneuy O6EIYHYI0 TPATeIINI0 HauboIbIeil mromaau?
Haiitu naomanb ¢GUrypsl, orpaHM4eHHON JIMHUAMH:

1) y=4Vx u y=2x; 2) y=8vx u y=x2.

Hajitu nnomans ¢ourypsl, orpaHH4YeHHYIO:

1) rpadukoM GQYHKUMHU y = COS X, OTPE3KOM [—%; g:] ocu Ox u

npaMOi, npoxoasmiei yepes Touxku (0; 1) n [—g; O);

2) rpadurom GyHKIUY y = sin X, OTPE3KOM [0; g } ocu Ox u np4-

. . 1 n
MO, mpoxogAaIeif Yepes TOUKH g; 5 u E; 0}
3) rpadurom pyuknuu y=xvx+1 uocwio Ox;

4) rpadpukamMy QyHKIHH Y = N y= Yx.

I'paduk byuxmum y = f (x), rae f (x) = —2x3 — 8ax2—4a%x+5,a <0,
u npsAMas l, 3aaHHas ypaBHeHHeM ¥ = 4ax + 5, MMEIOT POBHO ABe
ofLue TOYKH.

1) Haiitu a, ecau nnomajgs GUrypsl, OrpaHNYeHHON rpaduKomM

dyrKIHY y = f (x) u npaAMoii [, paBHA -221

2) PaccmaTpuBaoTCA NpPAMEIE, KAXKIad U3 KOTOPbIX KACAeTCA Irpa-
dukra GyHEKOUN y = f (X) B TOUKE C IOJOMKHUTEIBHON abcuuccoi.
Cpenu 3TuX DpAMBIX BeIGpaHa Ta, KOTOpas nepecekaer ock Oy B
TOYKe ¢ HauMeHblIe# opauraroii. Halitu aTy opaunary.
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897. Tpaduk dyuxumu y = f (x), rae f(x)=x° +2ax? + %a2x+1, a<0,u

898,

899.

900.

901.

902.

2
a‘x
npsMad [, 3aflaHHasA YPaBHEHUEM Y = e +1, UMEIOT POBHO JBE 00-
1Ie TOYKH.
1) Haiitu a, ecau niomans GUrypsl, OorpaHi4YeHHON rpadguKoM

dyuruuu y = f (x) u npamoii /, pasua %.

2) PaccmaTpuBaroTes IpsiMble, KX Aas U3 KOTOPBIX KacaeTcs rpa-
¢dura pyskun y = f (X) B TOUKE C HNOJIOIKUTENILHOM abCIiuCcoit.
Cpenu aTux npAMEBIX BeIGpaHa Ta, KOTOpas nepecexkaer ocb Oy B
TOYKe ¢ HauboJsibieir opauHaToii. Haittu aTy opauHary.
I'padbury byuxnuu y = ~x3+ ax?+ bx + c IpUHAAIEXKAT TOUKU A U
B, cumMeTpHUYHbIE OTHOCUTENBHO NIPAMOil X = 2. KacaTrenbHble K
sTomy rpadUKy B TOYKax A 1 B napaiienbHbl Mexay coboit. Ogna
M3 3TUX KacaTeJIbHBIX IPOoXofuT yepes Touky (0; 2), a xpyrasa —
yepes Touky (0; 6). Haiitu sHauenus a, b u c.

durypa M Ha 1110cKOCTH (X; y) orpaEnYeHa rpadrkaMu GyHKIui
y=9e% uy=15 - 4¢° u UMeeT eAUHCTBEHHYIO OOLIYIO TOUKY C
npamoii y = —18x + 9. Haiitu a u nnowans urypst M.

durypa M Ha niockocTH (X; i) orpaEudeHa rpadukamMu GyHKITHI
Yy=2e*uy="17- 3% u uMeeT eAUHCTBEHHYIO OGII[YI0O TOUKY C
npamoi y = 4x + 2. Hafitu a n nomans ourypsr M.

Haiitu pemrenne y(x) nuddepeHnnalsHOr0 ypaBHeHU s, yAOBJIET-
BOpPAOLIEE JAHHOMY YCJOBHIO:

1)y’ =3y, y(0)=1; 2)y'=-y, y(0)=2.

1) BeiuucanTe paboTy, KOTOPYIO HaLO 3aTPATUTh Ha CIKATHE NIPY-
JKUHBI Ha 3 ¢M, ecaiu cuna 2 H coxuMaet aTy npykuHy Ha 1 cM.

2) Beruncauts paboTy, KOTOPYIO HYXKHO 3aTPATUTh IPU PACTNKE-
HUY NPYKUHE! Ha 8 cM, ecsin cuia B 3 H pacTAruBaer npysKuHy Ha
1 cmM.

903. Beruncaurs paGoTy, KOTOPYIO HeOGX0AUMO COBEPIIUTD, UTOOBI BhI-

Ka4yaThb BOAY M3 NUJIUHAPUUECKO LMCTEPHBI, 3aII0JTHEHHO BOAOIH .
Paauyc ocHOBaHMA LuCTEPHBI paBeH R, a BhicoTA A.

8. NMNporpeccumn

904. Bropoii, nepBblil 1 TPETHIl 4eHbl apUPMETUIECKOH IPOTPECCHH,

Pa3HOCTb KOTOPOM OTJIMYHA OT HYJdA, SABJIAIOTCA IIOCHEef0BaATEIIb-
HBIMHA YJIeHAMH FGOMeTpH‘IECKOﬁ Iporpeccuu. Haiit; ee sname-
HaTeJb.

905. CymMa usenoB 6eCKOHeUHO yOBIBaIOIIlel reOMeTPHUYEeCKOl Iporpec-
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cuu paBHa 4, a cymma Ky0oB ee uieHOB 192, HaiiTu nepBsIii uieH
¥ 3HaMeHAaTeJIb IIPOrPEeCCHH.



906. Haiitit yeTsipe Ynca, NepBule TPH U3 KOTOPLIX — IIOCJIeJ0BATE b
HEBI€ 4JeHbl apH(PMeTHUECK O NPOrPecCcu, a HoCJeLHe TPH — reo-
MeTpuueckoii. CyMmMa kpafiHux yuces pasHa 11, a cymma cpegHux
uucen 10.

907. Haiitu cymmy OecKoHeuHO yOhIBaIOIIel reOMeTPUUECKOIi IIporpec-
CcHH, CyMMa IIepPBOr'0 U IIATOrO WIEHOB KOTOPOIi paBHa 34, a mpous-
BeieHNe NEePBOro U AeBATOI0 YJICHOB PABHO 4.

908. B reoMeTpHuueCcKOif Iporpeccuy CyMMa epBoro U 71-ro 4IeHOB Pas-
Ha 6, a cymMma nepsBbIX n yieHoB 63. Haiitu n, eciin 13BeCTHO, 4TO
MIPH YMHOKEHUH KK0r'0 YJeHAa IIPOrPEeCCHH Ha HOMEeP 3TOro ujie-
Ha DOJIYYAIOTCA IocjeA0BaTe IbHble YeHbl apu(hMeTHYeCKOH Ipo-
rpECCHH.

909. Haiitn yeThipe umcia, obaajgarolliue CaeyIOIUMMHA CBOMCTBAMMU:
CyMMa I1epBOTr0 M YeTBEPTOro YKucesl paBHa 11, a cymma BTOporo u
TpeThero 2; HepBoe, BTOPOE ¥ TPEThe YHCJIa — MOCJeA0BaTeJbHbIe
YieHBl apuGMETHYECKO IPOrpeccuy; BTOpoe, TPEThe U YeTBep-
TOe YUCJIa — HOCJIe[oBaTeIbHbIe WieHbl FeOMeTPHUYECKOMH mporpec-
cuH.

9. 3apaum Ha cocTaBsieHue ypaBHeHUM!

910. [Ba Tesa ABUMKYTCA C IIOCTOAHHEIMA CKOPOCTAMH I10 OKPYKHOCTH
gauHo# 1,2 M. Eciiv 0HO M3 HUX ABHIKETCS B TOM JKe HallpasJjie-
HUH, YTO U APYTroe, TO OHO HACTHraeT ApPyroe Kaxavie 60 c; ecau
JKe TeJia ABMIKYTCS B PA3HBIX HANIPABJIEHUAX, TO OHM BCTPEYAIOT-
cA kaxkaeie 15 ¢. Halitu ckopocTu ABMXKEHUS TeJl.

911. Kycok maTtepun crout 35 p. Eciiu 6b1 B KycKe ObLIO HAa 4 M MaTEPUH
OoJbllle, a KaKIbIH MeTp CTOMJ Ha 1 p. Aeluesiie, TO CTOUMOCTH
KYCKa MaTepHH OCTajJach Obl mpeskHeil. CKOJIBKO METPOB MaTepuu
OBLTI0 B KyCKe?

912. BacceilH MOKeT HAIIOJHATHCA BOAOHU M3 ABYX KpaHoB. Ecau mep-
BBIH KpaH OygeT OTKpPHIT B TeyeHne 10 MuH, a BTopoii — B TeueHne
20 muH, To GacceitH Oyner HamosHeH. Ecau mepsrlit xpan O6yger

. 3
OTKDHIT B TeUeHUe 5 MUH, & BTOPoil — 15 MuH, TO 3aOJIHUTCS s

bacceitia. OnpeennTs, CKOJbLKO BpeMEeHH HaL0 AJIA HAIIOJIHEeHUA
b6acceifHa KaX/JbIM KPAHOM B OTAEJIbHOCTH.

913. Bacceits bl HAIIOJHEH HECKOJILKMMH HACOCAMU OAMHAKOROI IIpo-
HM3BOAUTEIBHOCTH, KOTOPhIE BKJIIOUANNCH OAMH 32 APYTHM uYepes
paBHEIe TPOMEKYTKY BpeMeHu. ITocjaegHu HAacoC mepeKadas v
JUTPOB BOAbI. CKOJIBKO BOABI IIePeKavast NepBbIi HACOC, €CJIM 13-
BEeCTHO, UTO IPH YMEHbIIIeHUU TPOU3BOAUTEIBHOCTH KAXKAOT0 Ha-
coca Ha 10% (Opu Takmx Ke IPOMEXKYTKAX MEXKAY BKIIOUEHUSA-
MU) BpeM#A HaNoOJHEHUA yBeJauuuTcs Ha 10% ?
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914. I3 nyuKTOB A 1 B 0fHOBPEMEHHO HABCTPeUy APYT APYTry BhleXaIu
MOTOLMKJIKCT U Besocumeauct. OHU BCTPETUINCH HA PACCTOSHNH
4 XM oT B, 1 B MOMEHT NPUOLITHS MOTOLMKJINCTA B B Besocune-
OHCT HaxoaumJicA Ha paccToanuu 15 kM oT A. OnpefieIuTs paceTo-
sAHMEe OT A 10 B (CKOPOCTH MOTOIIMKJIMCTA M BEJIOCUIIEAUCTA IIO-
CTOAHHBI).

915. Hopora npoxoguTt uepes NyHKTHL A u B. BesiocuneucT BeiexaJ us
A no HanpaBneHnio K B. OgHOBpeMeHHO C HUM U3 NYHKTa B BobIII-
JIV C PABHBIMM CKOPOCTAMH JBa IellIexXoaa; NepBhIil — B IYHKT A,
BTOPOHl — B IIPOTHUBOIMOJIOKHOM HaNpaBjeHHU. Bejocuneaguct
BCTPETWJ IIepBOTrO melexona yepes 0,3 u mocse Bule3ga us A, a
BTOPOT'O JOTHAJI CIIYCTA Yac II0cje MOMEHTA mmpoesja uepes B. On-
penesnTh BpeMA ABMKEHUA Bejocuneaucrta otT A 1o B (ckopocTu
BeJIOCHUIIEIUCTA U IIEeIIeXOA0B IIOCTOSHHBI).

916. PaccTrosinue MeXxy TYHKTaMu A u B, pacrosyio)KeHHEIMU Ha Gepery
pexu, paBHO 25 KM. I3 A 1 B 0fHOBpeMEHHO OTIIPABUJINCH KaTep
u jgoaka. Karep 6e3ocTaHOBOYHO KypcupyeT Mekay A u B. Uepes
HEKOTOopoe BpeMsA u3 B B A oTIipaBujachk BTOpas JIOZKA, MPUOLIB-
1masa B A OZHOBPEMEHHO C AECATHIM BBIXOAOM OTTyAa Karepa. [Ipu
IBUYKEHUU OT A 10 B IeBATHIA pa3 KaTep BCTPETHJ BTOPYIO JIOAKY,
npoiasa 3 KM, a IEepBYIO AOTHAJ, npoiiga 24 kM ot A, OnpegeanTn
paccToAHMA, PO JeHHEIe JOZKAaMH A0 X BCTpeuH (CKOPOCTH JIO-
IOK M KaTrepa OTHOCHUTEJbHO BOJABI, & TAKJKE CKOPOCTb DEKH, IIO-
CTOSIHHBI).



[ oTBETHI M YKAGAHMS

KrnaBel

1. 2) Her; 4) na. 2. 2) O6nactb onpeaesnenus — [—2; 5]; MHOKeCTBO 3HAYE-
Huit — [-3; 0); [2; 6]; 4) o6aacTh onpenenenns — [—6; 3]; MHOXecTBO 3HaUe-
Huit — (—3; 1]. 3. 2) O6nacTs onpesesleHHA — BCe AeHCTBUTEIbHbIE YNCIA;
MHOXXECTBO 3HaUeHUil — (—oo; 4]; 4) ob6nacTs onpeaeneHud — x # —1; MHOXe-
crBo 3HaueHnit — y # 1. 5. 1) (1); 2) x = 3; ) x=—-1; 4) x = —1; 5) (1); (2).
6. 2) a) Her; 6) HeT; B) x > 2, 0 < x < 2; 4) a) Aa; 6) Aa; B) Bce ACHCTBUTEbHbIE
yucaa. 7. 2) Her. 9*%. 1) 0; 2) 1; 3) 6; 4) 0. 11. 2) 5; 4) 6x—5. 12. 2) 4; 4) 7.
13. 2) 5. 14. 2) 3. 15. 2) v(2)=0,3; v(8)=0,3. 16. 2) 10¢. 17.2)2,63. 18.2)2x - 1;
4) —34x; 6)1,5x2; 8)16x. 19. 2) 10x +6; 4) 1 — 6x; 6) —6x2+18; 8) —-9x2 +
+4x-1.20.2)f(0)=-2; f'(2)=10; 4) f'(0)=1; f(2)=5.21.2) x=1,5;

4) x,=1,x,= —%; 6)x=-0,5;8) x=—-1. 22, 2) 5x* — 4x% + 8x% — 2x; 4) 9x2 -

23.2)44.24.2)4x—-1,x%1.25.2) 1;4) - i . 26. 2) f(g(x)) = lgw/— 4) f(g(x)) = x.

27.2)x>1,y>0;4)xc R, 0<y \1.28.2)2(x+3);4)3x5(3x—2)(x—1)2.
29.2) x> 2;4) x <0, x> ; 6) —3<x<—— 30.2)x <0, x> 2.81. x> 0,5.

32. 2) f(g(x)) =| sin «|. 83. 2) 3(8x8 — 16x7 + 49x8 — 76x% + 65 x* — 16x3 - 33x2 +
+ 20x + 12). 34. a > 3. 35. a < —12. 36. 2) 10x°% 4) 21x2 - 21x6; 6) —-—=
x

8)3x2-2. 37.2) L .4 1 1 .6 _ . 8) mx ™1,

e )5?/:7 )26x5+2‘<¥'3 ) 2x2&’ ) m

38.2) f’(3)=§—;,f(1)——_ 4) f(3)_li,f(l) 3.39.2)x,=0,x,=1,
3

x3==4, ) x=0;6)x,,=%1;8) x,=0; x,= 1; x3=7. 40.2) 192; 4)31,5.

4l z. = _ 15 42 9) HE@EP-2x-D-2-1 o, 18
Lx, =38, 2, =04, ;=12 42.2) Y 43. 2) 7x7,
-3 4 6 4 3 3

4) -6x22; 6) +——: 8) 2 2_ . 44.2) f ;

¢ sl 3 2 f
11 5 2

4) 8 -2 8) 1- .

) 5+ ¥ g/- O smtem O 3 s

(11x-3); 4) H2=3A0x+3) 0 5 6x246xtd. 40 (x+2(6x-x2-4)
33 (2x+1)? (2x+1)? 2xVx(2-x)2

47.2)x,=0,x,=-1;4) x=2;6) x=3.48.2) -1 <x<0,x>2;4) x> 2; 6) x> 1,
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2x-5 1
49. 3,5 . 50. 902,5 . 51.2) 103 .52, ——————. 53.2) -+
pan/c Hox ) r/cM NP ICEE) ) %

s 4) e ) 1+sinx'8 2 54.2)-2si '4‘é’6£ex
+cosx; 4) e* —cos x; )—J_ 5 )—x—+ex. ) —2sin x; 4) P )10

—==+4sin x; 8) 1_1

\/; 2x x4'
2 x, 3 1 3= 3. 3
56. 2) ﬁ+16e, - 3 6) 4¥x = i e
_1
57. 2) 6x2+—>_ +sin x; g L 1 1. 6 16:7-3x%
2Vx 332 3x¥x «x

8) -8 cos x. 55. 2) 24x3— 9e*; 4) 2x7 + 3 cos x; 6)

——l-OOS X5
3 b

11 9
8)—§x ® 4 4x 5 46 582) 5%~ e* +2cos x; 4)——1—151n x; 6) 322+ 8x +

\/‘ x 3

+4+§+3sinx;8)4x+5+e"—cosx.59.2)7(x—4)6;4) 8

2,/x+5; % —(x—1)4;
1 24 15
8) ———————. 60. 2) 30(5x — 4)% 4) —21(1 - 3x)5 6) — 3 8 .
) i1 ) 30(5x — 4)°; 4) ~21(1 - 3x)°; 6) Gr1) ) 4320
2 3 2 , 15
6L 2 ———2__; g ) @- o) G5

de- 8“;)3‘ ez O @) ,/—_1
62. 2) —7 sin 7x; 4) cos (x — 2); 6) —e =% 8)— 63.2) —e 2 ; 4) —, 6) —sin (x +1);

8) 3 2 os 2, 64.2) -3sin(3x-4); 4) ~cos(2—§}6) 3Sin—=

1-x, 2 2x+ 3
3 .

3 ; 8) gcos

5-2x
652)5e5"74)—— 6) ge3 5 8) —2— 66.2) 4*1n 4;4) 7*3 In T;
x+7

1 . 8) 1
xIn4 (x+3)ln10"

2-
He‘r.68.2)——1—+—9—'4)—e7 Lost®.6) 1 g *=2,

I’ COoS——;
2 \/6(1 x 2-5x 2 4 33’(2 x)4 3

x-4
8) O _¢5.69.2) O (1-2x)e*; 4) 2632 (sin (3 - 2x) — cos (3— 2%)).
2(x+2)y(x+2)3 ‘/-—

70. 2) V3@ + 3%) - 2x J3 .37 1n3; 4 52‘(2ln5sm3x+14ln5—3cos3x). 71.2) 1
2VF (3 + 1 (sin3x+7)> x2In2
[xlenz_% -2% +1log, x) 4)sinx+cosx, tg x#1.72.2) x=4;4) x, =1, x,=4;
6) x = 8; 8) kopueii HeT. 7

6) 67.2) x= +21l:k ke Z; 4) x=-1; 6) x=0; 8) xopHeii

2) x — m060e JecTBUTEIbHOE YKCIO; 4) X > 2;

6
T s —_
6)x>38.74.2) x = §+21tn, x =2nn, x = 1 i—arccos[ 5 (—2] + 2mn,

ne Z 75.2)2.76.2+2n.77.2) f (x)= Ompux=¢L, f (x) >0 mpu x > ¢},
f(x)<Ompu O0<x<el; 4)Ff(x)=0mpux=1,f(x)>0mpux>1,f(x)<0
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mpu 0 < x < 1. 78. _2%-5 79.2)y=3x+1T7; ) y=-2x+2; 6) y=%x—l;

) x®-5x+6 73 3
8) y=-,x. 80.2) y==x+5 4 y=-x-2 6)y="gr- 2/3-5;
8) y=—V3x+4V3-3. 81. 2) iz—%; 436 1.82.2 3 49 37"; 6) %;
8) arctg‘g. 83. ' (x) > 0 B Trouke A; f (x) = 0 8 Touke B; [ (x) < 0 B Touke C;
f'(x)>OBToq1ceD.84.2)y=—11x+12;4)y:%x+ %; 6)y=x+1;8)y=%x+%.

- . 1.1 —1:8)y= T4 "6 S8 "
85.2)y=-4x+2;4) y=5x+L 6)y=1;8)y=2.86.2) 2, 4) 7 6) 73 8) &.
87. 2) g; 4) % 88. 2) y=0; 4) y = 2x; 6) y:%x+1. 89. 2) (1; 2); 4) (1;—%],
(—3; 6); 6) (1; 2); 8) ( + 2nk; m + 2xk), k € Z. 90. (4; 2), (0; -1) 91. (1; -1),

y=2x-3;(1;0),y=2x-2.92.1)y=1+n - x; 2) y =3 — 2x. 93. 2) Bospacra-

et opu x > 0,3, y6riBaer npu x < 0,3; 4) Bospacraer nmpu x > 5, yObIBaeT mpu
x < 5; 6) Bospacraer npu x < —2 u npu x > 3, youipaer mpu —2 < x < 3. 94, 2) Boa-
pacraer ipx x < 1; yObiBaer npu x > 1; 4) BoapactaeTr mpu —1 <x <Ounpux>1,
yOriBaer mpu x < —1 mnpu 0 < x < 1. 95. 2) Y6e1BaeT Ha nHTepBajax x <0 u

x > 0; 4) Bospactaer mpu x > 5H; 6) BospacTaeT Ha MHTepBajax

1 1 2n 1 1 2rn
3arcsm§—%+Tn<x<3arcsm§ = —=—>N€Z, yo6nBaeT Ha HHTEpBaJax

1 1 2rnn 1 2rn

garcsm3+—3—<x<§—§arcsm3+ 3

Base 0 < x < 3,2, yOriBaeT Ha mpomexyTKax x < 0 u x > 3,2; 4) BogpacTaer Ha

,ne Z. 96. 2) BospacTaer Ha UHTEp-

1 1
NIPOMEXYTKe X< 3’ yOBbIBaEeT HA IPOMEXKYTKe X > 3 97. BoapacTaeT Ha OTpe3Ke

~1<x<3, yorBaer mpn -5<x<-1,3<x<5.98.2)a>1. 100. 2) x=T; 4) xl’2=t6;
V3

6) x = 0; 8) x = nn, x=i2—3“~+2nn, ne Z 101. 2) x,=0; x5 = +——;

s >

-3
4)x1—2

MaKcHMMyMa, X = 8 — Touka MuHuMyMa; 6) x = 0 — Touxa MakKcmMyMa, x = —2

» X, =0, x3=3. 102. 2) x = —6 — TouKa MMHMMYMa; 4) x = —8 — ToUKa

B X = 2 — TOYKH MHUHEMYyMa; 8) x=g+21tn, ne Z — TOYKM MaKCHUMyMa,
x=—%+ 2nn, ne Z — Touku muHumyma. 103. 2) Touek sKCTpeMyMa HeET;

4) Touek aKcTpeMyMa HeT; 6) x = -1 — Touxa makcumyma. 104. Bospacraer

npu —6 < x < -4, 0< x < 3; y6uBaer opu —7 < x < -6, -4 < x < 0; TouKa MaK-

cuMyma — X = —4, TOYKM MHHEMyMa — x; = —6, x, = 0. 105. 2) x=6%.

108. 2) Cm. puc. 83; 6) cm. puc. 84. 111, 2) Cm. puc. 85. 114, Ozun.
115.2) 91 u 3; 4) 9u -2. 116.2) 3,5 u 0; 4) 2 u -0,25. 117. 2) 1,5 u -3.
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¥

y

2]
[

_J6 /) x
2 ) : 2
; -t 0 1 X
-1 0 1 X ’ \
Puc. 83 Puc. 84

118. 2) 1; 4) -2. 119. 2) 4. 120. 50 = 25 + 25. 121. 625 = 25 - 25. 122, KBagpar

CO CTOPOHOM § 123. KBagpaTt co cropoHoit 3cMm. 124, 2) 2 +In 7T u 1.

125. 2) 2+i2 v 1. 126.2) v2 u 1. 127. 2) 1; 4) -1. 128. 2) -4V2;
e

4)1.129.2)1; 4) 2; 6) 3. 130. 2) -7 u 8. 131. 4. 132. x = a. 133. %. 134. Kaz-

paT co CTOPOHOI § 135. Ky6 co cTOpoHOil @. 136. -2. 137. 2,

J3 n+4
138. 2) x(6 — x?) sin x + 6x2 cos x; 4) 12x% — 18x. 139. 2) Boinyksa BEM3 Ha Beeit

YMCJIOBOM OcH; 4) BBIIyKJia BBepx Ha uHTepBaiax x < —1, 0 < x < 1, poinykJja

BHU3 Ha MHTepBanax —1 <x <0, x > 1. 140. 2) x =2; 4) x, =0, x, 3 = ig.
142. 2) Her; 4) mer. 143, 2) —5x* + 622 — 6x; 4) -0 —_2_; 6) ~21(4 - 32)F;
9 x YiP
1
;10) —3sin 3x. 144. 2) —-sinx —=; 4) 24x3 — 9¢%;
8) — - 4x)\/———_— ) i ) L )

6) -L+ 1 1452 202c 1. 4 4cos%+3e1‘3x. 146. 2) x® (1 + 3 In x);
x 2x X

2c-xt 1-x+xlnx
@B+127 7 x(1-x)?

; 4) —4 cos3x sin 2x. 149. 2) f' (x) =0 nupu x = 0 u npn x=g,

4) sin 2x + 2x cos 2x; 6) e* (cos x — sin x). 147. 2)

148. 2)

1
2x J/Inx
4
f’(x) > 0 upn O<x<%, f’(x) < 0upu x <0 wunpu x>§; 4) f'(x)=0npu x =4,
x=-8ux=12,f(x)>0mpux<-3,-83<x<1,2u x>4,f(x)<0nmpnl1,2<x<4;

6)f(x)=0mpux=1,f"(x)>0npux>1,f(x)<O0Oupux<Ounmpn 0 <x<1.
«/5 1 m/_

150. 2) e; 4) 0,5. 151. 2) y =30x — 54; 4) y=-—5x X+ 2 +———— 152. s(4)=22 m,

v(4) = 7 m/c. 153. 2) Bospacraer Ha IpoMexyTKax X < —1 m x > 2, yObiBaeT Ha UH-

TepBase -1 < x < 2; 4) y6biBaeT Ha UpoMexXyTKax X < 3u x > 3. 154.2) x, =0,
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Xy 3=%0,5; 4) x =mn, x=ig375+21m,ne Z. 155. 2) x =1 — TouKa MHHMMyMA.

156. 2) x = 0 — rouka MakcumyMma, y(0) = —3; x =2 — TOYKA MHUHHMYyMa,
y¥(2) = -12,6. 159. 2) HauGossmee sgadenve pasHo (0, HauMeHblilee 3HAYEHHe

paBHO —4; 4) HauGosIbliIee 3HaYeHWe paBHO 14, HauMeHblIee paBHo —11. 161. PaBuo-

CTOPOHHUI TPEYTOJbLHHK CO c'roponon P 162 Kyb6 ¢ pe6pom 10 cm. 163. 2) x > 1,
-1
©# 3. 164. 2) Leinx 4) 32 cos 2x - 23 + 1) sin 2x; 6) —r_+
2 3 2
3 9 3 \/(x ~-1)
+4x3¥x-1. 165.2) - X8 _. y) 166. 2) —(1 + 6x2) sin (x + 2x%);

8x2fx+4’ sin2x-1"

4) —e*sin e*; 6) —sin x 2°®**In 2, 167. 2) f(x)=0mpu x=0, f'(x)> 0 mpu x > 0,

f'(x) <0 npm x <0; 4)f’(x)>0npnx>—%; 6) f(x)=0mpux=3, f(x)>0

opux >3, f(x)<O0mpu-1< x<3.168.a>3.169.a <-12.170.2)a<0

a>12.171.2)a>0;4)a<0.172.2) £ 173.2) y = —%xln2+ 1?;), llnz

A)y=1+eNx;6)y=2n(1 - x). 174. 2) yz—%; Hy=-7.177. 2) x=-1 —
TOYKA MUHUMYMa; 4) ¥ = -3 — TOouKa MaKCHMyMa, X = 4,5 — TOUKA MEHHMY-

Ma. 179. 2) HauGosibliee 3HayeHne paBHO %, HauMeHbIllee paBHO —%-;
4)3u1.180.2) % 181. 12. 182, Karers: % - %3 rumoTeryaa % 183. 2) (2; 14);

4) (-1; 1). 184. 9. 185. y=6x+%), y=6x— 54. 186. 8 k8. ex. 187. 2k k5. ex.
188. R2, 189. 2\/%; 5@, 190. x=—\/§ — TOUKAa MaKCHMyMa, x=v2 —

TOYKa MUHMMyMa. 192. arctg k.

Krnase ll

195. 2) -x—5+C 4) x3+C 6)4x4+C 196. 2) _xi+§ 4) x2 8.197.2) x5 +

3
+—+a 4) - - 31n|xl+c- 6) 3x3 4x2+C; 8)2x3—2x2+3x+c. 198. 2) 2sin x—
—5cosx+C, 4) 3¢* + cos x + C; 6) x + 3e* — 4 sin x + C; 8) 8Jx + 31In|x|-

2
-2¢*+C. 199.2) %(x—2)4+C; 4) g(x+3)§+C; 6)31In|x—3|+2cos(x - 1)+C.

6 7 4
200. 2) %(%sz +C; 4) 211(3x-1)4+c; 6) 2Vax+1+C; 8) —i(z—sx)uc
201. 2) :—li'sin(3x+4)+C; 4) —%cos(3x—4)+C; 6)4Sin( + 5)+ (63 8) 1 54
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3
202. 2) 4e4—lcos2x+c 9) 21sin + 2353 ¢ 6 _(EJ — cos (4x+2)+C;
8)—\/3x+1~—1n|2x 5+ C. 203.2) 5 x4 x2+—x+0, 4) §x2+51nx+c;

7 4 3 1
6) x2——x3+0 8) 2x3 - 2x2 —6x+C. 204. 2) 2 §—§x3+C 4) x2 6x2+C.

205. 2) 222 - x; 4) 2Jx+3-3; 6) §s1n3:c, 8) l'ﬁ' 206. 2) 12§; 4) 12%,
6)6; 8) % 207. 2) 4; 4) 12; 6) 18; 8) 1 ~ In 2. 208. 2) 9; 4) 5; 6) g; 8)2. 209. 2) 1;
4) 2; 6) 0. 210. 2) 11; 4) g; 6) 32; 8) 10. 211. 2) 25; 4) 8%; 6) 2; 8) 1+§.

11
212.2) —1—2; 4) 5. 213. 2) 68; 4) 4\/5; 6) 3. 214, 2) 8. 215. 2) €6 — ¢2; 4) ‘—éln5.

216. 2) 0; 4) -%. 217. 2) 11; 4 11; 6) 415 8) 41, 218.2) 61- 1) Eé; 6)8.

219. 2) 2—\/5‘ 4) —. 220. 2) 9— 4) 8; 6) 2+——\/— 221. 2) 1 , 4) £
222, 2) 4,5. 223. 2) , 4) ; 6) 20 8) ———1 224. 2) i, 4) 6 6) ;
225, 2) 215 ) 446 M. 226, 10% M. 227.2)y=2x3—4x2+x+C;4)y=2sm2x+C.
228.2)y=sinx+cosx+C; 4) y=x3— 202+ C.229.2)y=2sinx+1;4)y=2x+

—x3+2‘6)y=3— e, 231.2) —cos x — 1; 4) e* + 1; 6) 2x — x2+ 3. 232. 2) 12;
4) -2; 6) 8’ 8) 2. 233. 2) £; 4) lig;

235. 2) _E; 4) 2 sin 12. 236. 2) 1; 4) 1§. 237. 2) 2—5; 4) 5. 238.1) §,

,6)— 234. 2)04) 36)8—

2)41In3-2.239.1)1,75; 2) 31—85 240. k=p.

K rnase I
_ V2 AV O
246. 2) x = -5; y="5 4)x=3,y=-5;6)x="T, y=4.247.2) 5 — 4i; 4) 0;

6) —i; 8) V3 +3i. 248. 2) 15 + 10i; 4) 2%;‘; 6) 36+9v2i. 249. 2) -2 — 2i; 4) 2 +3i;

6) 12 + 4i. 251. 2) a; 4) 4a? + 9b?; 6) (25a2 + 16b%)i. 252. 2) —T + 5i; 4) J3+2i.
255. 2) 10; 4) w/— 6) 4; 8) 2; 10) 1= ‘/_ . 256. YkasaHMe: IOJIOXKNTE 2, = @, + b,i,

Z,=a,+ b2z ¥ BOCIIOJIb30BAThCA onpene.nenneM moxnysa. 258. 2) 1 — 6i; 4) 6i; 6) 4;

8) V5 +3i. 259.2)5—6i;4)—8i.260.2)z=6-§z; 4) z=6+(/2 -6)i. 261. 2)i;

5 12. 23, 2. 41 11, 4 22,
4 - 13 +135 6) ~13+135 8) g3t gl 262.2) g+ 4)0,7-0.45 6)
) - 263.2) 2-*%* iy 4)z=-2-i.264.2) 2 - 11i;4) 1;6) -14. 270. 2) 2=2+
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+%i. 271.2) 2+ 2v3i; 4) 3V2 +3v2i. 272.2) p=2nk, 2=2(cos 0 +isin0), ke Z;

4)@=mn+2nk, ke Z, z=3 (cos m+isin ) 6)cp=£+21tk, keZ, z=3[cos%+isin%}
8) (p——+21r.k ke Z, 2= z[cos%ﬂsms—} 10) q>=%+ +2nk, ke Z,

1, . 1l _ n n
2= 2(cosT+zsm—6—)12) —T+2nk, ke Z, 2= 2«/_(cos—z+lsm4}

3 3 . 3 33,
273. 2) 3(coslo+tsmﬁ} 4) 2(cos—§+lsm 3 } 274. 2) +Tl, 4)-1+i.

275. 2) i; 4) —{2——+gi. 276. 2) 1 +i; 4) 1024. 278. Yra3aBHe: JIEBYIO U IIPABYIO
5V5

9aCTH IIPUBECTH K BUAY: cos 2no. + i sin 2no. 279, 2) 21,2=ii\/§; 4) zl’2=i——3——i;
6) 21,2=ii%- 280. 2) 7; 4) 7i; 6) 3v3i. 281.2)z,,=2%i; 4)z) ,=~-2+3i;
6 ' Lys =1+1; =3+iV2 2
)21,2=4i5z. 282. 2) 21,2=—§iz; 4) ﬁ,z—lizl* 6) 2 5 =31iv2. 283.2) 2" -
~42+13=0; 4) 22 + 142 + 65 = 0. 284. 2) z2+z+ 5=0 49 22~ 2v32+5=0.
285.2) (z — 1 +3i)(z — 1 - 8i); 4) (z + 1 — 0,2i) (z + 1 + 0,2i). 286. 2) (2+4+iV/2)x
x(2+4-iV2); 4) (2 -5+ (z2—5-1i). 287.2) 2, ,=H3+i); 4)2;,= H3+4i);

6)2, ,= H5-1).288.2) 2, , =1 §+-‘/§i} 4) 215 =+(2V2-2V2i); 6) 212 =%(V3-i).

289.2) 212 = +( 2f i ‘f] 4)z,,= H1+30).290.2) 2, = -2, 2,3 =1%iV3;

3. ;
71; 6) 219= 11, 25,= %i. 291. 2) x = -2; 4) x=0.

292. 2) x = —1; 4) x = -0,2. 293. 2) 12 + 4i; 4) 54. 294. 2) V74; 4) 5; 6) V7.

4)z, = -1, 22,3=%i

295. 2) -2; 4) ‘-5‘; 6) 1. 296.2) 2 =5 - 3i; 4) 2=5+(4+2)i. 298.2) */34”.

299. 2) 2(cosg

y=6.302.2) 22 304. Pasmer. 305. 2) #-2/32+5=0. 306.4)z, , =
25— 2+JJ5 Z20) 2,5 [Vz*f 2o, } i[__‘m+_—‘mz].
2 2

308. 2) 6(cos 120° + i sin 120°). 309. 2) 1+J_l,

n+ isin gn). 300.2)(5+i)(5—1i); 4)(2+2i)(2—-2i).301.2)x=1,

Krnase IV

310. 1) 6; 2) 24. 311. 1) 27; 2) 64. 312. 16. 313. 6. 314. 240. 315. 720.
316. 50 000. 317. 90. 318. 45. 319. 30 000. 320. 4 536 000. 321. 1) 120; 2) 40 320;
3) 720; 4) 362 880. 322. 24. 323. 5040. 324. 1) 24; 2) 6; 3) 12. 325. 1) 8!; 2) 16!;
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3) 141; 4) (B + 1)!; 5) kY; 6) (& + 1)1; T) k!; 8) (k - 3)l. 326. 1) 19; 2) 462; 3) §;

1
— ——. 327.1) 3; 2) 11.
n +5n+6 " "+2 ) ) )

328. 1) 725 760; 2) 241 920. 329. 1) 3; 2) 6; 3) 42; 4) 5040, 5) 336; 6) 1680;
7) 90; 8) 5040. 330. 60 480. 331. 360. 332. 870. 333. 720. 334. 1) 100; 2) 3.
335. 1) 12; 2) 9; 10. 337. 1) 15; 2) 56; 3) 28; 4) 56; 5) 9; 6) 9; 7) 1; 8) 1;
9) 120; 10) 120; 11) 4950; 12) 2415. 338. 84. 339. 286. 340. 190. 341. 105.

342. 220. 343. CP. 344. 60. 345. 1) 4; 8; 2) 8. 346. 1) 560; 2) 110; 3) 1140;

4) 4950. 347. 150. 348. C5-Cy-Ch3-Ch. 349.1) 1 + Tx + 2122 + 35x3 + 35x1 +
+21x% + Tx8 + x7; 2) x4 — 8x3 + 24x2 — 32x +16; 3) 16x* + 96x3 + 216x2 + 216x + 81;

4)15; 5) n2 + 3n + 2; 6)

4) 81x% — 216x3 + 216x2 — 96x + 16;  5) 32a® — 40a* + 20403 - 522+ ga—%
6
6) T+ a5+ 145a4+20a +60a+96a+64. 350. 1) 32; 2) 62. 351. CJ)-x2

352. Cf5-x3. 353.1) 330; 2) 1090. 354. 1) (n + 1)(n + 2); 2) %1 355.1) 47;
n
2) 10. 356. 1) 2; 2) 7; 3) 4; 4) 11; 5) 7; 6) 4; 9. 357. 40 320. 358. 28. 359. 56.

360. 59 280. 361. 15 800. 362. 5; 14; ﬁ(’lz;?’). 363. 1) 364; 2) 455. 364. 1) 16; 2) 64.

365. 1) x6 + 6x% + 15x* + 20 x3 + 1522+ 6x + 1; 2) x° — 5x*+10x3 — 10x2 +5x - 1;
3) 16 + 32a + 48a% + 8a3 + a*; 4) a* + 12a3 + 54a% + 108a + 81. 366. 350. 367. 232,

368. 3 800 000. 369. 252. 370. 306. 371. n(2n — 1). 372. CF-C1$. 373.1) 1001;
2) 462; 3) 35; 4) 56; 5) 64; 6) 262. 374. 1) 32a° — 80a* + 80a® — 40a% + 10a - 1;

b+—b2+20b3+60b4+96b5+64b6 3) 81x* + 36x3 + 6x2+ Aev ks

2) _+ PR

8

4) 243y5 2yt 10y3 30y%+ 135y - 243. 375. C§, %~

KrnaseV

376. 1) HeBoamoskHoe; 2) cayyaitHoe; 3) mocrosepHoe. 377. —:1; 378. Ezi

1 1oy 1. o 5. 7_ 2, 4 3. o1, 1
379. 15 380.1) 33 2) 33 3) 25 4) 25 5) 53 6) 3, D 158)0. 381.1) 5

1., 1 1 12 22

2) 755 3) 36" 382. 1) %; ) 3) —. 383. 1) fABasaroTca; 2) He ABAAIOTCS;

3) He aBasAwTCcA; 4) apaAwTca. 384. —. 385. —. 386. 1) «Ceroaua mepsblit

VPOK — He (PU3HKa»; 2) «3K3aMeH He cnan Ha OTJmtmo», 3) «BBIMaJIo GoJblilre
YeThIpeX OYKOB» WJIM «BbINAJO 5 MM 6 04KOB»; 4) «HU OfHA IIyJIA He IoIaja

181

B meJb». 387. 0,99999999, 388. . 389. . 390. 385°

1 1 2
391.1) =; 2) =; 3) =;
)2, )2, )3
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4) . 392, 1) = 2) . 393. 1) 18" 394. 1) 2) , 3) 395 1)

15. 5 3 161
2) 19, 3) 19 . 396. 1) 2) %6 3) — 26 ) . 397. 1) 2) 2 .398.1) 267’
2) 7—8 399. 1) Asasawrcsa; 2) apasiorca; 3) ABAAOTCH; 4) He ABAAIOTCH.
400. 3_16 401. Z. 402. 0,36. 403. 0,42. 404. 1) 0,15; 2) 0,1. 405. ~. 406. E
1 1 5
[V) = —_
407. 0,91. 408. 0,44. 409. 68,6% . 410. 3 2 412, 36' 413. 5
4 2, 11 1

414. — . 415. 0,02. = 417. —. 418. —

1 02. 416.1) 105 D 315 315 3 5 Y 35 36° 6’

Cci-Ci§ _325 2c3cly _ 1
419. ng =333 . 420. C& =31

K rnase VI

430. m = 7. 432. 4. 438. 1), 2) Taxkux uucen Her. 440. 1) a; 2) Her.
441.1)-2;-1;0;1; 2; 2)~3;3.443. 1) x=1,y=0; 2) x=2,y=0.446. 1) 4; 2) 7.
447. 1) 1; 2) 1. 451. 1), 2) Her pemennii. 452. 1) x=-6 + 15t, y=3-Tt, t e Z;
2)x=15+16t,y=-10-11¢,t € Z. 453. 1) x=-2+ 21t,y=1-10t, t € Z;
2)x=3+4t, y=-15 - 21¢, t € Z. 456. 1) (3; —1); 2) (-1; —3). 457. 1) (—6; —7),
(—4; 3), (4; —5); 2) (—5; —8), (-3; 2), (5; —6). 458. 1) (2; 0), (2; 2); 2) (-3; 1), (-5; 1).
464.1)1;2)10.466.1) x=8+3t,y=-12-5¢;2)x=6+ Tt,y=-4-5¢t,te Z.
467. 1) (6; -5), (4; 5), (—4; —3); 2) (-7; 5), (-53 5), (3; 3).

Krnase VIi

469. —1. 470. -192. 471. 22. 472.6.473.a=3,b=4, c = 2. 474. 0. 475. 1) Hact-
Hoe x2 — x — 6, ocraTok 0; 2) uactHoe x2 + x — 6, ocraTok 0, 476. 1) Q(x)=3x% — 2x +
+1,R=-T;2)Q(x)=2x2+4, R=8.477. 1) Q(x)=2x2 - 3x + 1, R(x) = x - 3;

2) Q(x) = 4x2 -~ 6, R(x) = 2x + 3. 478. R(x) = %x - 1. 479. R(x) =x + 5.

1 1
480. R(x) = ~3 %%~ 3x + 8. 481. 1) Q(x) = ~92° + 9x° — 9x* + 222° - 2227 +

+22x — 8, R=4; 2) Q(x) = x® — 2x* + 13x® — 26x2 + 68x — 136, R = 262. 482, 24.
483. -8. 484, Jlenurca. 485. Nemvres. 486. x, = -1, x,=1, x; = 2. 487, x, = -2,

x3= V3, x,=-V3.488.x,=2,x,=-1, x,= V3, x, = -/3. 489. a = 11,

x,=1, x, = 3. 490. x, = 3. 491. P(x) = (x - ¥3)(x + v3)(x - v2)(x + ¥2).
492. P(x) = (x + 1)(x — 1)(x2 + x + 1). 493. P(x) = (x + 3)(x2 + 2). 494. P(x) =

= (22 - xv2 + 2)(x2 + x2 + 2). 495. P(x) = (x + 2)(x — 1)(x% + 4).

496. 4p3 + 27¢2 = 0. 497. 1) (2; %] [% 2); 2) (1; 1), (-2; 1), (1; -2).

498.1) (x + yx + 1)y +1); 2) (x + y + 1)(xy + x + y). 499. 1) (x + y)y + 2Xz + x);
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2) (x +y + 2)xy + yz + 2x). 500. 1) (1; 2; -2), (2; 1; -2), (=2; 15 2), (15 -2; 2),
(2; -2; 1), (=25 2; 1). 501. 1) [Ta; 2) mer. 502. 1)R= 5; 2) R=6. 503. 1) Q(x) =

2 4 8
=+ gx- 5 RW= 53D QW =3 - 53 R = 5x+—504x+9

505. —2x + 4. 510.a=1,b=6, x,=3.511.a=3, b= —4. 512. x, = 1 - V3,
x3=1+\/§,x4=1—x/§.513.x2=1— \/E,x?,:l,x4:—1,x5=—2.

K ynpaXxHeHusam ana noBTOpeHnus
521. 0,08. 522, 30. 523. 3% % . 524. 400 %. 525. 45. 526. 13,5. 527. 62 %.
528. 30% uunuka, 10% ososa, 60% meau. 529. 365 p. 530. Ha 21% .531. 8.
532. 600. 533. 655,64 p. 534. 510,02 p. 535. 2) 4; 4) 1,02. 536. é) %; 4) 2.
537.2) %; 4) 20,8. 538. 2) 1083. 539. 2) 64; 4) 25; 6) 8. 540. 2) —10; 4) %; 6) 160.

541. 2) Bropoe; 4) mepsoe. 542. 2) vV3; 4) 0; 6) 2b. 543. 2) | b | - (2b% + 1);

bJ_ 1
4 544. 2) 2V5; 4 2 6 3(v6-+5); 8) V11-+3. 545. 2) ——;
) — \/a_b ) ) ) 3( ); 8) ) oV5
3 1 15
4——;67.546.2—;4 ; 6 . 547. 2) 2,(1); 4) 5,(18
) 7 ) NP ) 9 ) — ) ) 2,(1); 4) 5,(18).
548. 2) 1a. 551. 2) a; 4) He umeror. 553. =2‘\/§CM. 554. =59°. 555. ~87 m.
12 24 . 24
556. ~178 m. 557. 2) cos o =1—3, tga-—- ctga——, 4) tgoc——, Sma=%,
cosa=i. 558. 2) 1; ) ; 6) _E_ 559.2) —3; 4) -2 561. 2) 52;4) 4 4i.
42 8 6 cos 28 4 i gin 20
562. 2) ——, 4) - % 2—51 563. 2) 7(cos2+zsm—J 4) 2[ 3 + isin 3)
Tr n 2n 2n 2n 2r
6) 2(COSF+LSHl 3 ), 8) cos§+1sm—3— 564. 2) 2[cos?+zs1n?)

3n 3n ), 3n 3n .
4) cos[ 10)+lsm[ 10] 6) 2cos%(cos‘+lsm§6) 565. 2) 16v3 +16i;

4)128 566.2)| z| = 4, (p—— 567. 2) 1. 568. 2) 1. 569. 2) 2. 573. 2) 2(2*1);

543
b-4 a+1 a2 4b2
4) o5 574. 2) a + b. 575. 2) )—-ﬁ 576.2) ———; 4)0.577.2) J‘

578. 2) — 579. 2) 16a2. 580. 2) —6JE. 581. 2) 2V2sin<x

)Tb 5

. ), . LA _n . . .
XSIH(E_Z)’ 4) 4sm(oc+3)sm(a 3j . 582. 2) tg a-tg 20 - tg 3o;
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2vV2cos2 & sin(o&E )
2 4

cos O

4) . 584, 2) sin o ; 4) sin o; 6) tg o 585. 2) tg? %; 4) — sin 204

6) ctg? 0. 591. 2) x = 3; 4) x = 8. 592. [Ipu a = —6. 593. ITpu b = 3. 594. 2) x = 3.
595. 2) x =-1,25; 4) x =-1; 6) x = 5. 596. 2) x=ai—b upua #b. 597. 2) x, =-2,
x2=§- 4) %, =0, Xp=3; 6) %, =5, 7, = 5. 598.2) 1, = 2, x,= 10; ) x1=1,

2_— 599. 2) x = 4; 4) x = 3. 600. 2) He umeer xopHeii. 601. 2) x

1¢J_

602.2) x, ,= 6032)x12-+~/g x34=+J— 4)x12_+J§ Xy,

£
2’
6) x=1. 604. 1)x=3; 2)x1’2=_2, x3=3; 3) x,=-1,x,=8;4) x,=-1, x,=4,

Xy, = +iV2. 605.x,=1,x,=2; x,=3.606.2)x, ,=12,x,=-1,1,=3;4) 1, =2,

xp=1. 607.2) x;=-24b; 9z, = a, x,=-2a. 608.2) TT; 4)-0,387.
609. 2) k£ = -2. 610. a1=2 a,=1.611. b =-1, b2=é 612. a > 0, b? = 4ac.
614.2)x=6;4) x= E 615.2) x, =3, %= 5,4):c 1.616. x=3.617.x=5.
618. 2) He umeer xopreit; 4) x, =2, x,=-1.619.2) x=0; 4) x=8. 620.2) x, , =
=15; 4) x-1—6 6)x,=0,1, x,=2, x3—— 621.2)x, =3, x,=2;4) x=3.
622, 2) x, = -1, x, = 3; 4) x = 3. 623.2) x = 5. 624. 2) x=25V3; 4) x=+3.
525.2) x, =9, x,=1.626.2) x =9; 4) x = 18. 627. 2) x, = 0,01, x, = 100;

1
4) x1=§, x2 =9; 6)x, =1, x, = 4. 628. Her. 629. 2) Z,5 = 3+ i;
1+z\/_

4) 21,2=— i )zl2=1+l‘\/_ 8)212— . 630. 2)212_ +3 234_ +i;

4) z1,2=iw/—, 23’4=i'1.\/g. 631. 2) x=z+§n, x=(-1 )ﬂ1"2+2n, ne z

n.ox n n
=—4—= M =_ . N X=—-+T7n, =—4— M
1) x 4+2n,neZ ;6) x 4+rm,ne2632 2) 2 x 4+2n,neZ

2r LI .
12+?n, ne Z.633.2) x-Z+En, neZz

4) x=§+7rn, x=arctg—+1cn, n € Z; 6) xopueit HeT. 634. 2) x=§+£n,

2
=E.2 . 4) x= 8n,x L
x—8+4n,nez,4)x 12+3n,x 5 2n,neZ 635.2) x= +21m,neZ

4) x=—75t—n, ne Z.636.2) x=5+2nn, x=arctg(2+ J§)+2nn, ne Z;4) x=2nn,

x=2arc’cg%+2nn, ne Z;6) x=—arcsin%+ g+2nn, ne Z.637.2) x=n+2nn,

4 x——+ n, Z, x=*
) *=16tam ne %0

x=——;£+2nn, x:%ﬂm, ne Z;4) x=%n, x:—gﬂm, ne Z.638.2)x=n+2nn,
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+

NE

x=—g+2nn, x=rg+2nn, ne Z; 4) x=n+2nn, x=g+21m, x =

1
+ (-1)* arcsin W + wn, ne Z. 639.2) x=gn, x=i—£+nn, ne Z;

6
4) x_§+ 4n, ne Z. 640. 2) x—§+nn, x—g+25 n,neZ.
641. 2) x=(—1)’”1%+1m, n e Z; 4)x:(—1)"*1arcsin%+ wn, n e Z;
6) x=—2—+nn x_Té+6n’ ne Z.642. 2) Kopueit HeT; 4) x =nn, n € Z.

643.2) x> -2;4) x> 1.644. 2) x > 56;4) x <0,1; 6) x > 5. 645. 2) IIpu x < 0,5

u x>§, 4) npu x<— 6) mpu —139<x<40; 8) npu -2 < x < 8. 646. 2) IIpu

x<§- " x>§ 4) npu x<—g " x> ; 6) npu x<— 647. 2) -16 < x < 3;

) x<4,x>6;6)x<-3,x>2-2,5.648.2)x<5, x>9;4)-3<x<T; 6)x —
Jai00oe geiicTBUTENIbHOE YUCIO; 8) Het peiuenmii; 10) —1,4 < x < 0. 649. 2) x > -4.
650.2) -7 <x<2, x>5;4) x<-2-v2, ~2+V2<x<1; 6)x<-4,-1<x<2,

x>3.651.IIpn -5<x<-3.652. m=2.653. llppu m=8um=9. 654. Ilpu x = 6.
655. IIpu x=—1. 656. 2) x < 2,8, x > 4; 4) 1,25 < x < 1,75; 6) x < 2. 657. 2) x < —2;

1- J_ 1+~/—

1<x<2,x>5;4) <x<—§ l<x<——.658.2)0<x<1;4)-83< x<1.

659. 2) —J_<x<—f, V2<x<11; 4) x> —0,5.660. 2) -2 < x<0,25, x > 2.
661.2)-1 <x<5;4) -1,6 < x< -0,9. 662. 2) x < 1. 663. 2) Her peutenuii.

664.2) x<1,2>3.665.2) 5<x<—/2, V2<x</5;4)x>2.666.2)1<x<2;
4) x > 3. 667. 2) —3<x<—~/§, J6 <x<3. 668, 2) —723+nk<x<§6£+1tk, ke Z.

669. 2) g+2nk<x<5—g+2nk, ke Z. 670. 2) —§+nk<x<g+nk, ke Z;
4) —arccoszl3+27tk <x < arccos% + 2nk, ke Z. 674. 2) (2; 1); 4) (5; -3).
675. 2) (-1200; 500); 4) (7; 1). 676. 2) (—8; —2), (8; 2); 4) (3; 4), (4; 3); 6) (8; 4),

(—8; —4). 877. 2) (7; 6); 4) (2; 3), (—9;28%). 678. 2)(3; 1), (-3; -1);

4) (3; 5), (3; =5), (4:2V2), (4; -2v2). 679. 2) (2; 1), (-2; -1), (0,5; 1,5),
(-0,5; -1,5); 4) (0; 2), (0; ~2), (~2; 0). 680. 2) (0,5; v'2), (0, 5:-v/2); 4) (6; 6),

[—3+3J— .—3~3~/§} [ -3- 3«/— -3+3V5
2 2 2 2

JGBI 2) (4; 2); 4) (3; 1). 682. 2) (2; 3).

683. 2) (100; 0,1); 4) (10; 100), (100; 10). 684. 2) (1 3} 685. 2) (2+i: 2 - i),
(2-i32+1i); 4) (1 +2i;1+38i), (1 —2i;1~3i); 6) (3; 1), (-3; -1);
(i; -3i); (=i, 3i). 686. 2) x > 5. 687. 2) 1 < x < 2. 688. 2 u 12.
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689.1) [_-1-+n; %+n] nezz)( ~+nn; 6+nn}neZ.

690. 1)[ +2nn; 6+2nk], [—‘—7;+2nn; —%+2nk), (:Z‘+2nn, 5 +21tk],

(-371‘+21m, —%+2nk) neZke Z;2) (——+ (n+2k); 7t+"(n 2k))

(" + ¥ n+k); - l‘(k—n)), ne Z ke Z 691. 1 vum. 692. 126 k. 693. 1080 k.

4 2
694. 16 nueit. 695. 12 4. 696. 91 ra. 697. 8 u 12. 698. ; ; (li 699. 432 nera-

au. 700. 18 km/4. 701. 25 u 20 6uneros win 20 u 15 6uieros. 702. 3 km/4.
703. 21 u; 20 1. 704. 1400 waros. 705. 10 uen. 706. 400 m. 707. Yepes 6 c.
708. Ha 20 xm/u. 709. 3, -6, 12, -24. 710. 27. 711. 1; 3; 9; 15 win 16; 8; 4; 0.

712. 2 nan 12%. 713. B 38 pasa. 714. 16 cm2. 715. b = -2. 716. k = -1.

717. 2)k=—1 b=3; 4)k=0,b=-2.718. y=—§x+§. 719. 2) Her; 4) na.
720.2) AB=—". 721. 2) IIpun x<§ 722. 2) Iipn x>— 723.IIpn x > 1.

724. Ilpn x<-— 3. 727. 2) Oa. 728. 2) (—1; 3), (5; 3). 729 ) x<-2,x>2.
730. 4) Ilpn Bcex 3HauyeHUAX x, kpome x = 0. 731. 2) a; 4) na. 732. 2,25.
733. 2) (0; 2) (2; 0), (0,5; 0). 734. y = 2x% - 5x — 3. 735, [10JIyOKPYHHOCTS C
HEeHTPOM B Hauajle KOOpPAUHAT paguyca 5, jdexaniasa Bbiure ocu Ox. Boapacra-
er Ha orpeske [—5; 0], yoniBaeT Ha orpeske [0; 5]. 736. T'unepGona, nepeceka-

1omast ock Oy B Touke (0; —2,5). 737.2) y= 3/;; Hy=2-x,x220. 739.2) x < -5,
x>3.740.2) x<-7,x>6.741.2) x< 2. 742. 2) x <1.743.Tlpn x < 1. 744. IIpu

x>27.745. y=x + 1. 746. y = 3x — 3. 747. Haubonbiiee 3Hadenne 132, mau-
MeHblllee 3HaUYeHHe paBHO —57. 748, Hanﬁom;mee 3HayeHue 9, HaNMeHbIIee

3HaueHne paBHO 4. 749. (1; 1). 750. . 751. 2. 752. . 753. Pagnyc ocHo-

RV2 2R
BaHUA paBeH ﬁ’ BBICOTA _\/§ 754. InamMmeTp OCHOBaHUSA pPaBeH BBICOTE.

2R 4R 2R
755. 7 756. R 757. Paguyc ocHOBaHMSA 3

TOYKA MaKCUMyMa, X = 1 — rTouka muaumyma. 759. (1; 0), (-1; 4). 760. y =

» BBICOTa PaBHA %I 758.1)x=-3 —

=Tx — 43. 761. 2) Dyakumnsa yeTHas, Xy9= +1 — Toyka MHHHUMYMa, X = 0 —

11,

3
2 Jr 8 12

764. 2) §Tt n-2; 4) 33" 765. 210. 766. 36. 767. 3™. 768. 4'¢. 769. 435.

770. L"L’”‘Aﬁ 771. 0,85; 850. 772. 480. 773. % 774. ,53 775. 0,18.

776. 0,97. 777. 0,96. 778. 0,028. 779. 2) x > 2; 4) F(x)-

TOYKa Makcumyma. 762, 2) ; 4) 4,5; 6) 18. 763. 2) 4,5; 4) —

3
780.2) -4 < x <0; 4) F(x)=§x§—§, F(y—)=3§. 781. 2)x > 3; 4) 31,5.

257



1
782. 2) —<x<2 4) 16— 783. 2) 5.5 4) —4. 784. 2) sin” <. 4)12.

Cos O

785.2) x < -5, x > 4; 4) x=_§+ 2nk, x=(—1)k§+nk, ke Z.786.2) x <

x>8;4) x=n+2nk, x=-§+nk, ke Z. 787.2) 3; 6; 12; 24 nau 24; 12; 6; 3;

4) x = ik, x=ig+2nk, ke Z.788.2) T wm 13; 4) x=g+2nk, x=(—1)k%+nk,
ke Z.789.2)x=1;4)-2<x <2.790. 2) x = 3; 4) x > 1,25. 791. 2)x 1,y=2;

4) J2. Yrasanme: Bocnosnb3oBarecs PaBEeHCTBOM V2143 = —J? 792. 2) 1;

J— J— . 793. 2) 3;15; 75; ...; —45; 15; 75; ... mam 75; 15; 3; ...; 27; 15; 3; ...;

2.,2 n

4 x=—+—k, =—-= . . .42 >-1; =
) 6T3® x 4+1tk, ke Z.794.1) [13 43] 2)x>-1;3) x 12(12ni5),
ne Z; 4) M(1; 0); 5) 8;; 6) ecaim 0,5 < a < 1, To HeT pelleHuit; ecan a < -1,
a=0,5 a>1, 7o ogHo peimnenue; ecan -1 < a < 0,5, To ABa pelleHus.
795.1)0,6 < x < 1,6; 2) y6uiBaer mpu x > —1; 3) x-—(3n+( -1y, ne Z;
4) M(1; 0); 5) 85; 6) ecnu —1< b <—0,5, To Her peluenuit; ecam b < -1, b=-0,5,
1.
16’
2) -2 < x < -1; 3) obGnacrp onpeneseHnsa — BCe AEHCTBUTEJbHBIE YUCJIA; DU
—1 — BoapacTaert; npu —1 < x <1 — y6siBaer; x > 1 — BoapacTaer; sKCTpe-

MyMmbl -2 U 2, rpaduK Ha pucyHkKe 86; 4) g;—@,%,

b 2 1, To ogHo pemenue; ecin —0,5 < b < 1, To gBa pewenus. 796. 1) x=

; 5) —e%; 6) 7—

1
797.1) 455 2) 1 < x < 2; 3) o61acTh OIIpeieNIeHHUsT — BCE AeHCTBUTEIbHbIE YKC-
49

Ja; npu x < 0 — Bospacraer, npu 0 < x < 1 — yOruiBaeT, npu x > 1 — BoapacTaeT;
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4.
’
P

V3. 3

axcrpemyMmsl —1 u 0, rpaduk Ha pucyuke 87; 4) TRy

1,1,

vE, 2’ 5)
1

6)25,5.798.1) x=5+£k, ke Z, x=-_t%+nn, neZ;2)-3<x<-g; 3) (4 1)

4) 108; 5) 6; —4; 6) log, 3<¥7. 799. 1) x=3+7%, ke Z, x=23+mn, ne Z;

3

2) x < -4; %<x<0‘ 3) [; 196} 4) 506,25; 5) T; -3; 6) logy 4>¥2.
800.1) x=+"+nk, ke Z, x=tLarccos(-3 Jrnmne Z; 2) -2 3) 16m;
) 3 ’ 2 4 ’ 5In10° ’

4) yslog; 5)x<-1, x>log, ‘/8_52‘6; 6) G;—l

-+
E} 801.1) x—i6+1tk, ke Z,

1 1 2
=t = , n Z; 2) ——;
x 2arccos 4+1tn € ) 510

x>logs (v20-3), 1; 6)(1,15; —2,1).

3) 20m; 4) y<—%g; 5) x < -1,

K 3apauaMm ans BHeKnaccHou paborbi
802.2) x=2;4)x,=1,x,=2, x,=10.803. 2) x=4; 4) x=1. 804. 2) x = 4.
805. 2) x = 3. 806. 2) x = —17; 4) x = -5. 807. 2) x=2-v2. 808. 2) x, = 10,
x,=0,1. 809. 2) x = -1. 810. 2) x = 5. 811. 2) x = 16. 812. 2) m = -5.

813.2) x=iarcc0s[—€ )+27m, ne Z.814.2) x=nn, x=iarccos%+21m, neZ.

815. 2) x=-§+nn, x=—%+(—1)”arcsin 2:/? +1n, ne Z.816. 2) x = 2xn,

T
x=-=+2nn, x=-"14nn, x=£+(—1)"arcsin£+nn, neZ. 817.2) x=2,™,
2 1 1 4 1 2
1

_arccos(—%)ﬂm, ne Z 819. 2) x=g+nn,

ne Z. 818. 2) x= §2

=(— "'.E.. E _nr_mn =E xn =i£
x=(-1) 24+4, neZ. 820.2) x= Z+7’ neZ;4) x 8+4’ x 3+1l:n,

3
ne Z. 821, 2) x=§+%, ne Z; 4) x=Tn+1m, x=(—1)"+1%+gn, neZ.

822 2)x=nn,ne Z;4) x=—§+21m, ne Z. 823.2) Ecxm —1<a<—% wm —12-<a<1,

T0 X = (—1)" - arcsin a + ©n, ne Z; ecnin —é <a<1, 10 X = (—1)" arcsin a + nn,
x=(-1)*! arcsin 2a + nn, n e Z. 824, 2) k= 0 wm k = 6. 825. 2)p,=1,p,=-1.
826. 2) Ilpu a < -1 u npu a > 1 ofUH KOpeHb X = —3; Op¥ @ = —1 KOPHAMH AB-
JISIFOTCA BCe YHcJa Jiyua X S —3; IpH @ = 1 KOPHAMM ABJISIIOTCSA BCe YHCJa OT-

pesxa —3< x< 2; npu -1 <a <1 gBa KopHa: X, =—3, Xy = 71+3a

4) mpua <-2u npm
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a > 2 ovH KOpeHb X = —3; IpY @ = —2 KOPHAMM ABJIAIOTCA BCE YMC/IA JIyda X > —3;

IPY @ = 2 KOPHAMU ABJIAIOTCA Bee yucesia orpeska —4 < x < -3; nmpu -2 < a < 2 g8a

3a+10

KODHA: X; = ~3 U Xy = a+2 . 827. 4; 4. 829. x=£+(2n+1)7t, ne Z.830. x=nn,

3+3J_

x=—§+nn, ne Z.831. = . 832. 17< a<2. 833.2)(-1; 1); 4)(5; 0,5);
2
T nn i
y:z+7+2nk, ne Z, ke Z; 4) x=Z+1m, y=Z—nn+2nk, neZ, ke Z;

6) x, =ar0008‘—?+27m, y1=arccos%+21tk, x2=—amcos%+21m, y2=—arcoos%+

+2nk,ne Z, ke Z. 835.2) x——+(1)"+1“2+7+nk ne Z, ke Z;

6) (0,5; -3), (2; ( 5} 8) [ 1} (-3; 1). 834.2) =241,

y=-S+CD B nk, ne Z, ke Z.836.a < -18, 0> 18. 837, [-%;6}
Jl_s J_
4

838. 2) ~1<x<— <x<1;4) ¥<x<5_+2_f, 839.2) -2 < x < 1;

4) —§<x<2. 840. 2)x<—3, x>1; 4)x>1; 6)xe R. 841. 2)3<x<4,
V6-1 V6 ___ V6
2 5

x>6;4)-log; 2<x <log;2 -1, x>log,2; 6) x< x<7; 8)x <-4,

x > 3,5. 842. 2) %+2nk<x<5—g+2nk, ke Z; 4) —§+nk<x<§+nk, ke Z.

843. 2) —%+nk<x<g+nk, ke Z; 4) %+nk<x<5—g+nk, ke Z; 6) —%+nk<
<x<z+nk, k e Z; 8) “+mk< x< +mk, T nk<x<Zink, ke Z.
6 3 2 2 3

844. 2) 2nk<x<5+2nk -E+2nk<x< 2nk, ke Z; 4) -E+2nk<x<ﬁ+2nk
ke Z; 6) +21rk<x< +2nk ke Z.845. 1) a>13-; 2) a<g 846. a<J_

3
847. Ecnu a<% — HEeT pellIeHui; eciIn azz, TO x=%; ecyu a>%, Toa+3<

<x <9a - 3. 848. -32; 40; 130. 849. 2) Mensme Hyas. 854. 2) —E- 4) _%-
6) 7 - 2n. 855. 2) -45£; 4) %; 6) 3 8 ; 8) 7 - 2m. 856. 2) —7 4)03 6) -
8)6 - 2n. 857.2) 1 u0,5. 858. 2) -4 < x< 2. 860. 2) Ha 1yue x< 2,5 oGparﬂaﬁ

5-y1+4x 5+y1+4x

GQyHKIUA y=——"—1 2 , Ha ayde x > 2,5 obpaTHag GyHKIUA Y= 5 H

4) Ha 1y4ye x < 1 o6paTHaa pyHKI A y=l—w/;, Ha gyue x > 1 o6paTHas pyHkK-

uusa y=1+\/;. 862. 2) Cm. puc. 88. 867. 2) Cm. puc. 89. 868. 2) Cm. puc. 90.
869. 2) Cm. puc. 91. 870. 2) 'padbuKoM ABAAETCA MHOKECTBO TOYEK C KOODIHU-

HaTAMU [g+2uk; 0} ke Z.871.2) Cm. puc. 92; 4) cm. puc. 93. 878. 2) 5; 4) 8;
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6)3.880.2) 2= -2+ 1. 881.2) 2, , = 2+i, 25, =-2+i. 883.2)z — moboe nefiorsu-
TeJIbHOE HEmOIOMKUTebHoe uncio; 4) 2=1,5-2i. 884,z = 0. 886. 2) In|x+2|+C;
(3352 ~4x-T)Jx+1+GC; 6) 7 (3x2 8x-28)Vx+2+C. 887. 2) —-—cos6x+C

4) l—lsin2x—§sin4x+c. 888. 2) 0,5; 4) T' 889.2)1+31In2;4)3 +1n 4;

6) g. 890.(-1;8), y=x+ 4. 891 a =1, S = 4. 892. arctg . 898. (-3-;-9-}
b

2’4
V3

894. 2) %. 895.2)1-2+1; 4) 11—2 896. a=-3 ~11. 897.a=-3

=9. 898.a=6,b=-11, c = 6. 899. 2; 15 In 2 - 9. 900. 2; 71;‘6 -5.

3
2’ Ymin =

ymax

901. 2) y = 2¢~%. 902. 2) 0,96 [lxx. 903. lnRzgh2p. 904. -2. 905.b, = 6, ¢ = —0,5.

906. 2; 4; 6; 9 win %%15 9 907.64 wm O2. 908. 21. 909. 10; 4; -2; 1

14’4 3
o -%%%i‘f 910. 3 m/mun. 911. 10 M. 912. 5—?? MuH 1 50 Mus. 913. 2,50
autpos. 914. 20 kM. 915, 0,5 uy. 916. 13,5 u 11,5 kM.
Mpoeepb ceda!
MMasal
};1
3 1 x 3
2 1. 85. 2. -——+—=—-€"; 12(3x-5)°;
PG
. . x* + 152 T
6cos2xcosx—3sin 2xsinx; ———. 3. a=——.
1 (* + 5 4
4. Puc. 94; 95. 5. Haubonbiuee y(5)=53, Hau-
| 0 s meHbiee y(2) = 4.6. ITo 2 m.
Puc. 94 fnasall
2. F(x) =x3+ x2-3x-1. 3. 111; l; 1; -1.
¥y 4" 4
2 4. 20§ KB. efl.
6
] 1 Fnasa il
2f 1o\ 1 ]2 x -i
A 1 1.1) 8 — i; 2) 4 - 4i; 3) 71 + 3i;5 4) 12_1
P os 2. 210301 2, =255 2) 2, =5¢3i.
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FnasalV

1. 1) 5040; 2) 336; 3) 56; 4) % 2. 1) n(n +1); 2) (_3_)1(_23 3. 84. 4. 5040.
n-— n-—

5. 720. 6. 720. 7. 1) x8 + 6x5y + 15x%y? + 20x3y3 + 15x%y* + 6xy° + yb;
2) 1 - 5a + 10a2 — 10a3 + 5a% - ab.

asaV
1 1 15 15
1. e 2.0,95. 3. 3 4. 56" 5.0,64. 6. 19° 7.0,09.
FnasaVl

2.4.4.2.5.x=8+3t,y=-18-Tt,tc Z.

asa Vil

1. Yactroe 2x2 + 3x — 2, ocratox 0. 2. 12. 3. 4x — 3. 4. x,=1,x,=3,
xg=-2.5. (x ~ 1)(x +3)(x% + 3).
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